
Author's personal copy
Chapter2
Advances in Imaging and Ele
Copyright # 2010 Elsevier

* LNLS - Laboratório Nac
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1. INTRODUCTION

In this paper we discuss the consequences of the introduction of a quan-
tum of time t0 in the formalism of non-relativistic quantummechanics, by
referring ourselves, in particular, to the theory of the chronon as proposed
by P.Caldirola. Such an interesting ‘‘finite difference’’ theory, forwards —
at the classical level — a selfconsistent solution for the motion in an
external electromagnetic field of a charged particle like an electron,
when its charge cannot be regarded as negligible, overcoming all the
known difficulties met by Abraham–Lorentz’s and Dirac’s approaches
(and even allowing a clear answer to the question whether a free falling
electron does or does not emit radiation), and — at the quantum level —
yields a remarkable mass spectrum for leptons.

After having briefly reviewedCaldirola’s approach, our first aimwill be
to work out, discuss, and compare to one another the new formulations of
QuantumMechanics (QM) resulting from it, in the Schrödinger,Heisenberg
and density–operator (Liouville–von Neumann) pictures, respectively.

Moreover, for each picture, we show that three (retarded, symmetric and
advanced) formulations are possible, which refer either to times t and t-t0, or
to times t-t0/2 and t+t0/2, or to times t and t + t0, respectively. We shall
see that, when the chronon tends to zero, the ordinary QM is obtained as
the limiting case of the ‘‘symmetric’’ formulation only; while the ‘‘retarded’’
one does naturally appear to describe QM with friction, i.e., to describe
dissipative quantum systems (like a particle moving in an absorbing
medium). In this sense, discretizedQM ismuch richer than the ordinary one.
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We are also going to obtain the (retarded) finite–difference Schrödin-
ger equation within the Feynman path integral approach, and study some
of its relevant solutions. We then derive the time–evolution operators of
this discrete theory, and use them to get the finite–difference Heisenberg
equations.

When discussing the mutual compatibility of the various pictures
listed above, we find that they can be written down in a form such that
they result to be equivalent (as it happens in the ‘‘continuous’’ case of
ordinary QM), even if our Heisenberg picture cannot be derived by
‘‘discretizing’’ directly the ordinary Heisenberg representation.

Afterwards, some typical applications and examples are studied, as
the free particle (electron), the harmonic oscillator and the hydrogen
atom; and various cases are pointed out, for which the predictions of
discrete QM differ from those expected from ‘‘continuous’’ QM.

At last, the density matrix formalism is applied for a possible solution
of the measurement problem in QM, with interesting results, as for instance
a natural explication of ‘‘decoherence’’, which reveal the power of
dicretized (in particular, retarded) QM.

The idea of a discrete temporal evolution is not a new one and, as with
almost all physical ideas, has from time to time been recovered from
oblivion.1 For instance, in classical Greece this idea came to light as part
of the atomistic thought. In the Middle Ages, belief in the discontinuous
character of time was at the basis of the ‘‘theistic atomism’’ held by the
Arabic thinkers of the Kalām (Jammer, 1954). In Europe, discussions
about the discreteness of space and time can be found in the writings
of Isidore of Sevilla, Nicolaus Boneti and Henry of Harclay, investigating
the nature of continuum. In more recent times, the idea of the existence
of a fundamental interval of time was rejected by Leibniz, because it was
incompatible with his rationalistic philosophy. Within modern physics,
however, Planck’s famous work on black-body radiation inspired a new
view of the subject. In fact, the introduction of the quanta opened a wide
range of new scientific possibilities regarding how the physical world can
be conceived, including considerations, like those in this chapter, on the
discretization of time within the framework of quantum mechanics.

In the early years of the twentieth century, Mach regarded the concept
of continuum as a consequence of our physiological limitations: ‘‘. . . le
temps et l’espace ne représentent, au point de vue physiologique, qu’un
continue apparent, qu’ils se composent très vraisemblablement
1 Historical aspects related to the introduction of a fundamental interval of time in physics can be found in
Casagrande (1977).
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d’elements discontinus, mais qu’on ne peut distinguer nettement les uns
des autres’’ (Arzeliès, 1966, p. 387). Also Poincaré (1913) took into consid-
eration the possible existence of what he called an ‘‘atom of time’’: the
minimum amount of time that allows distinguishing between two states
of a system. Finally, in the 1920s, J. J. Thomson (1925–26) suggested that
the electric force acts in a discontinuous way, producing finite increments
of momentum separated by finite intervals of time. Such a seminal work
has since inspired a series of papers on the existence of a fundamental
interval of time, the chronon, although the overall repercussion of that
work was small at that time. A further seminal article was written by
Ambarzumian and Ivanenko (1930), which assumed a discrete nature for
space-time and also stimulated many subsequent papers.

It is important to stress that, in principle, time discretization can be
introduced in two distinct (and completely different) ways:

1. By attributing to time a discrete structure, that is, by regarding time not
as a continuum, but as a one-dimensional ‘‘lattice’’.

2. By considering time as a continuum, in which events can take place
(discontinuously) only at discrete instants of time.

Almost all attempts to introduce a discretization of time followed
the first approach, generally as part of a more extended procedure in
which space-time as a whole is considered intrinsically discrete (a four-
dimensional lattice). Recently, Lee (1983) introduced a time discretization
on the basis of the finite number of experimental measurements perform-
able in any finite interval of time.2 For an early approach in this direction,
see Tati (1964) and references therein, such as Yukawa (1966) and Darling
(1950). Similarly, formalizations of an intrinsically discrete physics have
also been proposed (McGoveran and Noyes, 1989).

The second approach was first adopted in the 1920s (e.g., by Levi,
1926, and by Pokrowski, 1928) after Thomson’s work, and resulted in the
first real example of a theory based on the existence of a fundamental
interval of time: the one set forth by Caldirola (1953, 1956) in the 1950s.3

Namely, Caldirola formulated a theory for the classical electron, with the
aim of providing a consistent (classical) theory for its motion in an
electromagnetic field. In the late 1970s, Caldirola (1976a) extended its
procedure to nonrelativistic QM.

It is known that the classical theory of the electron in an electromagnetic
field (despite the efforts by Abraham, 1902; Lorentz, 1892,1904; Poincaré,
2 See also Lee (1987), Friedberg and Lee (1983), and Bracci et al. (1983).
3 Further developments of this theory can be found in Caldirola (1979a) and references therein. See also
Caldirola (1979c, 1979d; 1984b) and Caldirola and Recami (1978), as well as Petzold and Sorg (1977), Sorg
(1976), and Mo and Papas (1971).



Consequences for the Electron of a Quantum of Time 37

Author's personal copy
1906; and Dirac, 1938a,b; as well as Einstein, 1915; Frenkel, 1926, 1926–28;
Lattes et al., 1947; and Ashauer, 1949, among others) actually presents
many serious problems except when the field of the particle is neglected.4

By replacing Dirac’s differential equation with two finite-
difference equations, Caldirola developed a theory in which the main
difficulties of Dirac’s theory were overcome. As seen later, in Caldirola’s
relativistically invariant formalism the chronon characterizes the changes
experienced by the dynamical state of the electron when submitted to
external forces. The electron is regarded as an (extended-like) object,
which is pointlike only at discrete positions xn (along its trajectory) such
that the electron takes a quantumof proper time to travel fromone position
to the following one (or, rather, two chronons; see the following). It is
tempting to examine extensively the generalization of such a theory to
the quantum domain, and this will be performed herein. Let us recall that
oneof themost interesting aspects of thediscretizedSchrödinger equations
is that themass of themuon and of the tau lepton follows as corresponding
to the two levels of the first (degenerate) excited state of the electron.

In conventional QM there is a perfect equivalence among its various
pictures: the ones from Schrödinger, Heisenberg’s, and the density matri-
ces formalism. When discretizing the evolution equations of these differ-
ent formalisms, we succeed in writing them in a form such that they are
still equivalent. However, to be compatible with the Schrödinger repre-
sentation, our Heisenberg equations cannot, in general, be obtained by a
direct discretization of the continuous Heisenberg equation.

This work is organized as follows. In Section 2 we present a brief
review of the main classical theories of the electron, including Caldirola’s.
In Section 3 we introduce the three discretized forms (retarded, advanced,
and symmetrical) of the Schrödinger equation, analyze the main charac-
teristics of such formulations, and derive the retarded one from Feyn-
man’s path integral approach. In Section 4, our discrete theory is applied
to some simple quantum systems, such as the harmonic oscillator, the free
particle, and the hydrogen atom. The possible experimental deviations
from the predictions of ordinary QM are investigated. In Section 5, a new
derivation of the discretized Liouville-von Neumann equation, starting
from the coarse-grained hypothesis, is presented. Such a representation is
then adopted to tackle the measurement problem in QM, with rather
interesting results. Finally, a discussion on the possible interpretation of
our discretized equations is found in Section 6.
4 It is interesting to note that all those problems have been—necessarily—tackled by Yaghjian (1992) in his
book when he faced the question of the relativistic motion of a charged, macroscopic sphere in an external
electromagnetic field (see also Yaghjian, 1989, p. 322).
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2. THE INTRODUCTION OF THE CHRONON IN THE
CLASSICAL THEORY OF THE ELECTRON

Almost a century after its discovery, the electron continues to be an object
still awaiting a convincing description, both in classical and quantum
electrodynamics.5 As Schrödinger put it, the electron is still a stranger
in electrodynamics. Maxwell’s electromagnetism is a field theoretical
approach in which no reference is made to the existence of material
corpuscles. Thus, onemay say that one of themost controversial questions
of twentieth-century physics, the wave-particle paradox, is not character-
istic of QM only. In the electron classical theory, matching the description
of the electromagnetic fields (obeying Maxwell equations) with the
existence of charge carriers like the electron is still a challenging task.

The hypothesis that electric currents could be associated with charge
carriers was already present in the early ‘‘particle electrodynamics’’ for-
mulated in 1846 by Fechner andWeber (Rohrlich, 1965, p. 9). But this idea
was not taken into consideration again until a few decades later, in 1881,
by Helmholtz. Till that time, electrodynamics had developed on the
hypothesis of an electromagnetic continuum and of an ether.6 In that
same year, Thomson (1881) wrote his seminal paper in which the electron
mass was regarded as purely electromagnetic in nature. Namely, the
energy and momentum associated with the (electromagnetic) fields
produced by an electron were held entirely responsible for the energy
and momentum of the electron itself (Belloni, 1981).

Lorentz’s electrodynamics, which described the particle-particle
interaction via electromagnetic fields by the famous force law

f ¼ r Eþ 1

c
v^B

� �
(1)

where r is the charge density of the particle on which the fields act, dates
back to the beginning of the 1890 decade. The electron was finally discov-
ered by Thomson in 1897, and in the following years various theories
appeared. The famous (prerelativistic) theories by Abraham, Lorentz, and
Poincaré regarded it as an extended-type object, endowed again with a
purely electromagnetic mass. As is well known, in 1902 Abraham pro-
posed the simple (and questionable) model of a rigid sphere, with a
uniform electric charge density on its surface. Lorentz’s (1904) was quite
similar and tried to improve the situation with the mere introduction of
the effects resulting from the Lorentz-Fitzgerald contraction.
5 Compare, for example, the works by Recami and Salesi (1994, 1996, 1997a, 1997b, 1998a, 1998b) and
references therein. See also Pavsic et al. (1993, 1995) and Rodrigues, Vaz, and Recami (1993).
6 For a modern discussion of a similar topic, see Likharev and Claeson (1992).
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2.1. The Abraham–Lorentz’s Theory of the Electron

A major difficulty in accurately describing the electron motion was the
inclusion of the radiation reaction (i.e., of the effect produced on such a
motion by the fields radiated by the particle itself). In the model proposed
by Abraham–Lorentz the assumption of a purely electromagnetic
structure for the electron implied that

Fp þ Fext ¼ 0 (2)

where Fp is the self-force due to the self-fields of the particle, and Fext is
the external force. According to Lorentz’s law, the self-force was given by

Fp ¼
ð
r Ep þ 1

c
v^Bp

� �
d3r

where Ep and Bp are the fields produced by the charge density r itself,
according to the Maxwell-Lorentz equations. For the radiation reaction
force, Lorentz obtained the following expression:

Fp ¼ � 4

3c2
Welaþ 2

3

ke2

c3
_a� 2e2

3c3

X1
n¼2

�1ð Þn
n!

1

cn
dna

dtn
O Rn�1
� �

; (3)

where k � (4pe0)
�1 (in the following, whenever convenient, we shall

assume units such that numerically k ¼ 1), and where

Wel � 1

2

ð ð
r rð Þr r0ð Þ
jr� r0j d3rd3r0

is the electrostatic self-energy of the considered charge distribution, and
R is the radius of the electron. All terms in the sum are structure depen-
dent. They depend on R and on the charge distribution. By identifying
the electromagnetic mass of the particle with its electrostatic self-energy

mel ¼ Wel

c2

it was possible to write Eq. (2) as

4

3
mel _v� G ¼ Fext (4)

so that

G ¼ 2

3

e2

c3
_a 1þO Rð Þð Þ (5)

which was the equation of motion in the Abraham–Lorentz model. Quan-
tity G is the radiation reaction force, the reaction force acting on the
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electron. One problem with Eq. (4) was constituted by the factor 4
3. In fact,

if the mass is supposed to be of electromagnetic origin only, then the total
momentum of the electron would be given by

p ¼ 4

3

Wel

c2
v (6)

which is not invariant under Lorentz transformations. That model, there-
fore, was nonrelativistic. Finally, we can observe from Eq. (3) that the
structure-dependent terms are functions of higher derivatives of the
acceleration. Moreover, the resulting differential equation is of the third
order, so that initial position and initial velocity are not enough to single
out a solution. To suppress the structure terms, the electron should be
reducible to a point, (R! 0), but in this case the self-energyWel and mass
mel would diverge!

After the emergence of the special theory of relativity, or rather, after
the publication by Lorentz in 1904 of his famous transformations, some
attempts were made to adapt the model to the new requirements.7

Abraham himself (1905) succeeded in deriving the following generaliza-
tion of the radiation reaction term [Eq. (5)]:

Gm ¼ 2

3

e2

c

d2um
ds2

þ umu
v

c2
d2uv
ds2

 !
: (7)

A solution for the problem of the electron momentum noncovariance
was proposed by Poincaré in 1905 by the addition of cohesive forces of
nonelectromagnetic character. This, however, made the nature of the
electron no longer purely electromagnetic.

On the other hand, electrons could not be considered pointlike because
of the obvious divergence of their energy when R! 0; thus, a description
of the electron motion could not dismiss the structure terms. Only Fermi
(1922) succeeded in showing that the correct relation for the momentum
of a purely electromagnetic electron could be obtained without Poincaré’s
cohesive forces.
2.2. Dirac’s Theory of the Classical Electron

Notwithstanding its inconsistencies, the Abraham–Lorentz’s theory was
the most accepted theory of the electron until the publication of Dirac’s
theory in 1938. During the long period between these two theories, as well
as afterward, various further attempts to solve the problemwere set forth,
7 See, for example, von Laue (1909), Schott (1912), Page (1918, 1921), and Page and Adams (1940).
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either by means of extended-type models (Mie, Page, Schott and so on8),
or by trying again to treat the electron as a pointlike particle (Fokker,
Wentzel and so on).9

Dirac’s approach (1938a) is the best-known attempt to describe the
classical electron. It bypassed the critical problem of the previous theories
of Abraham and Lorentz by devising a solution for the pointlike electron
that avoided divergences. By using the conservation laws of energy and
momentum and Maxwell equations, Dirac calculated the flux of the
energy-momentum four-vector through a tube of radius e � R (quantity
R being the radius of the electron at rest) surrounding the world line of the
particle, and obtained

m
dum
ds

¼ Fm þ Gm (8)

where Gm is the Abraham four-vector [Eq. (7)], that is, the reaction force
acting on the electron itself, and Fm is the four-vector that represents the
external field acting on the particle:

Fm ¼ e

c
Fmnu

n: (9)

According to such a model, the rest mass m0 of the electron is the
limiting, finite value obtained as the difference of two quantities tending
to infinity when R ! 0

m0 ¼ lim
e!0

1

2

e2

c2e
� k eð Þ

� �
;

the procedure followed by Dirac was an early example of elimination of
divergences by means of a subtractive method.

At the nonrelativistic limit, Dirac’s equation tends to the one
previously obtained by Abraham–Lorentz:

m0
dv

dt
� 2

3

e2

c3
d2v

dt2
¼ e Eþ 1

c
v^B

� �
(10)
8 There were several attempts to develop an extended-type model for the electron. See, for example, Compton
(1919) and references therein; also Mie (1912), Page (1918), Schott (1912), Frenkel (1926), Schrödinger (1930),
Mathisson (1937), Hönl and Papapetrou (1939, 1940), Bhabha and Corben (1941), Weyssenhof and Raabe
(1947), Pryce (1948), Huang (1952), Hönl (1952), Proca (1954), Bunge (1955), Gursey (1957), Corben (1961,
1968, 1977, 1984, 1993), Fleming (1965), Liebowitz (1969), Gallardo et al. (1967), Kálnay (1970, 1971), Kálnay
and Torres (1971), Jehle (1971), Riewe (1971), Mo and Papas (1971), Bonnor (1974), Marx (1975), Perkins
(1976), Cvijanovich and Vigier (1977), Gutkowski et al. (1977), Barut (1978a), Lock (1979), Hsu andMac (1979),
Coleman (1960), McGregor (1992) and Rodrigues et al. (1993).
9 A historical overview of these different theories of electron can be found in Rohrlich (1965) and references
therein and also Rohrlich (1960).



42 Ruy H. A. Farias and Erasmo Recami

Author's personal copy
except that in the Abraham–Lorentz’s approach m0 diverged. Equation

(10) shows that the reaction force equals 2
3
e2

c3
d2v
dt2

.

Dirac’s dynamical equation [Eq. (8)] was later reobtained from differ-
ent, improved models.10 Wheeler and Feynman (1945), for example,
rederived Eq. (8) by basing electromagnetism on an action principle
applied to particles only via their own absorber hypothesis. However,
Eq. (8) also presents many problems, related to the many infinite nonphys-
ical solutions that it possesses. Actually, as previously mentioned, it is a
third-order differential equation, requiring three initial conditions for sin-
gling out one of its solutions. In the description of a free electron, for
example, it even yields ‘‘self-accelerating’’ solutions (runaway solutions),
for which velocity and acceleration increase spontaneously and indefinitely
(see Eliezer, 1943; Zin, 1949; and Rohrlich, 1960, 1965). Selection rules have
been established to distinguish between physical and nonphysical solu-
tions (for example, Schenberg, 1945 and Bhabha, 1946). Moreover, for an
electron submitted to an electromagnetic pulse, further nonphysical solu-
tions appear, related this time to pre-accelerations (Ashauer, 1949). If the
electron comes from infinity with a uniform velocity v0 and at a certain
instant of time t0 is submitted to an electromagnetic pulse, then it starts
accelerating before t0. Drawbacks such as these motivated further attempts
to determine a coherent model for the classical electron.
2.3. Caldirola’s Theory for the Classical Electron

Among the various attempts to formulate a more satisfactory theory, we
want to focus attention on the one proposed by Caldirola. Like Dirac’s,
Caldirola’s theory is also Lorentz invariant. Continuity, in fact, is not an
assumption required by Lorentz invariance (Snyder, 1947). The theory
postulates the existence of a universal interval t0 of proper time, even if
time flows continuously as in the ordinary theory. When an external force
acts on the electron, however, the reaction of the particle to the applied
force is not continuous: The value of the electron velocity um should jump
from um(t � t0) to um(t) only at certain positions sn along its world line;
these discrete positions are such that the electron takes a time t0 to travel
from one position sn�1 to the next sn.

In this theory11 the electron, in principle, is still considered pointlike
but the Dirac relativistic equations for the classical radiating electron
are replaced: (1) by a corresponding finite-difference (retarded) equation
in the velocity um(t)
10 See Schenberg (1945), Havas (1948), and Loinger (1955).
11 Caldirola presented his theory of electron in a series of papers in the 1950s, such as his 1953 and 1956
works. Further developments of his theory can be found in Caldirola (1979a) and references therein. See also
Caldirola (1979c; 1979d; 1984b) and Caldirola and Recami (1978).
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m0

t0
um tð Þ � um t� t0ð Þ þ um tð Þun tð Þ

c2
un tð Þ � un t� t0ð Þ½ �

8<:
9=;

¼ e

c
Fmn tð Þun tð Þ;

(11)

which reduces to the Dirac equation [Eq. (8)] when t0 ! 0, but cannot be
derived from it (in the sense that it cannot be obtained by a simple discre-
tization of the time derivatives appearing in Dirac’s original equation); and:
(2) by a second equation, this time connecting the ‘‘discrete positions’’ xm(t)
along theworld line of the particle; in fact, the dynamical law inEq. (11) is by
itself unable to specify univocally the variables um(t) and xm(t), which
describe the motion of the particle. Caldirola named it the transmission law:

xm nt0ð Þ � xm n� 1ð Þt0½ � ¼ t0
2

um nt0ð Þ � um n� 1ð Þt0½ �� �
; (12)

which is valid inside each discrete interval t0, and describes the internal
or microscopic motion of the electron.

In these equations, um(t) is the ordinary four-vector velocity satisfying
the condition

um tð Þum tð Þ ¼ �c2 for t ¼ nt0

where n ¼ 0, 1, 2,. . . and m,n ¼ 0, 1, 2, 3; Fmn is the external (retarded)
electromagnetic field tensor, and the quantity

t0
2
� y0 ¼ 2

3

ke2

m0c3
’ 6:266� 10�24s (13)

is defined as the chronon associated with the electron (as justified below).
The chronon y0 ¼ t0/2 depends on the particle (internal) properties,
namely, on its charge e and rest mass m0.

As a result, the electron happens to appear eventually as an extended-
like particle12, with an internal structure, rather than as a pointlike object
(as initially assumed). For instance, one may imagine that the particle
does not react instantaneously to the action of an external force because of
its finite extension (the numerical value of the chronon is of the same
order as the time spent by light to travel along an electron classical
diameter). As noted, Eq. (11) describes the motion of an object that
happens to be pointlike only at discrete positions sn along its trajectory,
12 See, for example, Salesi and Recami (1995, 1996, 1997a,b, 1998). See also the part on the field theory of
leptons in Recami and Salesi (1995) and on the field theory of the extended-like electron in Salesi and Recami
(1994, 1996).
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Caldirola, 1956, 1979a, even if both position and velocity are still continu-
ous and well-behaved functions of the parameter t, since they are differ-
entiable functions of t.

It is essential to notice that a discrete character is assigned to the electron
merely by the introduction of the fundamental quantum of time, with no
need of a ‘‘model’’ for the electron. As is well known, many difficulties are
encountered with both the strictly pointlike models and the extended-type
particle models (spheres, tops, gyroscopes, and so on). In Barut’s words
(1991), ‘‘If a spinning particle is not quite a point particle, nor a solid three
dimensional top,what can it be?’’Wedeem the answer lies in a third type of
model, the ‘‘extended-like’’ one, as the present theory; or as the (related)
theoretical approach in which the center of the pointlike charge is spatially
distinct from the particle center of mass (see Salesi and Recami, 1994, and
ensuing papers on this topic, like Recami and Salesi, 1997a,b, 1998a, and
Salesi and Recami, 1997b). In any case, it is not necessary to recall that the
worst troubles in quantum field theory (e.g., in quantum electrodynamics),
like the presence of divergencies, are due to the pointlike character still
attributed to (spinning) particles, since the problem of a suitable model for
elementary particles was transported, without a suitable solution, from
classical to quantum physics. In our view that particular problem may still
be the most important in modern particle physics.

Equations (11) and (12) provide a full description of the motion of the
electron. Notice that the global ‘‘macroscopic’’ motion can be the same for
different solutions of the transmission law. The behavior of the electron
under the action of external electromagnetic fields is completely
described by its macroscopic motion.

As in Dirac’s case, the equations are invariant under Lorentz transfor-
mations. However, as we shall see, they are free of pre-accelerations, self-
accelerating solutions, and the problems with the hyperbolic motion that
had raised great debates in the first half of the twentieth century.

In the nonrelativistic limit the previous (retarded) equations reduces to
the form

m0

t0
v tð Þ � v t� t0ð Þ½ � ¼ e E tð Þ þ 1

c
v tð Þ ^B tð Þ

� 	
; (14)

r tð Þ � r t� t0ð Þ ¼ t0
2

v tð Þ � v t� t0ð Þ½ �; (15)

which can be obtained, this time, from Eq. (10) by directly replacing the
time derivatives by the corresponding finite-difference expressions.
The macroscopic Eq. (14) had already been obtained by other authors
for the dynamics of extended-type electrons13.
13 Compare, for example, Schott (1912), Page (1918), Page and Adams (1940), Bohm and Weinstein (1948),
and Eliezer (1950).
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The important point is that Eqs. (11) and (12), or (14) and (15), allow
difficulties met with the Dirac classical Eq. (8) to be overcome. In fact, the
electron macroscopic motion is completely determined once velocity and
initial position are given. Solutions of the relativistic Eqs. (11) and (12) for
the radiating electron—or of the corresponding non-relativistic Eqs. (14)
and (15)—were obtained for several problems. The resulting motions
never presented unphysical behavior, so the following questions can be
regarded as solved Caldirola, 1956, 1979a:

� Exact relativistic solutions:
– Free electron motion
– Electron under the action of an electromagnetic pulse (Cirelli, 1955)
– Hyperbolic motion (Lanz, 1962)

� Non-relativistic approximate solutions:
– Electron under the action of time-dependent forces
– Electron in a constant, uniform magnetic field (Prosperetti, 1980)
– Electron moving along a straight line under the action of an elastic

restoring force (Caldirola et al., 1978)

Before we proceed, it is interesting to briefly analize the electron
radiation properties as deduced from the finite-difference relativistic
Eqs. (11) and (12) to show the advantages of the present formalism with
respect to the Abraham–Lorentz–Dirac one. Such equations can be
written (Lanz, 1962; Caldirola, 1979a) as

DQm tð Þ
t0

þ Rm tð Þ þ Sm tð Þ ¼ e

c
Fmn tð Þun tð Þ; (16)

where

DQm � m0 um tð Þ � um t� t0ð Þ
 �
(17)

Rm tð Þ � � m0

2t0

um tð Þun tð Þ
c2

un tþ t0ð Þ þ un t� t0ð Þ � 2un tð Þ½ �
� 


(18)

Sm tð Þ ¼ � m0

2t0

um tð Þun tð Þ
c2

un tþ t0ð Þ � un t� t0ð Þ½ �
� 


: (19)

In Eq. (16), the first term DQ0/t0 represents the variation per unit of
proper time (in the interval t � t0 to t) of the particle energy-momentum
vector. The second one, Rm(t), is a dissipative term because it contains
only even derivatives of the velocity as can be proved by expanding
un(t þ t0) and un(t � t0) in terms of t0; furthermore, it is never negative
Caldirola, 1979a; Lanz, 1962 and can therefore represent the energy-
momentum radiated by the electron in the unit of proper time. The third
term, Sm(t), is conservative and represents the rate of change in proper
time of the electron reaction energy-momentum.
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The time component (m ¼ 0) of Eq. (16) is written as

T tð Þ � T t� t0ð Þ
t0

þ R0 tð Þ þ S0 tð Þ ¼ Pext tð Þ; (20)

where quantity T(t) is the kinetic energy

T tð Þ ¼ m0c
2 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� b2
q � 1

0B@
1CA (21)

so that in Eq. (20) the first term replaces the proper-time derivative of the
kinetic energy, the second one is the energy radiated by the electron in the
unit of proper time, S0(t) is the variation rate in proper time of the electron
reaction energy (radiative correction), and Pext(t) is the work done by the
external forces in the unit of proper time.

We are now ready to show that Eq. (20) yields a clear explanation for
the origin of the so-called acceleration energy (Schott energy), appearing
in the energy-conservation relation for the Dirac equation. In fact, expand-
ing in power series with respect to t0 the left-hand sides of Eqs.(16–19) for
m ¼ 0, and keeping only the first-order terms, yields

T tð Þ � T t� t0ð Þ
t0

’ dT

dt
� 2

3

e2

c2
da0
dt

(22)

R0 tð Þ ’ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

q 2

3

e2

c3
ama

m (23)

S0 tð Þ ’ 0 (24)

where am is the four-acceleration

am � dum

dt
¼ g

dum

dt

quantity g being the Lorentz factor. Therefore, Eq. (20) to the first order in
t0 becomes

dT

dt
� 2

3

e2

c2
da0
dt

þ 2

3

e2

c3
ama

mffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

q ’ Pext tð Þ; (25)

or, passing from the proper time t to the observer’s time t:

dT

dt
� 2

3

e2

c2
da0
dt

þ 2

3

e2

c
ama

m ’ Pext tð Þdt
dt

: (26)
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The last relation is identical with the energy-conservation law found
by Fulton and Rohrlich (1960) for the Dirac equation. In Eq. (26) the
derivative of (2e2/3c2)a0 appears, which is simply the acceleration energy.
Our approach clearly shows that it arises only by expanding in a power
series of t0 the kinetic energy increment suffered by the electron during
the fundamental proper-time interval t0, while such a Schott energy
(as well as higher-order energy terms) does not need show up explicitly
when adopting the full formalism of finite-difference equations. We return
to this important point in subsection 2.4.

Let us finally observe (Caldirola, 1979a, and references therein) that,
when setting

m0

ect0
½umðtÞuvðt� t0Þ � umðt� t0ÞuvðtÞ� � Fselfmv ; (27)

the relativistic equation of motion [Eq. (11)] becomes

e

c
Fselfmn þ Fextmn

� �
un ¼ 0; (28)

confirming that Fselfmn represents the (retarded) self-field associated with
the moving electron.
2.4. The Three Alternative Formulations of Caldirola’s Theory

Two more (alternative) formulations are possible with Caldirola’s equa-
tions, based on different discretization procedures. In fact, Eqs. (11) and
(12) describe an intrinsically radiating particle. And, by expanding
Eq. (11) in terms of t0, a radiation reaction term appears. Caldirola called
those equations the retarded form of the electron equations of motion.

By rewriting the finite-difference equations, on the contrary, in the
form

m0

t0
um tþ t0ð Þ � um tð Þ þ um tð Þun tð Þ

c2
un tþ t0ð Þ � un tð Þ½ �

8<:
9=;

¼ e

c
Fmn tð Þun tð Þ;

(29)

xm nþ 1ð Þt0½ � � xm nt0ð Þ ¼ t0um nt0ð Þ; (30)

one gets the advanced formulation of the electron theory, since the
motion—according to eqs. (29) and (30)—is now determined by advanced
actions. In contrast with the retarded formulation, the advanced one
describes an electron that absorbs energy from the external world.
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Finally, by adding the retarded and advanced actions, Caldirola
derived the symmetric formulation of the electron theory:

m0

2t0
um tþ t0ð Þ � um t� t0ð Þ þ um tð Þun tð Þ

c2
un tþ t0ð Þ � un t� t0ð Þ½ �

8<:
9=;

¼ e

c
Fmn tð Þun tð Þ;

(31)

xm nþ 1ð Þt0½ � � xm n� 1ð Þt0ð Þ ¼ 2t0um nt0ð Þ; (32)

which does not include any radiation reaction terms and describes a
nonradiating electron.

Before closing this brief introduction to Caldirola’s theory, it is worth-
while to present two more relevant results derived from it. The second
one is described in the next subsection. If we consider a free particle and
look for the ‘‘internal solutions’’ of the Eq. (15), we then get—for a
periodical solution of the type

_x ¼ �b0 c sin
2pt
t0

0@ 1A
_y ¼ �b0 c cos

2pt
t0

0@ 1A
_z ¼ 0

which describes a uniform circular motion, and by imposing the kinetic
energy of the internal rotational motion to equal the intrinsic energy m0c

2

of the particle—that the amplitude of the oscillations is given by b20 ¼ 3
4.

Thus, the magnetic moment corresponding to this motion is exactly the
anomalous magnetic moment of the electron, obtained here in a purely
classical context (Caldirola, 1954):

ma ¼
1

4p
e3

m0c2
:

This shows that the anomalous magnetic moment is an intrinsically
classical, and not quantum, result; and the absence of h in the last expres-
sion is a confirmation of this fact.
2.5. Hyperbolic Motions

In a review paper on the theories of electron including radiation-reaction
effects, Erber (1961) criticized Caldirola’s theory for its results in the case
of hyperbolic motion.
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Let us recall that the opinion of Pauli and von Laue (among others) was
that a charge performing uniformly accelerated motions—for example, an
electron in free fall—could not emit radiation (Fulton and Rohrlich, 1960).
That opinion was strengthened by the invariance of Maxwell equations
under the group of conformal transformations (Cunningham, 1909;
Bateman, 1910; Hill, 1945), which in particular includes transformations
from rest to uniformly accelerated motions. However, since the first dec-
ades of the twentieth century, this had been—however—an open question,
as the works by Born and Schott had on the contrary suggested a radiation
emission in such a case (Fulton and Rohrlich, 1960). In 1960, Fulton and
Rohrlich, using Dirac’s equation for the classical electron, demonstrated
that the electron actually emits radiation when performing a hyperbolic
motion (see also Leiter, 1970).

A solution of this paradox is possible within Caldirola’s theory, and it
was derived by Lanz (1962). By analyzing the energy-conservation law for
an electron submitted to an external force and following a procedure
similar to that of Fulton and Rohrlich (1960), Lanz obtained Eq. (20).
By expanding it in terms of t and keeping only the first-order terms, he
arrived at Eq. (25), identical to the one obtained by Fulton and Rohrlich, in
which (we repeat) the Schott energy appears. A term that Fulton and
Rohrlich (having obtained it from Dirac’s expression for the radiation
reaction) interpreted as a part of the internal energy of the charged particle.

For the particular case of hyperbolic motion, it is

ama
m ¼ da0

dt

so that there is no radiation reaction [compare with Eq. (25) or (26)].
However, neither the acceleration energy, nor the energy radiated by
the charge per unit of proper time, 2

3
e2ama

m, is zero.
The difference is that in the discrete case this acceleration energy does

not exist as such. It comes from the discretized expression for the charged
particle kinetic energy variation. As seen in Eq. (22), the Schott term
appears when the variation of the kinetic energy during the fundamental
interval of proper time is expanded in powers of t0:

T tð Þ � T t� t0ð Þ
t0

’ d

dt
T � 2

3

e2

c2
d

dt
a0:

This is an interesting result, since it was not easy to understand the
physical meaning of the Schott acceleration energy. With the introduction
of the fundamental interval of time, as we know, the changes in the kinetic
energy are no longer continuous, and the Schott termmerely expresses, to
first order, the variation of the kinetic energy when passing from one
discrete instant of time to the subsequent one.
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In Eqs. (22) and (25), the derivative dT/dt is a point function, forward-
ing the kinetic energy slope at the instant t. And the dissipative term
2

3
e2ama

m is simply a relativistic generalization of the Larmor radiation law:
if there is acceleration, then there is also radiation emission.

For the hyperbolic motion, however, the energy dissipated (because of
the acceleration) has only the same magnitude as the energy gain due to
the kinetic energy increase.We are not forced to resort to pre-accelerations
to justify the origin of such energies (Plass, 1960, 1961). Thus, the present
theory provides a clear picture of the physical processes involved in the
uniformly accelerated motion of a charged particle.
3. THE HYPOTHESIS OF THE CHRONON IN
QUANTUM MECHANICS

Let us now address the main topic of this chapter: the chronon in quantum
mechanics. The speculations about the discreteness of time (on the basis of
possible physical evidences) in QM go back to the first decades of the
twentieth century, and various theories have proposed developing QM on
a space-time lattice.14 This is not the casewith the hypothesis of the chronon,
wherewe do not actually have a discretization of the time coordinate. In the
1920s, for example, Pokrowski (1928) suggested the introduction of a funda-
mental interval of time, starting fromananalysis of the shortestwavelengths
detected (at that time) in cosmic radiation. More recently, for instance,
Ehrlich (1976) proposed a quantization of the elementary particle lifetimes,
suggesting the value 4.4� 10�24 s for the quantum of time.15However, a time
discretization is suggested by the very foundations of QM. There are physi-
cal limits that prevent the distinction of arbitrarily close successive states in
the time evolution of a quantum system. Basically, such limitations result
from the Heisenberg relations such that, if a discretization is introduced in
the description of a quantum system, it cannot possess a universal value,
since those limitations depend on the characteristics of the particular system
under consideration. In other words, the value of the fundamental interval
of time must change a priori from system to system. All these points make
the extension of Caldirola’s procedure to QM justifiable.

In the 1970s, Caldirola (1976a,b, 1977a,b,c, 1978a) extended the intro-
duction of the chronon to QM, following the same guidelines that had led
him to his theory of the electron. So, time is still a continuous variable, but
the evolution of the system along its world line is discontinuous. As for
14 See, for example, Cole (1970) and Welch (1976); also compare with Jackson (1977), Meessen (1970),
Vasholz (1975) and Kitazoe et al. (1978).
15 See also Golberger and Watson (1962), Froissart et al. (1963), DerSarkissian and Nelson (1969), Cheon
(1979), and Ford (1968).
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the electron theory in the nonrelativistic limit, one must substitute the
corresponding finite-difference expression for the time derivatives; for
example

df tð Þ
dt

! f tð Þ � f t� Dtð Þ
Dt

(33)

where proper time is now replaced by the local time t. Such a procedure
was then applied to obtain the finite-difference form of the Schrödinger
equation. As for the electron case, there are three different ways to
perform the discretization, and three ‘‘Schrödinger equations’’ can be
obtained (Caldirola and Montaldi, 1979):

i
h

t
C x; tð Þ �C x; t� tð Þ½ � ¼ ĤC x; tð Þ; (34)

i
h

2t
C x; tþ tð Þ �C x; t� tð Þ½ � ¼ ĤC x; tð Þ; (35)

i
h

t
C x; tþ tð Þ �C x; tð Þ½ � ¼ ĤC x; tð Þ; (36)

which are, respectively, the retarded, symmetric, and advanced Schrödinger
equations, all of them transforming into the (same) continuous equation
when the fundamental interval of time (which can now be called just t)
goes to zero. It can be immediately observed that the symmetric equation
is of the second order, while the other two are first-order equations. As in
the continuous case, for a finite-difference equation of order n a single and
complete solution requires n initial conditions to be specified.

The equations are different, and the solutions they provide are also
fundamentally different. There are two basic procedures to study the prop-
erties of such equations. For some special cases, they can be solved by one of
the various existing methods for solving finite-difference equations or by
means of an attempt solution, an ansatz. The other method is to find a new
Hamiltonian eH such that the new continuous Schrödinger equation,

ih
@C x; tð Þ

@t
¼ eHC x; tð Þ; (37)

reproduces, at the points t ¼ nt, the same results obtained from the
discretized equations. As shown by Casagrande and Montaldi (1977;
1978), it is always possible to find a continuous generating function that
makes it possible to obtain a differential equation equivalent to the origi-
nal finite-difference one, such that at every point of interest their solutions
are identical. This procedure is useful because it is generally difficult to
work with the finite-difference equations on a qualitative basis. Except for
some special cases, they can be solved only numerically. This equivalent
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Hamiltonian eH is, however, non-hermitean and is frequently very diffi-
cult to obtain. When the Hamiltonian is time-independent, the equivalent
Hamiltonian is quite easy to calculate. For the symmetric equation, for
example, it is given by

eH ¼ h

t
sin�1 t

h
Ĥ

� �
(38)

As expected, eH ! Ĥwhen t! 0. One can use the symmetric equation
to describe the nonradiating electron (bound electron) since for Hamilto-
nians explicitly independent of time its solutions are always of oscillating
character:

C x; tð Þ ¼ exp �i
t

t
sin�1 t

t
Ĥ

� �� �
f xð Þ:

In the classical theoryof electrons, the symmetric equationalso represents
a nonradiating motion. It provides only an approximate description of the
motion without considering the effects due to the self-fields of the electron.
However, in the quantum theory it plays a fundamental role. In the discrete
formalism, it is the only way to describe a bound nonradiating particle.

The solutions of the advanced and retarded equations show
completely different behavior. For a Hamiltonian explicitly independent
of time the solutions have a general form given by

C x; tð Þ ¼ 1þ i
t
h
Ĥ

h i�t=t
f xð Þ;

and, expanding f(x) in terms of the eigenfunctions of Ĥ,

Ĥun xð Þ ¼ Wnun xð Þ
f xð Þ ¼

X
n

cnun xð Þ

with X
n

jcnj2 ¼ 1;

it can be obtained that

C x; tð Þ ¼
X
n

cn 1þ i
t
h
Wn

h i�t=t
un xð Þ:

In particular, the norm of this solution is given by

jC x; tð Þj2 ¼
X
n

jcnj2 exp �gntð Þ
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with

gn ¼ 1

t
ln 1þ t2

h2
W2

n

� �
¼ W2

n

h2
tþO t3

� �
:

The presence of a damping factor, depending critically on the value t
of the chronon, must be noted.

This dissipative behavior originates from the retarded character of the
equation. The analogy with the electron theory also holds, and the
retarded equation possesses intrinsically dissipative solutions represent-
ing a radiating system. The Hamiltonian has the same status as in the
continuous case. It is an observable since it is a Hermitean operator and its
eigenvectors form a basis of the state space. However, due to the damping
term, the norm of the state vector is no longer constant. An opposite
behavior is observed for the solutions of the advanced equation in the
sense that they increase exponentially.

Before proceeding, let us mention that the discretized QM (as well as
Caldirola and coworkers’ approach to ‘‘QMwith friction’’ as, for example,
in Caldirola andMontaldi (1979)) can find roomwithin the theories based
on the so-called Lie-admissible algebras (Santilli, 1979a,b, 1981a,b,c,
1983).16 For a different approach to decaying states see Agodi et al.
(1973) and Recami and Farias (2009).

3.1. The Mass of the Muon

The most impressive achievement related to the introduction of the
chronon hypothesis in the realm of QM comes from the description of a
bound electron using the new formalism. Bound states are described by
the symmetric Schrödinger equation and a Hamiltonian that does not
depend explicitly on time. A general solution can be obtained by using
a convenient ansatz:

C x; tð Þ ¼
X
n

un xð Þ exp �iantð Þ;

where Ĥ un (x) ¼ Enun (x) gives the spectrum of eigenvalues of the
Hamiltonian. If the fundamental interval of time t corresponds to the
chronon y0 associated with the classical electron, it can be straight-
forwardly obtained that

an ¼ 1

y0
sin�1 Eny0

h

� �
:

16 Extensive related work (not covered in the present paper) can also be found in Jannussis (1985a,b, 1990,
1984a), Jannussis et al. (1990; 1983a; 1983b) and Mignani (1983); see also Jannussis et al. (1982a; 1982b; 1981a;
1981b; 1980a; 1980b), Jannussis (1984b,c), and Montaldi and Zanon (1980).
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This solution gives rise to an upper limit for the eigenvalues of the
Hamiltonian due to the condition

jEny0
h

j � 1:

Since y0 is finite, there is a maximum value for the energy of the
electron given by

Emax ¼ h

y0
¼ 2

3

hm0c
3

e2
	 105:04 MeV:

Now, including the rest energy of the electron, we finally get

E ¼ Emax þ Eelectron
0 	 105:55 MeV;

which is very close (an error of 0.1%) to the measured value of the rest
mass of the muon. The equivalent Hamiltonian method allows extending
the basis of eigenstates beyond the critical limit. However, for the eigen-
values above the critical limit, the corresponding eigenstates are unstable
and decay in time:

C x; tð Þ ¼
X
n

cnun xð Þ exp �igntð Þ exp �kntð Þ;

As for the retarded equation, the norm of the state vector is not
constant and decays exponentially with time for those eigenstates outside
the stability range. Caldirola (1976a,b, 1977c) interpreted this norm as
indicating the probability of the existence of the particle in its original
Hilbert space, and associated a mean lifetime with these states.

The considerations regarding the muon as an excited state of the
electron can be traced back to the days of its discovery. Particularly, it
has already been observed that the ratio between the masses of the two
particles is almost exactly 3/(2a), where a is the fine structure constant
(Nambu, 1952). It has already been noted also that 2

3
a is the coefficient of

the radiative reaction term in Dirac’s equation for the classical electron
(Rosen, 1964, 1978). Bohm and Weinstein (1948) put forward the hypoth-
esis that various kinds of ‘‘mesons’’ could be excited states of the electron.
Dirac (1962) even proposed a specific model for an extended electron to
interpret the muon as an excited state of the electron.17

Caldirola (1978a; 1977a; 1977b; see also Fryberger, 1981) observed that
by means of the Heisenberg uncertainty relations it is possible to associate
17 On this point, also compare the following references: Barut (1978a,b), Motz (1970), Ouchi and Ohmae
(1977), Nishijima and Sato (1978), Sachs (1972a,b), Pavsic (1976), Matore (1981), Sudarshan (1961) and
Kitazoe (1972).
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the existence of the muon as an excited state of the electron with the
introduction of the chronon in the theory of electron. The relation

DtDE 
 h=2

imposes limitations in the determination, at a certain instant, of the energy
E associated with the internal motion of the electron. If excited states of
the particle corresponding to larger values of mass exist, then it is possible
to speak of an ‘‘electron with rest mass m0’’ only when DE � (m0 � m0)c

2,
where m0 is the rest mass of the internal excited state. Such internal states
could be excited in the presence of sufficiently strong interactions.
From the uncertainty relation, we have that

Dt 
 h

2 m0 �m0ð Þc2 ;

and, supposing the muon as an excited state, we get

m0 �m0ð Þc2 ffi 3

2

hc

e2
m0c

2:

Thus, it can be finally obtained that

Dt 
 1

3

e2

m0c2
¼ t0

2
:

That is, the value of the rest mass of an interacting electron can be
taken only inside an interval of the proper time larger than half a chronon.
So, when we take into account two successive states, each one endowed
with the same uncertainty Dt, they must then be separated by a time
interval of at least 2 Dt, which corresponds exactly to the chronon t0.
3.2. The Mass Spectrum of Leptons

To obtain the mass of the next particle, a possibility to be considered is to
take the symmetric equation as describing the muon. According to this
naı̈ve argumentation, the equation also foresees a maximum limit for the
energy of the eigenstates of the muon. By assuming the equation as
successively describing the particles corresponding to these maxima, an
expression can be set up for the various limit values, given by

E
nð Þ
0 ¼ m0c

2 3

2

hc

e2
þ 1

� 	n
¼ m0c

2 3

2

1

a
þ 1

� 	n
; (39)

such that, for
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n ¼ 0 ! E 0ð Þ ¼ 0:511 MeV ðelectronÞ
n ¼ 1 ! E 1ð Þ ¼ 105:55 MeV ðmuonÞ
n ¼ 2 ! E 2ð Þ ¼ 21801:54 MeV ðheavy lepton?Þ;

the masses for the first excited states can be obtained, including a possible
heavy lepton which, according to the experimental results until now, does
not seem to exist.

Following a suggestion by Barut (1979; see also Tennakone and Pakvasa,
1971, 1972), according to which it should be possible to obtain the excited
states of the electron from the couplingof its intrinsicmagneticmomentwith
its self-field, Caldirola (1978b, 1979b, 1980, 1984a) and Benza and Caldirola
(1981), considering a model of the extended electron as a micro-universe
(Recami, 2002), also succeeded in evaluating the mass of the lepton t.

Caldirola took into account, for the electron, a model of a point-object
moving around in a four-dimensional de Sitter micro-universe character-
ized by

c2t2 � x2 � y2 � z2 ¼ c2t20;

where t0 is the chronon associated with the electron and the radius of the
micro-universe is givenby a¼ ct0.Considering the spectrumof excited states
obtained from thenaı̈veargumentationabove,we find that each excited state
determines a characteristic radius for the micro-universe. Thus, for each
particle, the trajectory of the point-object is confined to a spherical shell
defined by its characteristic radius and by the characteristic radius of its
excited state. For the electron, for example, the point-object moves around,
inside the spherical shell defined by its corresponding radius and by the one
associated with its excited state: the muon. Such radii are given by

a nð Þ ¼ t0c
3

2

1

a
þ 1

� 	�n

: (40)

According to the model—supposing that the intrinsic energy of
the lepton e(n) is given by m(n)c2—the lepton moves in its associated
micro-universe along a circular trajectory with a velocity b ¼

ffiffiffi
3

p

2
, to

which corresponds an intrinsic magnetic moment

m nð Þ
a ¼ 1

4p
e2

m nð Þc2
: (41)

Starting from Barut’s suggestion (1979), Caldirola obtained for the
lepton e(n) an extra self-energy given by

E n;pð Þ ¼ 2pð Þ4m nð Þc2:
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The condition set down on the trajectory of the point-object, so that it
remains confined to its corresponding spherical shell, is given by

E n;pð Þ � 3

2

1

a
þ 1

� 	
m0c

2;

and the values attainable by p are p¼ 0 for n¼ 0, and p¼ 0, 1 for n 6¼ 0. The
spectrum of mass is then finally given by

m n;pð Þ ¼ 1þ 2pð Þ4
h i

m nð Þ ¼ m0 1þ 2pð Þ4
h i 3

2

1

a
þ 1

� 	n
: (42)

Thus, for different values of n and p we have the following:
n
 p
 m(n)
0
 0
 0.511 MeV
 electron

1
 0
 105.55 MeV
 muon
1
 1794.33 MeV
 tau
It must be noted that the tau appears as an internal excited state of the
muon and its mass is in fair agreement with the experimental values
(Hikasa et al., 1992): mt 	 1784 MeV. The difference between these values
is less than 1%. Which is remarkable given the simplicity of the model.
The model foresees the existence of other excited states that do not seem
to exist. This is to some extent justifiable once the muon is obtained as an
excited electron and the description of the electron does not imply the
existence of any other state. To obtain the lepton tau it was necessary to
introduce into the formalism the coupling of the intrinsic magnetic
moment with the self-field of the electron.
3.3. Feynman Path Integrals

The discretized Schrödinger equations can easily be obtained using
Feynman’s path integral approach. This is particularly interesting since
it gives a clearer idea of the meaning of these equations. According to the
hypothesis of the chronon, time is still a continuous variable and the
introduction of the fundamental interval of time is connected only with
the reaction of the system to the action of a force. It is convenient to restrict
the derivation to the one-dimensional (1D) case, considering a particle
under the action of a potential V(x, t). Although the time coordinate is
continuous, we assume a discretization of the system (particle) position
corresponding to instants separated by time intervals t (Figure 1).

The transition amplitude for a particle going from an initial point
(x1, t1) of the space-time to a final point (xn,tn) is given by the propagator



×

×
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×
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t

x

t0 tn–1 tn tn+1

tn–tn–1= t

FIGURE 1 Discrete steps in the time evolution of the considered system (particle).
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K xn; tn; x1; t1ð Þ ¼ hxn; tnjx1; t1i: (43)

In Feynman’s approach this transition amplitude is associated with a
path integral, where the classical action plays a fundamental role. It is
convenient to introduce the notation

S n; n� 1ð Þ �
ðtn

tn�1

dtL x; _xð Þ (44)

such that L (x, _x) is the classical Lagrangian and S(n, n1) is the classical
action. Thus, for two consecutive instants of time, the propagator is given by

K xn; tn; xn�1; tn�1ð Þ ¼ 1

A
exp

i

h
S xn; tn; xn�1; tn�1ð Þ

� �
: (45)

The path integral is defined as a sum over all the paths tha can be
possibly traversed by the particle and can be written as

hxn; tn j x1; t1i ¼ lim
N!1

A�N

ð
dxN�1

ð
dxN�2 . . .

ð
dx2

YN
n�2

exp
i

h
S n; n� 1ð Þ

� �
;

(46)

where A is a normalization factor. To obtain the discretized Schrödinger
equations we must consider the evolution of a quantum state between
two consecutive configurations (xn�1, tn�1) and (xn, tn). The state of the
system at tn is denoted as

C xn; tnð Þ ¼
ðþ1

�1
K xn; tn; xn�1; tn�1ð ÞC xn�1; tn�1ð Þdxn�1: (47)



Consequences for the Electron of a Quantum of Time 59

Author's personal copy
On the other hand, it follows from the definition of the classical action
(Eq. 44) that

S xn; tn; xn�1; tn�1ð Þ ¼ m

2t
xn � xn�1ð Þ2 � tV

xn þ xn�1

2
; tn�1

� �
: (48)

Thus, the state at tn is given by

C xn; tnð Þ ¼
ðþ1

�1
exp

im

2ht
xn � xn�1ð Þ2 � i

t
h
V

xn þ xn�1

2
; tn�1

0@ 1A8<:
9=;

�C xn�1; tn�1ð Þdxn�1:

(49)

When t 	 0, for xn slightly different from xn�1, the integral due to the
quadratic term is rather small. The contributions are considerable only for
xn 	 xn�1. Thus, we can make the following approximation:

xn�1 ¼ xn þ � ! dxn�1 � d�;

such that

C xn�1; tn�1ð Þ ffi C xn; tn�1ð Þ þ @C xn; tn�1ð Þ
@x

� �
� þ @2C

@x2

� �
�2:

By inserting this expression into Eq. (49), supposing that18

V xþ �

2

� �
	 V xð Þ;

and taking into account only the terms to the first order in t, we obtain

C xn; tnð Þ ¼ 1

A
exp � i

h
tV xn; tn�1ð Þ

� �
2ihpt
m

� �1=2

C xn; tn�1ð Þ þ iht
2m

@2C
@x2

� �
:

Notwithstanding the fact that exp(�itV(xn, tn)/ h) is a function defined
only for certain well-determined values, it can be expanded in powers of
t, around an arbitrary position (xn, tn). Choosing A ¼ (2ihpt/m)�1/2, such
that t ! 0 in the continuous limit, we derive

C xn; tn�1 þ tð Þ �C xn; tn�1ð Þ ¼ � i

h
tV xn; tn�1ð ÞC xn; tn�1ð Þ

þ iht
2m

@2C
@x2

þO t2
� �

:

(50)
18 The potential is supposed to vary slowly with x.
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By a simple reordering of terms, we finally obtain

i
C xn; tn�1 þ tð Þ �C xn; tn�1ð Þ

t
¼ � h2

2m

@2

@x2
þ V xn; tn�1ð Þ

� 

C xn; tn�1ð Þ

Following this procedure we obtain the advanced finite-difference
Schrödinger equation, which describes a particle performing a 1D motion
under the effect of potential V(x,t).

The solutions of the advanced equation show an amplification factor
that may suggest that the particle absorbs energy from the field described
by the Hamiltonian in order to evolve in time. In the continuous classical
domain the advanced equation can be simply interpreted as describing a
positron. However, in the realm of the (discrete) nonrelativistic QM, it is
more naturally interpreted as representing a system that absorbs energy
from the environment.

To obtain the discrete Schrödinger equation only the terms to the first
order in t have been taken into account. Since the limit t! 0 has not been
accomplished, the equation thus obtained is only an approximation. This
fact may be related to another one faced later in this chapter, when
considering the measurement problem in QM.

It is interesting to emphasize that in order to obtain the retarded
equation one may formally regard the propagator as acting backward in
time. The conventional procedure in the continuous case always provides
the advanced equation: therefore, the potential describes a mechanism for
transferring energy from a field to the system. The retarded equation can
be formally obtained by assuming an inversion of the time order, consid-
ering the expression

C xn�1; tn�1ð Þ ¼
ðþ1

�1

1

A
exp

i

h

ðtn�1

tn

Ldt
8<:

9=;C xn; tnð Þdxn; (51)

which can be rigorously obtained by merely using the closure relation for
the eigenstates of the position operator and then redefining the propaga-
tor in the inverse time order. With this expression, it is possible to obtain
the retarded Schrödinger equation. The symmetric equation can easily be
obtained by a similar procedure.

An interesting characteristic related to these apparently opposed
equations is the impossibility of obtaining one from the other by a simple
time inversion. The time order in the propagators must be related to the
inclusion, in these propagators, of something like the advanced and
retarded potentials. Thus, to obtain the retarded equation we can formally
consider effects that act backward in time. Considerations such as these,
that led to the derivation of the three discretized equations, can supply
useful guidelines for comprehension of their meaning.
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3.4. The Schrödinger and Heisenberg Pictures

In discrete QM, as well as in the ‘‘continuous’’ one, the use of discretized
Heisenberg equations is expected to be preferable for certain types of
problems. As for the continuous case, the discretized versions of the
Schrödinger and Heisenberg pictures are also equivalent. However, we
show below that the Heisenberg equations cannot, in general, be obtained
by a direct discretization of the continuous equations.

First, it is convenient to introduce the discrete time evolution operator
for the symmetric

Û t; t0ð Þ ¼ exp � i t� t0ð Þ
t

sin�1 tĤ
h

 !" #
(52)

and for the retarded equation,

Û t; t0ð Þ ¼ 1þ i

h
tĤ

� 	� t�t0ð Þ=t
: (53)

To simplify the equations, the following notation is used throughout
this section:

Df tð Þ $ f tþ tð Þ � f t� tð Þ
2t

(54)

DRf tð Þ $ f tð Þ � f t� tð Þ
t

: (55)

For both operators above it can easily be demonstrated that, if the
Hamiltonian Ĥ is a Hermitean operator, the following equations are valid:

DÛ t; t0ð Þ ¼ 1

ih
Û t; t0ð ÞĤ; (56)

DÛ
{
t; t0ð Þ ¼ 1

ih
Û

{
t; t0ð ÞĤ: (57)

In the Heisenberg picture the time evolution is transferred from the state
vector to the operator representing theobservable according to thedefinition

Â
H � Û

{
t; t0 ¼ 0ð ÞÂS

Û t; t0 ¼ 0ð Þ: (58)

In the symmetric case, for a given operator ÂS, the time evolution of
the operator ÂH(t) is given by

DÂ
H

tð Þ ¼ D Û
{
t; t0 ¼ 0ð ÞÂS

Û t; t0 ¼ 0ð Þ
h i

DÂ
H

tð Þ ¼ 1

ih
Â

H
; Ĥ

h i (59)
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which has exactly the same form as the equivalent equation for the
continuous case. The important feature of the time evolution operator
that is used to derive the expression above is that it is a unitary operator.
This is true for the symmetric case. For the retarded case, however, this
property is no longer satisfied. Another difference from the symmetric
and continuous cases is that the state of the system is also time-dependent
in the retarded Heisenberg picture:

jCH tð Þ� ¼ 1þ t2Ĥ
2

h2

" #� t�t0ð Þ=t

jCS t0ð Þ�: (60)

By using the property [Â, f (Â)] ¼ 0, it is possible to show that the
evolution law for the operators in the retarded case is given by

DÂ
H

tð Þ ¼ 1

ih
Â

S
tð Þ; ĤS

tð Þ
h i

þ DÂ
S
tð Þ

� 
H

: (61)

In short, we can conclude that the discrete symmetric and the contin-
uous cases are formally quite similar and the Heisenberg equation can be
obtained by a direct discretization of the continuous equation. For the
retarded and advanced cases, however, this does not hold. The compati-
bility between the Heisenberg and Schrödinger pictures is analyzed in the
appendices.

Here we mention that much parallel work has been done by Jannussis
et al. For example, they have studied the retarded, dissipative case in the
Heisenberg representation, then studying in that formalism the (normal
or damped) harmonic oscillator. On this subject, see Jannussis et al.
(1982a,b, 1981a,b, 1980a,b) and Jannussis (1984b,c).
3.5. Time-Dependent Hamiltonians

We restricted the analysis of the discretized equations to the time-
independent Hamiltonians for simplicity. When the Hamiltonian is expli-
citly time-dependent, the situation is similar to the continuous case. It is
always difficult to work with such Hamiltonians but, as in the continuous
case, the theory of small perturbations can also be applied. For the
symmetric equation, when the Hamiltonian is of the form

Ĥ ¼ Ĥ0 þ V̂ tð Þ; (62)

such that V̂ is a small perturbation related to Ĥ 0, the resolution method is
similar to the usual one. The solutions are equivalent to the continuous
solutions followed by an exponentially varying term. It is always possible
to solve this type of problem using an appropriate ansatz.
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However, another factor must be considered and is related to the
existence of a limit beyond which Ĥ does not have stable eigenstates.
For the symmetric equation, the equivalent Hamiltonian is given by

eH ¼ h

t
sin�1 t

h
Ĥ

� �
: (63)

Thus, as previously stressed, beyond the critical value the eigenvalues
are not real and the operator eH is no longer Hermitean. Below that limit,eH is a densely defined and self-adjoint operator in the L � L2 subspace
defined by the eigenfunctions of eH. When the limit value is exceeded, the
system changes to an excited state and the previous state loses physical
meaning. In this way, it is convenient to restrict the observables to self-
adjoint operators that keep invariant the subspace L. The perturbation V̂
is assumed to satisfy this requirement.

In usual QM it is convenient to work with the interaction representation
(Dirac’s picture) in order to deal with time-dependent perturbations. In this
representation, the evolution of the state is determined by the time-
dependentpotential V̂ (t),while theevolutionof theobservable isdetermined
by the stationary part of the Hamiltonian Ĥ 0. In the discrete formalism, the
time evolution operator defined for Ĥ 0, in the symmetric case, is given by

Û0 t; t0ð Þ ¼ exp � i t� t0ð Þ
t

sin�1 tĤ0

h

 !" #
: (64)

In the interaction picture the vector state is defined, from the state in
the Schrödinger picture, as

jCI tð Þi ¼ Û
{
0 tð ÞjCS t0ð Þi; (65)

where Û
{
0 tð Þ � Û

{
0 t; t0 ¼ 0ð Þ. On the other hand, the operators are defined as

Â
I ¼ Û

{
0 tð ÞÂS

Û0 tð Þ: (66)

Therefore, it is possible to show that, in the interaction picture, the
evolution of the vector state is determined by the equation

ihDCI x; tð Þ ¼ ih

2t
CI x; tþ tð Þ �CI x; t� tð Þ
 � ¼ V̂

I
CI x; tð Þ; (67)

which is equivalent to a direct discretization of the continuous equation.
For the operators, we determine that

DÂ
I
tð Þ ¼ Â

I
tþ tð Þ � Â

I
t� tð Þ

2t
¼ 1

ih
Â

I
; Ĥ0

h i
; (68)

which is also equivalent to the continuous equation.
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Thus, for the symmetric case, the discrete interaction picture retains
the same characteristics of the continuous case for the evolution of the
operators and state vectors, once, obviously, the eigenstates of Ĥ remain
below the stability limit. We can adopt, for the discrete case, a procedure
similar to that one commonly used in QM to deal with small time-
dependent perturbations.

We consider, in the interaction picture, the same basis of eigenstates
associated with the stationary Hamiltonian Ĥ 0, given by jni. Then,

jC tð ÞiI ¼
X
n

C tð Þhn jC tð ÞiI j ni ¼
X
n

cn tð Þ j ni

is the expansion, over this basis, of the state of the system at a certain
instant t. It must be noted that the evolution of the state of the system is
determined once the coefficients cn(t) are known. Using the evolution
equation [Eq. (67)], it can be obtained that

ihDhn jCðtÞiI ¼
X
m

hn j V̂I jmihm jCðtÞiI:

Using the evolution operator to rewrite the perturbation V̂ in the
Schrödinger picture, we obtain

ihDcn tð Þ ¼
X
m

cm tð ÞVnm tð Þ exp ionmtð Þ; (69)

such that

onm ¼ 1

t
sin�1 tEn

h

� �
sin�1 tEm

h

� �� 	
;

and we obtain the evolution equation for the coefficients cn(t), the solution
of which gives the time evolution of the system.

As in usual QM, it is also possible to work with the interaction picture
evolution operator, ÛI(t, t0), which is defined as

jC tð ÞiI ¼ Û
I
t; t0ð Þ jC t0ð ÞiI;

such that Eq. (67) can be written as

ihDÛ
I
t; t0ð Þ ¼ V̂

I
tð ÞÛI

t; t0ð Þ: (70)

The operator ÛI(t, t0) must satisfy the initial condition ÛI(t, t0)¼ 0. Given
this condition, for the finite-difference equation above we have the solution

Û
I
t; t0ð Þ ¼ exp

�i t� t0ð Þ
t

sin�1 tV̂
I
tð Þ

h

 !" #
:
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A difference from the continuous case, where the approximate evolu-
tion operator is an infinite Dyson series, is that this approach provides a
well determined expression. The solution to the problem is obtained by
correlating the elements of the matrix associated with such operator to the
evolution coefficients cn(t).

In general, the finite-difference equations are more difficult to analyti-
cally solve than the equivalent differential equations. In particular, this
difficulty is much more stressed for the system of equations obtained
from the formalism above.

An alternative approach is to use the equivalent Hamiltonians
(Caldirola, 1977a,b, 1978a; Fryberger, 1981). Once the equivalent Hamilto-
nian is found, the procedure is the same as for the continuous theory. If the
perturbation term V̂ is small, the equivalent Hamiltonian can be written as

eH ¼ h

t
sin�1 t

h
Ĥ0

� �
þ V̂ tð Þ ¼ Ĥ0 þ V̂ tð Þ:

In the interaction picture, the state of the system is now defined as

jCI tð Þi ¼ expi
eH0t

h
jCS tð Þi; (71)

and the operators are given by

Â
I ¼ exp i

eH0t

h

 !
Â

S
exp �i

eH0t

h

 !
: (72)

The state in Eq. (71) evolves according to the equation

ih
@

@t
jCI tð Þi ¼ V̂

IjCI tð Þi; (73)

where V̂I is obtained according to definition (72).
Now, small time-dependent perturbations can be handled by taking

into account the time evolution operator defined by

jCI tð Þi ¼ Û
I
t; t0ð ÞjCI t0ð Þi: (74)

According to the evolution law [Eq. (73)], we have

ih
d

dt
Û

I
t; t0ð Þ ¼ V̂

I
tð ÞÛI

t; t0ð Þ: (75)

Thus, once given that ÛI(t0, t0)¼ 1, the time evolution operator is given
by either

Û
I
t; t0ð Þ ¼ 1� i

h

ðt
t0

V̂
I
t0ð ÞÛI

t0; t0ð Þdt0
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or

Û
I
t; t0ð Þ ¼ 1þ

X
n¼1

� i

h

� �n ðt
t0

dt1

ðt1
t0

dt2 . . .

ðtn�1

t0

dtnV̂
I
t1ð ÞV̂I

t2ð Þ . . . V̂I
tnð Þ;

where the evolution operator is obtained in terms of a Dyson series.
Drawing a parallel, between the elements of thematrix of the evolution

operator and the evolution coefficients cn(t) obtained from the continuous
equation equivalent to Eq. (69), requires the use of the basis of eigenstates
of the stationary Hamiltonian Ĥ 0. If the initial state of the system is an
eigenstate jmi of that operator, then, at a subsequent time, we have

cn tð Þ ¼ hnjÛI
t; t0ð Þjmi:

The method of the equivalent Hamiltonian is simpler because it takes
full advantage of the continuous formalism.
4. SOME APPLICATIONS OF THE DISCRETIZED
QUANTUM EQUATIONS

Returning to more general questions, it is interesting to analyze the
physical consequences resulting from the introduction of the fundamental
interval of time in QM. In this section we apply the discretized equations
to some typical problems.
4.1. The Simple Harmonic Oscillator

The Hamiltonian that describes a simple harmonic oscillator does not
depend explicitly on time. The introduction of the discretization in the
time coordinate does not affect the outputs obtained from the continuous
equation for the spatial branch of the solution. This is always the case
when the potential does not have an explicit time dependence.

For potentials like this, the solutions of the discrete equations are
always formally identical, with changes in the numerical values that
depend on the eigenvalues of the Hamiltonian considered and on the
value of the chronon associated with the system described. We have the
same spectrum of eigenvalues and the same basis of eigenstates but with
the time evolution given by a different expression.

For the simple harmonic oscillator, the Hamiltonian is given by

Ĥ ¼ 1

2m
P̂
2 þmo2

2
X̂
2
; (76)
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to which the eigenvalue equation corresponds:

Ĥjuni ¼ Enjuni; (77)

so that En gives the energy eigenvalue spectrum of the oscillator.
As mentioned previously, since this Hamiltonian does not depend

explicitly on time, there is always an upper limit for the possible values
of its energy eigenvalues. In the basis of eigenfunctions of Ĥ, a general
state of the oscillator can be written as

jC tð Þi ¼
X
n

cn 0ð Þjuni exp �i
t

t
sin�1 Ent

h

� �� 	
;

with cn(0) ¼ hunjC(t ¼ 0)i. Naturally, when t ! 0, the solution above
recovers the continuous expression with its time dependency given by
exp �iEnt

h

� �
. Therefore, there is only a small phase difference between the

two expressions. For the mean value of an arbitrary observable,

hC tð ÞjÂjC tð Þi ¼
X
m¼0

X
n¼0

c
m 0ð Þcn 0ð ÞAmn exp
i

h
Em ¼ Enð Þt

24 35
� exp i E3

m � E3
n

� � tt2

3!h3

24 35þO t4
� �

;

with Amn ¼ humjÂjuni, we obtain an additional phase term that implies a
small deviation of the resulting frequencies compared with the Bohr
frequencies of the harmonic oscillator. To first approximation, this devia-
tion is given by the term depending on t2 in the expression above.

Of note, the restrictions imposed on the spectrum of eigenvalues of Ĥ
mutilate the basis of eigenvectors: the number of eigenvectors becomes
finite and does not constitute a complete set anymore. Therefore, it no
longer forms a basis. For eigenstates beyond the upper limit the states are
unstable and decay exponentially with time.

For a time-independent Hamiltonian, the retarded equation always
furnishes damped solutions characteristic of radiating systems. In this
case, there is neither stationary solutions nor an upper limit for the energy
eigenvalues. The larger the eigenvalue, the larger the damping factor and
more quickly its contribution to the state of the system tends to zero. If we
write the state of the oscillator as

jC tð Þi ¼
X
n

cn 0ð Þjuni 1þ i

h
tEn

� 	t
t

;
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which has a norm decaying according to

hC tð ÞjC tð Þi ¼
X
n

cn 0ð Þjuni 1þ t2E2
n

h2

� 	t
t

; (78)

we have for an arbitrary observable that [with hA(t)i � hAi (t)]:

hA tð Þi ¼
X
m

X
n

c
m 0ð Þcn 0ð ÞAmn exp � t

t
ln 1þ t2

h2
EnEm � it

h
Em � Enð Þ

� 	� 	
or, to the first order in t,

hA tð Þi ¼
X
m

X
n

c
m 0ð Þcn 0ð ÞAmn exp
i

h
Em � Enð Þt

� 	
exp �t E2

m � E2
n

� � t

2h2

� 	
;

so that, in addition to the Bohr frequencies defining the emission and
absorption frequencies of the oscillator, we obtain a damping term that
causes the average value of the observable—which is explicitly indepen-
dent of time—to tend to zero with time. A cursory analysis shows that
even for very small eigenvalues, smaller than 1.0 eV, the damping factor is
large, so the decay of the average values is very fast. The damping factor
of the norm in Eq. (78) can be evaluated, and its behavior can be seen in
Figure 2.
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FIGURE 2 Typical behavior of the damping factor associated with different energy

eigenvalues (retarded case).
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4.2. Free Particle

For a free particle (an electron for example), the general solution of the
symmetric Eq. (35) can be obtained, in the coordinate representation,
using as an ansatz the solution for the continuous case. Thus, a spectrum
of eigenfunctions (plane waves) is obtained given by

Cp x; tð Þ ¼ 2phð Þ�3=2 exp �ia jpjð Þtþ i
p�xð Þ
h

� �
:

Inserting this expression into the symmetric equation, we obtain for
the frequency a(jpj) that

a jpjð Þ ¼ 1

c
sin�1 t

h

p2

2m0

� �
: (79)

When t ! 0, a(jpj)h coincides with the energy of the particle.
As observed for the bound particle, here we also have an upper limit for
the spectrum of eigenvalues. Thus, the upper limit for the possible values
of momentum is given by

p � pMax �
ffiffiffiffiffiffiffiffiffiffiffi
2m0h

t

r
¼ 10 MeV=c (80)

for the electron. In other words, there is a limit beyond which the
frequencies cease to be real.

As in the continuous case, the state of the particle is described by a
superposition of the eigenstates and can be written as

C x; tð Þ ¼ 1

2phð Þ3=2
ð
d3pc pð Þ exp �ia jpjð Þtþ i

p�xð Þ
h

� �
:

The coefficients c(p) are determined from the initial condition C(x, 0) ¼
C0(x). From the expression for a, it can be observed that beyond a certain

value of p the expression loses meaning.When p 

ffiffiffiffiffiffi
2m0

t

q
, the complete solu-

tion is defined only if c(p)¼0. From the stationary phase condition, we have
that

x ¼ p

m0

tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t

h

� �2 p4

4m2
0

� �r ;

and, supposing that c(p) corresponds to a distribution of probabilities
with a peak at p ¼ p0, then the wave packet will move in the direction p0

with uniform velocity

v ¼ p0
m0

1� t
h

� �2 p4

4m2
0

� �� 	�1=2

;
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which coincides with the group velocity of the packet. It can be promptly
observed that when p reaches its maximum value permitted, the velocity
diverges: v!1. Thus, the introduction of a fundamental interval of time
does not impose any restriction on the velocity of the particle, although it
results in a limit for the canonical momentum of the eigenfunctions.
Starting from the condition of stationary phase it is possible to redefine
the momentum associated with the particle, so that this new momentum
does not suffer any restrictions. Thus, one can conclude that it is possible
to exist free electrons with any energy, differently from what happens
with bound electrons.

For p> pmax, the frequency a(jpj) fails to be real; its dependence on p is
shown in Figure 3. An analysis of Eq. (79) shows that if a(jpj) is complex,
then, for p � pmax, the imaginary component is null and the real part is
given by Eq. (79). When p 
 pmax, then

Re a pð Þð Þ ¼ p
2t

;

Im a pð Þð Þ ¼ � 1

t
ln

����� tp2

2m0h

�����þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tp2

2m0h

0@ 1A2

vuuut � 1

264
375;

with the real part being a constant and the imaginary one tending loga-
rithmically to �1. Using the expressions above, for p > pmax the eigen-
states become unstable, with a time-dependent decay term.When we look
for an equivalent Hamiltonian eH that, for the continuous Schrödinger
equation, supplies equivalent outputs, this is possible only if eH is a
non-Hermitean operator. It is straightforward to see that this is the case
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FIGURE 3 Real and imaginary components of a(jpj) obtained for the symmetric equa-

tion compared to the continuous case.



Consequences for the Electron of a Quantum of Time 71

Author's personal copy
for eH ¼ H1 þ iH2, with H1 and H2 Hermiteans and such that H1 jpi ¼ h
Re (a(p)) jpi and H2 jpi ¼ h Im (a(p)) jpi.

For the retarded equation, using the same ansatz of the symmetric
case, the damping factor appears for every value of p. There is no limita-
tion on the values of p, but, when p!1, the real part of a(jpj) tends to the
same limit value observed for the symmetric case. Figure 4 illustrates the
behavior of the components of a(jpj). The general expression for an
eigenfunction is found to be

Cp x; tð Þ / exp
ipx

h
� it

t
tan�1 p2t

2mh

� 	
exp � t

2t
ln 1þ p2t

2mh

� �2
" #" #

:

Performing a Taylor expansion and keeping only the terms to the first
order in tweobtain the continuous solutionmultiplied by adamping factor:

Cp x; tð Þ / exp
ipx

h
� iot

� �
exp

1

2
o2tt

� �
(81)

where o ¼ p2/2mh is the frequency obtained for the continuous case.
The damping term depends only on the Hamiltonian, through the

frequency o, and on the chronon associated with the particle. As the latter
is constant for a given particle, that term shows that for very high fre-
quencies the solutions decay quite fast and, as the system evolves, a decay
for smaller frequencies also takes place.

The inflection point in Figure 5, delimiting the region of the spectrum
where the decay is faster, moves in the direction of smaller frequencies as
time passes. The consequence of this decay is the narrowing of the
frequency bandwidth, which is relevant for the wave packet describing
the particle. This is an echo of the continuous decrease of the energy. As in
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FIGURE 4 Real and imaginary components of a(jpj) obtained for the retarded equation

compared with the continuous case.
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the symmetric case, obtaining an equivalent Hamiltonian is possible only
if non-Hermitean operators are considered.

It is worthwhile to reconsider the question of the physical meaning of
the three discretized Schrödinger equations. Apparently, the choice of the
equation for a particular situation is determined by the restrictions
imposed on the system by the boundary conditions. The symmetric
equation is used for special situations for which the system neither
emits nor absorbs radiation, or does it in a perfectly ‘‘balanced’’ way.
This is the case for the electrons in their atomic orbits. Therefore, the
particle is stable until a certain energy limit, beyond which the behavior
of the states is similar to that of the retarded solutions. For energies far
below that limit, the particle behaves almost identically to the continuous
case, except that the new frequencies associated with each wave function
differ from the continuous frequencies by a factor of order t2. The proba-
bility that a particle is found with energy larger than the limit value
decreases exponentially with time. For the bound electron, the limit is
that equivalent to the rest mass of the muon. If a parallel with the classical
approach is valid, the symmetric equation describes: (1) an isolated sys-
tem, which does not exchange energy with the surrounding environment,
or: (2) a situation of perfect thermodynamic equilibrium, in which a
perfect balance between absorbed and dissipated energies is verified.
For the classical theory of the electron the symmetric equation is only an
approximation that ignores the radiation reaction effects. In QM, however,
the existence of nonradiating states is related to the very essence of the
theory. The symmetric equation shows that, below the critical limit, the
states are physically identical to the outputs from the continuous theory:
they are nonradiating states.
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The retarded equation represents a system that somehow loses energy
into the environment. Themechanism of such energy dissipation is related
not only to theHamiltonian of the systembut also to someproperties of the
environment—even the vacuum—as it can be inferred from the descrip-
tion of the free particle. From the solutions obtained it is now observed that
time has a well-defined direction of flux and that the frequency composi-
tion of the wave packet associated with the particle depends on the instant
of time considered. It is clear that it is always possible to normalize the
state at a certain instant and consider it as an initial state. This is permitted
by the formalism. However, in a strictly rigorous description, the fre-
quency spectrum corresponds to a specific instant of time subsequent to
the emission. This aspect can be interesting from the point of view of
possible experimental verifications.
4.3. TheDiscretizedKlein-Gordon Equation (formassless particles)

Another interesting application is the description of a free scalar particle—
a scalar or zero-spin ‘‘photon’’—using a finite-difference form of the Klein-
Gordon equation for massless particles.

In the symmetric form, the equation is written as

h2Am ¼ 0 ! C tþ 2tð Þ � 2C tð Þ þC t� 2tð Þ
4c2t2

�r2C tð Þ ¼ 0: (82)

Using a convenient ansatz we obtain, for this equation, in the coordi-
nate representation, that

Ck x; tð Þ ¼ A exp �i
t

2t
cos�1 1� 2t2k2

� �� �
exp ikxð Þ;

which can be written as

Cp x; tð Þ ¼ A exp �i
t

2t
cos�1 1� 2c2t2E2=h2

� �� �
exp ipx=hð Þ;

since E ¼ p2c2 and p ¼ hk. Expanding the time exponential in powers of t,
we find, to the second order in t, a solution that is very similar to the
continuous expression:

Cp x; tð Þ ¼ A exp � i

h
E0t� pxð Þ

� �
;

with

E0 	 E 1þ E2t2

6h2

� �
:
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Adifference of the order of t2 is observed between the energy values of
the ‘‘photons’’ in the continuous and discrete approaches. The general
solution is given by a linear combination of the eigenfunctions found.
A priori, the value of the chronon for the particle is not known. The time-
dependent exponential term in the expressions above leads to an upper
limit for the allowed energy, which is given by E� h/t. We could suppose
that the value of the chronon for this photon is of about the fundamental
time interval of the electromagnetic interactions � 10�9 s resulting in a
critical value of approximately 6.6 keV, which is a very low limit.
A smaller chronon should increase this limit but, if there is any generality
in the classical expression obtained for the electron, we should expect a
larger value for this massless particle.

If instead of a photon we consider a scalar neutrino, taking for the
value of the chronon t � 10�13 s—a typical time for the weak decay—the
limit for the energy associated with the eigenfunctions is now approxi-
mately 0.007 eV. This means that in the composition of the wave packet
describing this particle the only contribution comes from eigenfunctions,
the energy of which is below that limit.

The eigenfunctions obtained for the Hamiltonian considered are
‘‘plane waves’’ solutions. The dependence of these solutions on energy
and time is shown in Figures 6 and 7. For smaller values of t the decay of
the modes with energy above the maximum is faster.

Apparently, it seems possible to determine a limiting value for the
chronon starting from the uncertainty relations. This could be obtained,
when describing particles, using the expression

t <
h

2moc2

that provides for the electron a maximum limit given by 6.4 � 10�22 s.
However, this value is two degrees of magnitude larger than the classical
value of the chronon for the electron, which is a considerable difference. It is
possible to use this relation for a complex system, which is shown later.

We also need to consider the conditions with which a photon must be
supplied in order to be described by the symmetric equation. For the
electron, it seems clear that not irradiating in a bound state—which is
imposed by QM—implies the adoption of the symmetric equation. For the
photon (as for a free particle), when the retarded form of the Klein-
Gordon equation is used, a solution is also obtained wherein the highest
frequencies decay faster than the lowest ones. There is always a tendency
in the sense that the lowest frequencies prevail. If we are allowed to assign
a physical meaning to such a discretized Klein-Gordon equation, we are
also allowed to think that, the farther the light source, the more the
spectrum of the emitted light will be shifted for the largest wavelengths,
even if the source is at rest with respect to the observer. Thus, we could
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FIGURE 6 Solution of the discretized Klein-Gordon equation, when the energy is

smaller than the critical limit, depicted for different values of energy and time.

(a) E < EM: E ¼ 0.0001 eV; t ¼ 0. Discrete and continuous solution are identical.

(b) E < EM: E ¼ 0.0001 eV; t 1� 10�10s. Discrete and continuous solutions differ in phase.
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obtain a red shift effect as a consequence of the introduction of the chronon
that could be used in the construction of a tired-light theory. . .

Finally, we need to point out that the discretization considered for the
Klein-Gordon equation does not follow exactly the same procedure that
led to the discretized Schrödinger equation, since it is a relativistic invari-
ant equation. We did not change the proper time, but the time coordinate
itself into the discretized form. We considered a discretized version of the
Hamiltonian operator by applying the transformations

p ! h

i
r;

H ! ihD;

with D as defined in subsection 3.4, on the Hamiltonian of a relativistic free
particle,

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2c2 þm2c4

q
as usual in the continuous case.
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than the critical limit, depicted for different values of energy and time. In this case, the
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10�8s. The right inset shows the damping of the amplitude with time.
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4.4. Time Evolution of the Position and Momentum Operators:
The Harmonic Oscillator

It is possible to apply the discretized equations to determine the time
evolution of the position and momentum operators, which is rather
interesting for the description of the simple harmonic oscillator. To do
so, we use the discretized form of the Heisenberg equations which, in the
symmetric case, can be obtained by a direct discretization of the continu-
ous equation. Starting from this equation, we determine the coupled
Heisenberg equations for the two operators:

p̂ tþ tð Þ � p̂ðt� tÞ
2t

¼ �mo2x̂ðtÞ; (83)

x̂ðtþ tÞ � x̂ðt� tÞ
2t

¼ 1

m
p̂ðtÞ: (84)
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Such coupled equations yield two finite-difference equations of second
order, the general solutions of which are easily obtained. The most imme-
diate way to determine the evolution of these operators is to use the
creation and annihilation operators. Keeping theHeisenberg equation and
remembering that for the harmonic oscillator we have Ĥ ¼ o Â

{
Âþ 1

2

� �
,

we obtain for the symmetric case:

Âðtþ tÞ � Âðt� tÞ
2t

¼ �ioÂðtÞ; (85)

Â
{ðtþ tÞ � Â

{ðt� tÞ
2t

¼ ioÂ
{ðtÞ; (86)

such that

ÂðtÞ ¼ Âð0Þ exp �i
t

t
sin�1ðotÞ

� �
; (87)

Â
{ðtÞ ¼ Â

{ð0Þ exp i
t

t
sin�1ðotÞ

� �
; (88)

where we used the fact that, for t ¼ 0, the Heisenberg and Schrödinger
pictures are equivalent: Â(t ¼ 0) ¼ Â ¼ Â(0) and Â{(t ¼ 0) ¼ Â{ ¼ Â{(0),
with Â and Â{ independent of time. To obtain these equations we consid-
ered that, for the nonrelativistic case, there is neither creation nor annihi-
lation of particles, such that we can impose restrictions on the frequencies
in the phase term of the operators. For the creation operators, for example,
the terms with negative frequencies—associated with antiparticles—are
discarded.

We can observe that theNumber and the Hamiltonian operators are not
altered:

N̂ ¼ Â
{ðtÞÂðtÞ ¼ Â

{ð0ÞÂð0Þ;

Ĥ ¼ ho N̂ þ 1

2

0@ 1A ¼ ho Â
{ð0ÞÂð0Þ þ 1

2

0@ 1A:

Thus, starting from these operators, we obtain for the symmetric case:

x̂ðtÞ ¼ x̂ð0Þ cos t

t
sin�1ðotÞ

24 35þ p̂ð0Þ
mo

sin
t

t
sin�1ðotÞ

24 35
p̂ðtÞ ¼ p̂ð0Þ cos t

t
sin�1ðotÞ

24 35�mox̂ð0Þ sin t

t
sin�1ðotÞ

24 35:
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which differ from the continuous case since the frequency o here is
replaced by a new frequency 1

t sin
�1ðotÞ that, for t ! 0, tends to the

continuous one. Also, there is now an upper limit for the possible oscilla-
tion frequencies given by o � 1/t. Above this frequency the motion
becomes unstable, as observed in Figure 8.

The existence of a maximum limit for the frequency is equivalent to an
upper limit for the energy eigenvalues given by En ¼ nþ 1

2

� �
ho � h=t,

which is equal to the upper limit obtainedusing Schrödinger’s picture. Since

t

t
sin�1ðotÞ ffi oþ 1

3!
o2t2 þOðt4Þ;

the difference expected in the behavior of the oscillator with respect to the
continuous solution is quite small. For example, if we take the vibration
frequency of the hydrogenmolecule (H2), we have that o� 1014 Hz, while
the term of the second order in t is smaller than 10�3 Hz (if the analogy
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with the classical theory is valid, the chronon is expected to be smaller for
more massive systems). In terms of average values we have, for the
position operator

hx̂ðtÞi ¼ hx̂ðtÞicont þ
o2t2

3!m
thp̂ðtÞi;

that the term of order t2 is expected to be considerably smaller than the
mean value for the continuous case. At this point, the mean values are
determined taking for the system a state composed of a superposition of
stationary states. For the stationary states juni themselves the mean values
of x̂ and p̂ are zero.

For the retarded case the solutions can be obtained using the time
evolution operators for the Heisenberg equation (Appendix A). As
expected, decaying terms appear in the resulting expressions. The crea-
tion and annihilation operators obtained for this case are then given by

ÂðtÞ ¼ Âð0Þ
"
1þ iotþ t2o2x

#� t

t 	 Âð0Þ expð�iotÞ exp � xþ 1

2

0@ 1Ao2tt

24 35;
Â

{ðtÞ ¼ Â
{ð0Þ

"
1� iotþ t2o2x

#� t

t 	 Â
{ð0Þ expðiotÞ exp � xþ 1

2

0@ 1Ao2tt

24 35;
with x being a real positive factor. The relation (Â{){ ¼ Â continues to be
valid but theNumber operator and, consequently, the Hamiltonian, are no
longer constant:

ĤðtÞ ¼ Â
{ð0ÞÂð0Þ

"
1þ o2t2x
� �

2 þ o2t2
#� t

t ¼ Ĥð0Þ exp �2 xþ 1

2

0@ 1Ao2tt

24 35;
N̂ðtÞ ¼ ho Â

{ð0ÞÂð0Þ
"

1þ o2t2x
� �

2 þ o2t2
#� t

t þ 1

2

8>><>>:
9>>=>>;:

Taking into account the terms to the second order in t, we derive that
the oscillation frequencies also decay with time. These results are consis-
tent with the fact that the system is emitting radiation, with the consequent
reduction of its total energy. However, it is remarkable that the energy of
the quanta associated with the creation and annihilation operators is not
constant, evenwith a tinyvariation rate. In the sameway,whenwe calculate
the position and momentum operators a damping factor is obtained.
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Figure 9a shows the strange damping factor associated with the Number
operator. This damping occurs within a period of time that is characteristic
for each frequency, being slower and postponed for lower frequencies.
Figure 9b shows the dampening of the oscillations as described by the
retarded equation. Once the expressions for the position and momentum
operators are determined, we obtain that, to first order in t,

hx̂ðtÞi ¼ x̂ð0Þ cosðotÞ þ p̂ð0Þ
mo

sinðotÞ
8<:

9=; exp � xþ 1

2

0@ 1Ao2tt

24 35;
hx̂ðtÞi ¼ hx̂ðtÞicont exp � xþ 1

2

0@ 1Ao2tt

24 35:
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Taking into account the higher-order terms, we can observe a small
variation in the oscillation frequency just as observed in the symmetric
case. The introduction of time-independent perturbations does not cause
any additional variations aside from those found even in the continuous
case. We note that the results obtained with this procedure are in
agreement with those obtained following Schrödinger’s picture.
4.5. Hydrogen Atom

The hydrogen atom is basically a system made up of two particles attract-
ing each other through Coulombian force, which is therefore inversely
proportional to the square of the distance between them. The basic
Hamiltonian is denoted by

Ĥ0 ¼ P̂
2

2m
� e2

R
; (89)

and is composed of the kinetic energy of the atom in the center-of-mass
frame, and of the Coulombian electrostatic potential (m is the reduced
mass of the system electron-proton). A more complete description is
obtained by adding correction terms (fine structure) to the Hamiltonian,
including relativistic effects such as the variation of the electron mass
with velocity and the coupling of the intrinsic magnetic moment of the
electron with the magnetic field due to its orbit (spin-orbit coupling).
There are also the hyperfine corrections that appear as a result of the
interaction of the electron with the intrinsic magnetic moment of the
proton and, finally, the Lamb shift, due to the interaction of the electron
with the fluctuations of the quantized electromagnetic field. The Hamil-
tonian can finally be written as (Cohen-Tannoudji et al., 1977)

ĤI ¼ mec
2 þ Ĥ0 � P̂

4

m2
ec

2R3
L̂�Ŝþ Ĥhf þ ĤLamb: (90)

The introduction of the magnetic moment of the nucleus through the
hyperfine correction causes the total angular momentum to be F ¼ J þ I.
The Hamiltonian does not depend explicitly on time such that, for the
symmetric Schrödinger equation

i
h

2t
Cðx; tþ tÞ �Cðx; t� tÞ½ � ¼ ĤICðx; tÞ; (91)

we obtain, using the separation of variables, the following uncoupled
equations:
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ĤIFðxÞ ¼ EFðxÞ
i
h

2t
½Tðtþ tÞ � Tðt� tÞ� ¼ ĤITðtÞ;

with the general solution

Cðx; tÞ ¼ FðxÞ exp �i
t

t
sin�1 tE

h

� �� 	
: (92)

The difference related to the continuous case appears only in those
aspects involving the time evolution of the states. Since the Hamiltonian is
time independent, its eigenvalues are exactly the same as those obtained
in the continuous case (Cohen-Tannoudji et al., 1977):

Eðn;jÞ 	 m0c
2 � 1

2n2
mec

2a2 �mec
2

2n4
n

jþ 1
2

� 3

4

 !
a4 þ Ehf þ ELamb:

A situation in which a difference between the two cases can appear is in
taking into account theprobabilities of transitionbetween the eigenstates for
an atom submitted to a time-dependent potential. In the discrete approach,
it is possible to use the method of the equivalent Hamiltonian to obtain
the transition probabilities. As mentioned previously (subsection 3.5),
the problem is treated using the conventional approximate methods for
time-dependent perturbations.

If we consider, for example, the nonrelativistic interaction of an atom
with an electromagnetic field described by the vector potential A(x, t), we
have for the low-intensity limit, in the Coulomb gauge, the Hamiltonian

ĤðtÞ ¼ ĤI � V̂ðtÞ ¼ ĤI � e

mec
ÂðR̂; tÞ�P̂; (93)

where the potential term is taken as the perturbation. If we consider that
the potential describes a monochromatic field of a plane wave, then

Aðx; tÞ ¼ A0ê exp io
n̂�x
c

� iot
� �

þ exp �io
n̂�x
c

� iot
� �� 	

; (94)

where ê is the linear polarization of the field and n̂ is the propagation
direction. The term depending on (�iot) corresponds to the absorption of
a quantum of radiation ho and the (iot) term to stimulated emission. Let
us assume that the system is initially in an eigenstate jFii of the time-
independent Hamiltonian. Keeping only the perturbations to the first
order in V̂ (t), we obtain that

c1nðtÞ ¼ � i

h

ðt
0

expðionit
0ÞVniðt0Þdt0;
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where oni in the discrete case is given by

oni ¼ 1

t
sin�1 tEn

h

� �
� sin�1 tEi

h

� �� 	
:

Working with the absorption term, we get by contrast that

cð1Þn ðtÞ ¼ ieA0

m2
ech

hFnjeion̂ � x=cðê �pÞjFii
ðt
0

exp½iðoni � oÞt0�dt0:

Thus, the probability of transition from the initial state jFii to the final
state jFfi is given by

PfiðtÞ ¼ jcð1Þf ðtÞj2 ¼ e2jA0j2
m2

ec
2h2

���hFf jeion̂ � x=cðê �pÞjFii
���2j ðt

0

exp½iðofi � oÞt0�dt0j2;

or

Pfi tð Þ ¼ 4e2jA0j2
m2

ec
2h2

jhFf jeion̂�x=c ê �pð ÞjFiij2
sin2 ofi � o

� �
t=2


 �
ofi � o
� �2 ;

so that the determination of the matrix elements of the spacial term, using
the electric dipole approximation, provides the selection rules for the
transitions. What is remarkable in this expression is the presence of a
resonance showing a larger probability for the transition when

o ¼ ofi ¼ 1

t
sin�1 tEf

h

� �
� sin�1 tEi

h

� �� 	
: (95)

This expression is formallydifferent from the one obtained for the contin-
uous approach. When we expand this expression in powers of t, we obtain

o 	 Ef � Ei

h
þ 1

6

E3
f � E3

i

h3
t2: (96)

The first term supplies the Bohr frequencies as in the continuous case;
the second, the deviation in the frequencies caused by the introduction of
the time discretization:

Dofi ¼ 1

6

E3
f � E3

i

h3
t2:

If we consider the chronon of the classical electron, t	 6.26� 10�24 s, it
is possible to estimate the deviation in the frequency due to the time
discretization. Then, for the hydrogen atom,

Dofi 	 2:289� 10�2 E3
f � E3

i

� �
:
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If we take into account, for example, the transitions corresponding to
the first lines of the series of Lyman and Balmer, that is, of the nondis-
turbed states n ¼ ni ! n ¼ nf we have
ni
 nf
 DE (eV)
 n (Hz)
 DnD (Hz)
1
 2
 10.2
 2.465 � 1015
 � 10

1
 3
 12.1
 2.922 � 1014
 � 10

1
 4
 12.75
 3.082 � 1014
 � 10

2
 3
 1.89
 4.566 � 1014
 < 1
where DE is the difference of energy between the states, n is the frequency
of the photon emitted in the transition, and DnD is the frequency deviation
due to the discretization. Such deviation is always considerably small. We
must remember that the hyperfine corrections and those due to the Lamb
shift are of the order of one GHz. For the transition n ¼ 1 ! n ¼ 2, for
example, the correction due to the Lamb shift is approximately 1.06 GHz.

Larger deviations caused by the discretization occur for mono-
electronic atoms with larger atomic numbers. For the first transition the
deviation is approximately 90 Hz for the 2He, 1.1 kHz for the 3Li, and 420
kHz for the 6C. However, these deviations are still much smaller than the
one due to the Lamb shift; that is also the case for the muonic atoms. For a
muonic atom with a proton as the nucleus, using for the chronon a value
derived from the classical expression for the electron (tm ¼ 3.03 � 10�26 s)
the deviation is�1.4 kHz for the transition n¼ 1! n¼ 2. For that transition
the frequency of the emitted radiation is � 4.58 � 1017 Hz.

For the retarded equation, a difference with respect to the symmetric
case is present in the time evolution of the states. The procedure is
identical to the one used above, and the general solution is now given by

C x; tð Þ ¼ F xð Þ 1þ i
tE
h

� 	�t=t

;

so that the transitions now occur with frequencies given by

o ¼ ofi ¼ �ih

t
ln 1þ itEf

h

� �
� ln 1þ itEi

h

� �� 	
: (97)

As results from the characteristics of the retarded equation, this is a
complex frequency. The real component of such frequency can be
approximated by

Re ofi

� � 	 Ef � Ei

h
þ 1

3

E3
f � E3

i

h3
t2;
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where the first term is the expression for the continuous case. For the
particular transition n ¼ 1! n ¼ 2, the deviation due to the discretization
is �18 Hz.

The imaginary component, on the other hand, can be approximated by

Im ofið Þ 	 � i

2

E2
f � E2

i

h2
t:

In the expression for the probability of transition, we have the magni-
tude of an integral involving the time dependency of the general solution.
In this case, the characteristic damping causes the probability to tend to a
fixed, nonzero value. An example of such behavior is shown in Figure 10,
which shows the variation of the time-dependent term between an initial
instant t0 ¼ 0 and some hundred chronons later. To observe the decay of
the amplitude factor we have used a larger value for the chronon,� 10�18 s.
The decay is slower when the chronon is of the order of the one we have
been considering for the electron.

As can be observed, the effect of the time discretization on the emission
spectrum of the hydrogen is extremely small. Using the expressions
obtained above we can estimate that, in order for the effect of the time
discretization to be of the same order of the Lamb shift, the chronon
associatedwith the electron should be� 10�18 s, far larger than the classical
value (but close to the typical interval of the electromagnetic interactions!).
In any case, it should be remembered that the Lamb shift measurements do
not seem to be in full agreement with quantum electrodynamics (see, for
example, Lundeen and Pipkin, 1981).

As we conclude this subsection, it is noteworthy that, for a time-
independent Hamiltonian, the outputs obtained in the discrete formalism
using the symmetric equation are very similar to those from the
3.756e − 0156.26e − 018
0.00567852

0.95689

FIGURE 10 Behavior of the time-dependent component of the transition probability as

a function of time (in seconds).
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continuous case. For such Hamiltonians, as we know, the effect of
the discretization appears basically in the frequencies associated with
the time-dependent term of the wave function. As already observed, the
difference in the time dependency is of the type

exp �iEn t� t0ð Þ=h½ � ! exp �i sin�1 tEn

h

� �
t� t0ð Þ=t

� 	
:

The discretization causes a change in the phase of the eigenstate,
which can be quite large. The eigenfunctions individually describe sta-
tionary states, so that the time evolution appears when we have a linear
combination of such functions, to describe the state of the system. This
state evolves according to

jC tð Þi ¼
X
n

cn 0ð Þ exp �i sin�1 tEn

h

� �
t� t0ð Þ=t

� 	
jfni;

considering that Hjfni ¼ Enjfni is the eigenvalue equation associated
with the Hamiltonian.

When the stationary states of a particle under, for example, 1D
squared potentials, are studied, the same reflection and transmission
coefficients and the same tunnel effect are obtained, since they are calcu-
lated starting from the stationary states. When we consider a linear super-
position of these stationary states, building a wave packet, the time-
dependent termsmust be taken into account, resulting in some differences
with respect to the continuous case. Some attempts have been made to
determine significant measurable differences between the two formalisms
(compare Wolf, 1987a,b and Wolf, 1989a,b), but no encouraging case has
been found yet.
5. DENSITY OPERATORS AND THE COARSE-GRAINING
HYPOTHESIS

5.1. The ‘‘Coarse-Graining’’ Hypothesis

First, it is convenient to present a brief review of some topics related to the
introduction of the coarse-grained description of a physical system. This
hypothesis will then be used to obtain a discretized form of the Liouville
equation, which represents the evolution law of the density operators in
the usual QM.

An important remark is that the introduction of a fundamental inter-
val of time is perfectly compatible with a coarse-grained description. The
basic premise of such a description, in statistical physics, is the impossi-
bility of a precise determination of the position and momentum of each
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particle forming the system, at a certain instant of time. Let us consider,
for the sake of simplicity, a system composed of N similar pointlike
particles, each with three degrees of freedom described by the coordinates
(q1, q2, q3). We can associate with this ensemble of particles an individual
phase space (named m-space) defined by the six coordinates (q1, q2, q3; p1,
p2, p3) so that the system as a whole is represented by a crowd of points in
this space.

Since the macroscopic observation is unable to precisely determine the
six coordinates for each particle, let us assume that it is possible to know
only if a given particle has its coordinates inside the intervals (qiþ dqi) and
(pi þ dpi), with i ¼ 1, 2, 3. In order to describe the state of the system in the
m-space, we divide it into cells corresponding to the macroscopic uncer-
tainties dqi and dpi, each one occupying in the m-space a volume defined as

wi ¼ dq1dq2dq3dp1dp2dp3 : (98)

These cells must be sufficiently small related to the macroscopically
measurable dimensions but also sufficiently large to contain a great
number of particles.

When considering the system as a whole, its macroscopic state is given
by a collection of points ni corresponding to the number of particles inside
each cell. Now, if we take into account the 6N-dimensional phase space G,
in which each of the states assumed by the system is represented by a
point, to each configuration ni corresponds in G a cell with volume given
by

dVð ÞG ¼
YN
n¼1

wið Þni :

Considering that the permutation of the particles inside the cells of theG
space does not change the macroscopic state of the system, then to each
collection of numbers ni corresponds a volumeOn in the G space19 given by

W Onð Þ ¼ N!

Pini!

Y
i

wið Þni
X
i

ni ¼ N

 !
:

The state of the system is determined by the star occupied by the
representative point of the system in the G space. This way, macroscop-
ically, it is only possible to distinguish inwhich ‘‘star‘‘ the system is located,
such that any point in this star corresponds to the same macroscopic state.
When we consider a system that is not in equilibrium, a change in its
macroscopic state can be observed only when the point describing the
19 Jancel (1969) calls it a star.
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system changes star. The crossing time is small but finite. During this
period of time the macroscopic state of the system does not change, not-
withstanding the fact that its microscopic state is continuously changing.

Thus, from the point of view of statistical physics, the introduction of a
fundamental interval of time appears very naturally. That is still more
significant when we remember that the predictions of QM are always
obtained as mean values of observables. The uncertainty relations,
according to the usual interpretation of QM—the Copenhagen interpreta-
tion—are independent of the arguments above. If we accept that they play
a fundamental role in the microscopic world—and this is postulated by
Copenhagen—then the concept of chronon, as a fundamental interval of
time, must be related to them.
5.2. Discretized Liouville Equation and the Time-Energy
Uncertainty Relation

An attempt to establish a relationship between the chronon and the time-
energy uncertainty relation has been put forward by Bonifacio (1983),
extending the coarse-graining hypothesis to the time coordinate. In con-
ventional QM the density operator evolves according to the Liouville-von
Neumann equation:

@r̂
@t

¼ �iLr̂ tð Þ ¼ � i

h
Ĥ; r̂
h i

; (99)

where L is the Liouville operator. One can immediately observe that, if H
is time-independent, the solution is given by

r̂ Tð Þ ¼ exp �i
H

h
T

� �
r̂ 0ð Þ exp i

H

h
T

� �
; (100)

which gives the time evolution of the density operator starting from an
initial time t0, such that T ¼ t � t0 is the evolution time.

When we build a coarse-grained description of the time evolution, by
introducing a graining of value t such that the evolution time is now
given by T ¼ kt (k ¼ 1, 2,. . ., 1), the resulting density operator r does not
satisfy the continuous Eq. (99) but a discretized form of it given by

r̂ tð Þ � r̂ t� tð Þ
t

¼ iLr̂ tð Þ; (101)

with t ¼ kt, which reduces to the Liouville–von Neumann equation when
t ! 0. In the energy representation jni, once satisfied certain conditions
that ensure that r(k) is a density operator, Eq. (101) rules for r an evolution
that preserves trace, obeys the semigroup law, and is an irreversible
evolution toward a stationary diagonal form. In other words, we observe
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a reduction of state in the same sense as in the measurement problem of
QM. This reduction is not instantaneous and depends on the characteristic
value t:

r tð Þ �!t!1X
n

rnn 0ð Þjnihnj:

It is important to observe that the nondiagonal terms tend exponentially to
zero according to a factor which, to the first order, is given by

exp

������o2
nmtt
2

�����:
Thus, the reduction to the diagonal form occurs provided we have a

finite value for t, no matter how small, and provided we do not have
onmt � 1 for every n and m, where onm ¼ (En � Em)/ h are the transition
frequencies between the different energy eigenstates. This latter condition
is always satisfied for systems not bounded.

These results, together with an analysis of the discrete Heisenberg
equation defined in terms of the average values of observables

�A tð Þ ¼ Tr r tð ÞÂ
� �

in the coarse-grained description, suggest an interpretation of t in terms
of the uncertainty relation DEDt 
 h/2 such that t is a characteristic
interval of time satisfying the inequality

t 
 tE � h

2DE
with DE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hH2i � hHi2

q
; (102)

so that the mathematical meaning of the time-energy uncertainty relation
is that of fixing a lower limit for the time interval within which the time
evolution can be described. Thus, ‘‘. . .the coarse-grained irreversibility
would become a necessary consequence of an intrinsic impossibility to
give an instantaneous description of time evolution due to the time-
energy uncertainty relation’’ (Bonifacio, 1983).

Since the density operator, in the energy representation, tends to a
diagonal form, it is tempting to apply it to the measurement problem.
We can also observe that, even without assuming any coarse-graining of
time, namely, without using (Recami and Farias, 2009) any statistical
approaches as Bonifacio’s, the reduction to a diagonal form results
straightforwardly from the discrete Liouville equation and some asymp-
totic conditions regarding the behavior of the solution, once satisfied
(Bonifacio and Caldirola, 1983, 1982) the inequality onm t � 1. (See also
Ghirardi and Weber, 1984; Ghirardi, Rimini, and Weber, 1985)

The crucial point from which both the decay of the nondiagonal terms
of the density operator and the very discrete Liouville equation are
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derived, is that the time evolution operator obtained from the coarse-
grained description is not a unitary operator. This way, the operator

V̂ t ¼ kt; t ¼ 0ð Þ ¼ 1

1þ itL̂
h

� �k ; (103)

like all the nonunitary operators, does not preserve the probabilities
associated with each of the energy eigenstates that make up the expansion
of the initial state in that basis of eigenstates. We must recall that the
appearance of nonunitary time evolution operators is not associated with
the coarse-grained approach only, since the operators also result from the
discrete Schrödinger equations.
5.3. Measurement Problem in Quantum Mechanics

Let us apply the discrete formalism introduced in the previous subsection
to the measurement problem. Using a quite general formalization, we can
describe the measurement process taking advantage of the properties
observed for the evolution of the density operator as determined by the
discrete Liouville-von Neumann equation.20

When speaking of measurement, we must keep in mind that, in the
process, an object O, of which we want to measure a dynamic variable R,
and an apparatus A, which is used to perform such measurement, are
involved. Let us suppose that R̂ is the operator associated with the
observable R, with an eigenvalue equation given by R̂jri ¼ rjri and defines
a complete basis of eigenstates. Thus, considered by itself, any possible
state of the object can be expanded in this basis:

jCi0 ¼
X
r

crjri0: (104)

With respect to the apparatus A, we are interested only in its observ-
able A, whose eigenvalues a represent the possible values indicated by a
pointer. In addition, let its various internal quantum numbers be labeled
by an index n. These internal quantum numbers are useful to specify a
complete basis of eigenvectors associated with the apparatus:

Âja; niA ¼ aja; niA: (105)

Now, let us suppose that the apparatus is prepared in an initial state
given by j0, niA, that is, in the initial state the value displayed is zero.
The interaction between the two systems is introduced by means of the
20 We follow closely the description exhibited in Recami and Farias (2009) and in Ballentine (1986).
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time evolution operator and is such that there is a correlation between the
value of r and the measure ar. We consider a quite general situation to deal
with the measurement process itself. First, let us consider the following
pure state of the system object þ apparatus (O þ A):

jCi
ni ¼ jCi0j0; niA: (106)

The evolution of this state, in the continuous description, using the
evolution operator, is given by

Û t; t0ð ÞjCi0j0; niA ¼
X
r

crjar; r; ni ¼ jCf
ni (107)

which is a coherent superposition of macroscopically distinct eigenstates,
each one corresponding to a different measure ar. The major problem for
the Copenhagen interpretation results from the fact that it considers the
state jCi

ni as associated with a single system. A pure state provides a
complete and exhaustive description of an individual system. Thus, the
coherent superposition above describes a single system so that, at the end
of the interaction that settles the measurement, the display should not
show a well-defined output since Eq. (107) describes a system that is a
superposition of all its possible states.

However, we know from experience that the apparatus always dis-
plays a single value as the output of the measurement. It is this disagree-
ment between observation and the description provided by the
formalism, when interpreted according to Copenhagen, that results in
the necessity of introducing the postulate of the reduction of the vector
state

jCf
ni�! jar0 ; r0; ni;

where r0 is the value displayed by the apparatus.
This fact has been considered by many as a problem for the usual

interpretation of QM (Wigner, 1963; Ballentine, 1986, 1970). The attempts
to find a solution, in the context of different interpretations, have been
numerous, from the many-worlds interpretation, proposed by Everett and
Wheeler (Everett, 1957; Wheeler, 1957) to the measurement theory by
Daneri et al. (1962),21 in which the reduction of the quantum state is
described as a process triggered by the appearance of aleatory phases in
the state of the apparatus, simply because of its interaction with the
elementary object. The approach introduced here is—by contrast—
somewhat simpler.
21 See also Caldirola (1974), Lanz et al. (1971), Ludwig (1953), and George et al. (1972).
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As an initial state in the measurement process, let us consider a mixed
state for the composite system O þ A,

ri ¼
X
n

CnjCi
nihCi

nj; (108)

where Cn is the probability associated with each of the states jCi
ni. Such

probability is, as in the classical physics, an ignorance probability, that is,
it is not intrinsic to the system. In the continuous case, when we apply the
time evolution operator to that density operator, we get a final state given
by

rf ¼ ÛriÛ
{X

n

CnjCi
nihCi

nj (109)

rf ¼
X
r1;r2

c
r1cr2
X
n

Cn jar1 ; r1; nihar1 ; r1; njf g; (110)

so that the presence of nondiagonal terms corresponds to a coherent
superposition of states. In this case, the postulate of the reduction of the
quantum state is connected with the nondiagonal terms of the density
operator. It is usually postulated that when a measurement is carried out
on the system, the nondiagonal terms tend instantaneously to zero. Since
in the continuous case the time evolution of the state results from the
application of a unitary operator, which preserves the pure state condi-
tion r̂2 ¼ r̂, it is impossible to obtain the collapse of the pure state from the
action of such an operator. In the diagonal form the density operator
describes an incoherent mixture of the eigenstates of Â, and the indeter-
mination regarding the output of the measurement is a sole consequence
of our ignorance about the initial state of the system.

In the discrete case (Recami and Farias, 2009), which has the time
evolution operator given by Eq. (103), with the interaction between appa-
ratus and object embedded in the Hamiltonian H, the situation is quite
different. The main cause of such difference is the fact that the time
evolution operator is not unitary. Let us consider the energy representa-
tion, describing the eigenvalue equation of theHamiltonian asHjni ¼ Enjji
so that the eigenstates jni are the states with defined energy. From the
formalism of the density matrices we know that when the operator R̂ is
diagonal in the energy representation, then when calculating the expected
value of the observable, we do not obtain the interference terms describing
the quantum beats typical of a coherent superposition of the states jni.

Because the time evolution operator is a function of the Hamiltonian
and, therefore, commutes with it, the basis of the energy eigenstates is also
a basis for this operator. We can now use a procedure identical to the one
applied by Bonifacio (1983), and consider the evolution of the system in
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this representation. Thus, the operator V̂ (t ¼ kt, t ¼ 0) takes the initial
density operator ri to a final state for which the nondiagonal terms decay
exponentially with time:

rfrs ¼ hrjV t ¼ kt; t ¼ 0ð Þjsi ¼ rirs
1þ iorstð Þt=t

; (111)

with

ors ¼ 1

h
Er � Esð Þ ¼ 1

h
DErs: (112)

Equation (111) can be written as

rrs tð Þ ¼ rrs 0ð Þe�grste�inrst (113)

such that

grs ¼
1

2t
ln 1þ o2

rst
2

� �
; (114)

nrs ¼ 1

t
tan�1 orstð Þ: (115)

We can observe directly that the nondiagonal terms tend to zero with
time and the decay is faster the larger the value of t, which here is an
interval of time related to the entire systemOþA. If we keep in mind that
in the coarse-grained description the value of the time interval t originates
from the impossibility of distinguishing between two different states of
the system, we must remember that the systemOþA is not an absolutely
quantum system. That means that t could be significantly larger, implying a
much faster damping of the nondiagonal terms of the density operator
(Figure 11). We then arrive at a process like the one of the reduction of
the quantum state, even if in a rudimentary formalization. This result
seems encouraging for future researche on such important and controver-
sial subject.

Some points must be noted out from this brief approach of the mea-
surement problem. First, this result does not occur when we use the time
evolution operators obtained directly from the retarded Schrödinger
equation. The dissipative character of that equation causes the norm of
the state vector to decay with time, also leading to a nonunitary evolution
operator. However, this operator is such that, in the definition of the
density operator we obtain damping terms that are effective even for
the diagonal terms. This point, as well as the question of the compatibility
between Schrödinger’s picture and the formalism of the density matrix,
are analyzed in Appendix A. As the composite systemOþA is a complex
system, it is suitably described by the coarse-grained description, so that
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FIGURE 11 Vanishing in time of the nondiagonal terms of the density operator for two

different values of t. For both cases we have used DE¼ 4 eV. (a) Slower damping for t¼
6.26 � 10�24 s; (b) faster damping for t ¼ � 10�19 s.
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the understanding of the relationship between the two pictures can be
useful to gain a deeper insight on the processes involved.

Notwithstanding the simplicity of the approach, we could also
observe the intrinsic relation between measurement process and irreversi-
bility. The time evolution operator V̂ meets the properties of a semigroup,
so that it does not necessarily possess an inverse; and noninvertible
operators are related to irreversible processes. In a measurement process,
in which the object is lost just after the detection, we have an irreversible
process that could very well be described by an operator such as V̂.

Finally, it is noteworthy that the measurement problem is controver-
sial even regarding its mathematical approach. In the simplified formali-
zation introduced previously, we did not include any consideration
beyond those common to the quantum formalism, allowing an as clear
as possible individualization of the effects of the introduction of a funda-
mental interval of time in the approach to the problem.

The introduction of a fundamental interval of time in the description
of the measurement problem makes possible a simple but effective for-
malization of the state-reduction process. Such behavior is observed only
for the retarded case. When we take into account a symmetric version of
the Liouville-von Neumann equation, the solution is given by

rnm tð Þ ¼ rnm 0ð Þ exp � it

t
sin�1 t

h
En � Emð Þ

h i� 

;

where the diagonal elements do not change with time and the nondiago-
nal elements have an oscillatory behavior. This means that the symmetric
equation is not suitable to describe a measurement process, and this is an
important distinction between the two formulations: actually, only the
retarded one describes dissipative systems.
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It is important to stress that the retarded case of direct discretization of
the Liouville-von Neumann equation results in the same equation
obtained via the coarse-grained description. This led us to consider our
equation as the basic equation to describe complex systems, which is
always the case when a measurement process is involved. Our results,
moreover, are independent of any statistical approach.
6. CONCLUSIONS

In this paper we attempted to gain a better insight into the applicability of
the various distinct formalisms obtainedwhen performing a discretization
of the continuous equations. For example, what kind of physical descrip-
tion is provided by the retarded, advanced, and symmetric versions of the
Schrödinger equation? This can be achieved by observing the typical
behavior of the solutions obtained for each case and, particularly, attempt-
ing to derive these equations from Feynman’s approach. We then have an
advanced equation that describes a system that absorbs energy from the
environment. We can imagine that, in order to evolve from one instant to
another, the systemmust absorb energy, and this could justify the fact that,
by using Feynman’s approach with the usual direction of time, we can
obtain only the advanced equation. The propagator depends only on the
Hamiltonian because it is independent of the wave function that describes
the initial state. Thus, it describes a transfer of energy to the system.

The retarded equation is obtained by a time reversion, by an inversion
of the direction of the propagator, that is, by inverting the flux of energy.
The damping factor characteristic of the retarded solutions refers to a
system that is continuously releasing energy into the environment. Thus,
both the retarded and the advanced equations describe open systems.

Finally, the symmetric equation describes a system in an energy equi-
librium with the environment. Thus, the only way to obtain stationary
states is by using the symmetric equation.

Regarding the nature of such an energy, it can be related to the very
evolution of the system. It can be argued that a macroscopic time evolu-
tion is possible only if there is some energy flux between the system and
the environment. The states described by the symmetric equation are
basically equilibrium states, without net dissipation or absorption of
energy by the system as a whole. We can also conceive of the symmetric
equation as describing a closed system, which does not exchange energy
with the external world.

On the other hand, when a comparison is made with the classical
approach, we can speculate that the symmetric equation ceases to be
valid when the interaction with the environment changes rapidly within
a chronon of time. Thus, phenomena such as the collision of highly
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energetic particles require the application of the advanced or retarded
equations. The decay of the norm associated with the vector states
described by the retarded equation would indicate the very decay of the
system, a system abandoning its initial ‘‘equilibrium state.’’ The behavior
of the advanced equation would indicate the transition of the system to its
final state. This speculation suggests another interpretation, closer to the
quantum spirit. We could consider the possible behavior of the system as
described by all three equations. However, the ordinary QM works with
averages over ensembles, which is a description of an ideal, purely math-
ematical reality. The point is that if we accept the ergodic hypothesis, such
averages over ensembles are equivalent to averages over time. The fact is
that the quantum formalism always works with average values when
dealing with the real world. When the potentials involved vary slowly
with respect to the value of the chronon of the system, which means a long
interaction time, the contributions due to the transient factors from the
retarded and advanced equations compensate for each other and cancel
out. Then, on the average, the system behaves according to the symmetric
equation. On the contrary, when the potentials vary strongly within
intervals of time of the order of the chronon, we do not have stationary
solutions. The discrete formalism describes such a situation by making recourse,
during the interaction, to the transient solutions, which will yield the state of
the system after the interaction. Afterward, the system will be described
again by a symmetric solution.

The most conservative quantum interpretation would be that of
believing that only the symmetric equation describes a quantum system.
During the interaction process the theory does not provide any descrip-
tion of the system, pointing only to the possible states of the system after
the transient period. The description of the interaction would demand one
more ingredient: the knowledge of the interaction process (which would
imply an additional theoretical development, for example, the determi-
nation of an interaction model).

In addition to the question of the physical meaning of the discretized
equations, that is, to the type of physical description underlying it, there is
the question of the time evolution of the quantum states. The Schrödinger
equations describe the evolution of a wave function, with which an
amplitude of probability is associated. An analogy with the electron
theory leads us to the supposition that this wave function does not react
instantaneously to the external action, but reacts after an interval of time
that is characteristic of the described system. In discrete QM, the justifica-
tion of the non-instantaneous reaction comes from the fact that the uncer-
tainty principle prevents a reaction arbitrarily close to the action
application instant (Wolf, 1990a,b,c,d, 1992a,b, 1994). Such uncertainty
could be related to the perturbation caused by the Hamiltonian on the
state of the system, resulting in an uncertainty relation like the
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Mandelstam-Tamm time-energy correlation (Fock, 1962): a time evolution
in which the macroscopic state of the system leaps discontinuously from
one instant to the other. Therefore, the quantum jumps appear not only in
the measurement process but are an intrinsic aspect of the time evolution
of the quantum system.22 The difference, in our case, is that the jump does
not take the system suddenly out of the quantum state with which it was
endowed, but only determines the evolution of that state.

Another aspect characteristic of the discrete approach is the existence
of an upper limit for the eigenvalues of the Hamiltonian of a bounded
system. The description of a free particle showed the existence of an
upper limit for the energy of the eigenfunctions composing the wave
packet that describes the particle, but this limit does not imply an upper
value for the energy of the particle. The existence of this limiting value
determines the Hamiltonian eigenvalue spectrumwithin which a normal-
ization condition can hold. Once that value is exceeded, a transition to the
internal excited states of the system occurs. As an example, this allowed
us to obtain the muon as an excited internal state of the electron.

Itmustbe remarked thenonlinear character of the relationbetweenenergy
andoscillation frequency of a state, and the fact that the theory is intrinsically
nonlocal, as can be inferred from the discretized equations. It must also be
stressed that the theory described in this chapter is nonrelativistic.

Finally, it must be emphasized that the symmetric form of the discrete
formalism reproduces grosso modo the results of the continuous theory. The
effects of the introduction of a fundamental interval of time are evident in
the evolution of the quantum systems, but they are—in general—extremely
tiny. There have been some attempts to find physical situations in which
measurable differences between the two formalisms can be observed, but
until nowwith little success.23 A possibility is that this could be afforded by
exploiting the consequences of the phase shifts caused by the discretization
(see subsections 4.2 and 4.3). Regarding the justifications for introducing a
fundamental interval of time, let us recall Bohr’s (1935) reply to the famous
1935 paper by Einstein, Podolski, and Rosen (Einstein et al., 1935): ‘‘The
extent to which an unambiguous meaning can be attributed to such an
expression as physical reality cannot of course be deduced from a priori
philosophical conceptions, but . . . must be founded on a direct appeal to
experiments and measurements.’’ Considering time as continuous may be
regarded as a criticizable philosophical position since, at the level of experi-
ments and measurements, nature seems to be discrete.

More important is to recall that the new formalism allows not only the
description of the stationary states, but also a space-time description of
22 For the controversy envolving quantum jumps see, for example, Schrödinger (1952) and Bell (1987).
23 Several systems have been analyzed in Wolf (1987a,b, 1989a,b, 1990a,b,c,d, 1992a).
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transient states. The retarded formulation yields a natural quantum the-
ory for dissipative systems. Significantly, it leads to a simple solution of the
measurement problem in QM. Such interesting problems await future
attention.
APPENDICES

A. Evolution Operators in the Schrödinger and Liouville–von
Neumann Discrete Pictures

In applying the formalism introduced in the previous sections to the
measurement problem, the requirement of the existence of a well-defined
evolution operator is evident. By well-defined we mean that, as in the
continuous case, a unitary operator that satisfies the properties of a group.

In the continuous case, when the Hamiltonian is independent of time,
the time evolution operator has the form

Û t; t0ð Þ ¼ exp �i t� t0ð ÞĤ=h
� �

and is a unitary operator that satisfies the condition that Ĥ be Hermitean.
In the continuous case, by definition, every observable is represented by a
Hermitean operator. An operator is unitary when its Hermitean conjugate
is equal to its inverse, such that

Â
{
Â ¼ ÂÂ

{ ¼ 1:

Another important aspect regarding a unitary operator is related to the
probability conservation. In other words, if the initial state is normalized
to 1, it will keep its norm for all subsequent times. The evolution operator
does not change the norm of the states on which it operates. Thus, we
know beforehand that the evolution operators associated with the
retarded and advanced discretized Schrödinger equations are not unitary
operators.
A.1. Evolution Operators in the Schrödinger Picture
For the discretized Schrödinger equation the discrete analog of the time
evolution operator can be obtained easily. Let us initially consider the
symmetric equation, which is the closest to the continuous description.
After some algebraic manipulation the evolution operator can be written as

Û t; t0ð Þ ¼ exp � i t� t0ð Þ
t

sin�1 tĤ
h

 !" #
;
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so that

jC x; tð Þi ¼ Û t; t0ð ÞjC x; t0ð Þi ¼ exp � i t� t0ð Þ
t

sin�1 tĤ
h

 !" #
jC x; t0ð Þi:

Thus, if the eigenvalue equation of the Hamiltonian is given by

ĤjC x; t0ð Þi ¼ EjC x; t0ð Þi;
we have that

jC x; tð Þi ¼ exp � i t� t0ð Þ
t

sin�1 tE
h

� �� 	
jC x; t0ð Þi:

Since Ĥ is a Hermitean operator, the evolution operator for the sym-
metric equation is also Hermitean. However, the existence of a limit for
the possible values of the eigenvalues of Ĥ implies that, beyond
such threshold, the evolution operator is no longer Hermitean. In fact, if we
consider that beyond the threshold the operator Ĥ has the form

Ĥ ¼ n̂þ ik̂;

where n̂ and k̂ are Hermitean operators, we obtain in the continuous
approach the same results obtained in the discrete case. One of the
characteristics of a non-Hermitean operator is the fact that it does not
conserve the norm of the state on which it acts.

For the retarded equation, the evolution operator is given by

Û t; t0ð Þ ¼ 1þ i

h
tĤ

� 	� t�t0ð Þ=t
; (116)

such that, in the limit t ! 0,

lim
t!0

1þ i

h
tĤ

� 	� t�t0ð Þ=t
¼ e�

i
h t�t0ð ÞĤ;

which is an expression known as the Trotter equality. Taking the conjugate
Hermitean operator Û{ we can verify that this operator is not unitary. In
the basis of eigenstates of Ĥ, we can verify that

hnjÛ{
Ûjni ¼ 1þ t2E2

n

h2

� 	� t�t0ð Þ=t
;

is not equal to 1. This explains why the probabilities are not conserved for
the solutions of the retarded equation. In addition, as the evolution
operator for the advanced equation is given by
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Û t; t0ð Þ ¼ 1� i

h
tĤ

� 	 t�t0ð Þ=t
;

it can be verified that the formal equivalence between the two equations is
obtainedby the inversionof the timedirectionandof the signof theenergy. In
the relativistic case, this is understandable if we remember that, if a transfor-
mation changes the sign of the time component of a coordinate four-vector,
then it also changes the sign of the energy, which is the corresponding
element of the energy-momentum four-vector. Then the retarded equation
describes a particle endowedwith positive energy traveling forward in time,
and the advanced equation describes an object with negative energy
traveling backward in time, that is, an antiparticle (Recami, 1978; Recami
and Rodrigues, 1982; Recami et al., 1983; Pavsic and Recami, 1982).
A.2. Evolution Operator in the Density Matrix Picture
For the sake of simplicity, let jc(t)i be a pure state. The density of states
operator is defined as

r̂ tð Þ ¼ jc tð Þihc tð Þj:
It can be shown that such operator evolves according to the following

dynamic laws. For the retarded case,

DRr̂ tð Þ ¼ 1

ih
Ĥ tð Þ; r̂ tð Þ
h i

� t

h2
Ĥ tð Þr̂ tð ÞĤ tð Þ;

for the advanced case,

DAr̂ tð Þ ¼ 1

ih
Ĥ tð Þ; r̂ tð Þ
h i

þ t

h2
Ĥ tð Þr̂ tð ÞĤ tð Þ;

and, finally, for the symmetric case,

Dr̂ tð Þ ¼ 1

ih
Ĥ tð Þ; r̂ tð Þ
h i

:

We can thus observe that the retarded and the advanced equations
cannot be obtained by a direct discretization of the continuous Liouville-
von Neumann equation. Such formal equivalence occurs only for the
symmetric case. Taking into account the retarded case, we can obtain
the equivalent time evolution operator as

V̂ t; t0ð Þ ¼ 1

1þ it
h L̂ þ t2

h2 Ĥ . . . Ĥ
h i t�t0ð Þt : (117)
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Of note, this operator is different from the one obtained from the
coarse-grained approach,

V̂CG t; t0ð Þ ¼ 1

1þ it
h L̂

h i t�t0ð Þt : (118)

and it is not unitary as well. Quantity V̂CG is defined as having the
properties of a semigroup: It does not necessarily have an inverse but
possesses the other group properties such as commutativity and existence
of an identity (in addition to the translational invariance of the initial
condition).

We can conclude from the difference between the two operators that,
apparently, the descriptions clash. In the coarse-grained approach the
starting point was the continuous Liouville-von Neumann equation
and, by introducing the graining of the time coordinate, an evolution
operator was obtained satisfying the retarded equation

DRr̂ tð Þ ¼ 1

ih
Ĥ tð Þ; r̂ tð Þ
h i

:

The second path started from the definition of the density operator to
determine the dynamical equation it satisfies and then obtained the evo-
lution operator.

For the symmetric case, the evolution operator is given by

V̂ t; t0ð Þ ¼ exp � i t� t0ð Þ
t

sin�1 tL̂
h

 !" #
; (119)

which is similar to the operator obtained for the continuous case.
A.3. Compatibility Between the Previous Pictures
We thus have two distinct evolution operators for the retarded Schrödin-
ger and Liouville equations so that, once a connection is established
between them, we arrive at the question of the compatibility of the two
descriptions. We try to set up a relation between those operators by
observing their action on the density operator. So, we expect that both
operators satisfy the expression

V̂ t; t� tð Þr̂0 ¼ Û t; t� tð Þr̂0Û
{
t; t� tð Þ;

where the different action of the operators is basically due to the bilinear-
ity (Recami et al., 2010) of the operator V̂ given by Eq. (117), while Û, given
by Eq. (116), is linear. This relation is valid in the continuous case, where
the evolution operators act on the density operator according to
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r̂ tð Þ ¼ exp �iL t� t0ð Þ=h½ �r̂0 ¼ exp �iH t� t0ð Þ=h½ �r̂0 exp iH t� t0ð Þ=h½ �:
Considering the basis of Hamiltonian eigenstates jni, we have

hnjL̂r̂ 0ð Þjmi ¼ En � Emð Þrnm 0ð Þ;
so that

exp �iL̂t
� �

r̂ 0ð Þ ¼ exp �it En � Emð Þ½ �rnm 0ð Þ; (120)

exp �iĤt
� �

r̂ 0ð Þ exp iĤt
� �

¼ exp �it En � Emð Þ½ �rnm 0ð Þ: (121)

The question is knowing whether the same is valid for the discrete
case. For the retarded approach, we must check whether the relation

1

1þ it
h L̂ þ t2

h2 Ĥ . . . Ĥ
h i t�t0ð Þ=t r̂0 ¼

1

1þ i
h tĤ

h i t�t0ð Þ=t r̂0
1

1� i
h tĤ

h i t�t0ð Þ=t

is valid. We see that, if we consider that equations such as (120) and (121)
continue to be valid in the discrete case, then the above relation is valid.
For a generic element of the operator, we then obtain

1

1þ it
h En � Emð Þ þ t2

h2 EnEm

h it=t rnm 0ð Þ ¼ 1

1þ i
h tEn


 �t=t rnm 0ð Þ 1

1� i
h tEm


 �t=t :
Such equivalence also can be observed for the other cases. However,

when we consider the evolution operator obtained from the coarse-
grained approach, we find an incompatibility with the operator deriving
from the Schrödinger one. For the operator [Eq. (116)] we have

hnj 1

1þ i
h tL̂

h it=t r̂ 0ð Þjmi ¼ 1

1þ i
h t En � Emð Þ
 �t=t rnm 0ð Þ:

The question now is to determine the fundamental difference between
the two descriptions: Are both valid, and under what conditions? Some
points must be emphasized. First, remember that the coarse-grained
description is a semi-classical approach that assumes a systemwith a certain
degree of complexity, whereas the vector state description is a fundamen-
tally quantum approach without any imposition, in principle, on the num-
ber of degrees of freedom of the system described. The two approaches
differ importantly even in theway they conceive the chronon. In the coarse-
grained approach, it is understood as a magnitude inwardly connected to
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the experimental limitations or, for an ideal measurement device, to the
limitations imposed by the uncertainty relations. For the Schrödinger equa-
tion, the value of the chronon is taken as a fundamental interval of time
associated with interaction processes among the components of the system,
and of the system as a whole with some external potential; that is, it is
associatedwith the internal processes of the system (as it has been conceived
for the classical electron). In this way, the absence of the mixed term in the
evolution operator obtained with the semi-classical procedure is compre-
hensible, as is its incompatibility with the purely quantum description
provided by the Schrödinger equations. As a semiclassical approach, the
range of applicability of the coarse-grained formalism extends to the cases
where the system to be studied is not purelymicroscopic, particularly in the
measurement processes. We stress that, in this formalization, only the
retarded equation was obtained. Thus, the system as described dissipates
energy: It is an open system. This is the characteristic that make it possible
for us to have access to the output of a measurement.

In connection with the operator obtained directly in the Schrödinger
picture for the retarded case, all the elements of the density matrix, even
the diagonal ones, are damped with time. There is also the controversy
linked to the non-existence, in QM, of an applicability limit of the theory
due to the number of degrees of freedom involved. The formalism does
not distinguish between a microscopic and a macroscopic system, so that
it should reproduce what is obtained with the coarse-grained formalism.
This means that the measurement problem appears in the discrete for-
malism also through the non-equivalence of the evolution operators in
Eqs. (117) and (118).
B. Non-Hermitean Operators in the Discrete Formalism

One feature we have stressed throughout this work is the non-Hermitean
character of the discrete formalism. In the Schrödinger representation, for
example, the continuous equation can reproduce the outputs obtained
with the discretized equations once we replace the conventional Hamilto-
nian by a suitable non-Hermitean Hamiltonian we have called the equiva-
lentHamiltonian.One characteristic of a non-Hermitean operator is that its
eigenvalues are defined over the field of complex numbers. A linear non-
Hermitean operator can always be considered as consisting of aHermitean
part, which supplies the real component of the eigenvalues, and an anti-
Hermitean part, which gives the complex component (Recami et al., 2010).

In the continuous case, let us take the Hamiltonian as being a non-
Hermitean operator given by

eH ¼ n̂þ ik̂;
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where n̂ and k̂ are Hermitean. Then we have, in the Schrödinger picture,
that the time evolution operator is given by

Ûcont t; t0ð Þ ¼ exp
1

h
k̂� i n̂ð Þ t� t0ð Þ

� 	
: (122)

For the discrete case, comes from Appendix A that the evolution
operator for the retarded states is given by Eq. (116)

Û t; t0ð Þ ¼ 1þ i

h
tĤ

� 	� t�t0ð Þ=t
; (123)

where Ĥ is the Hermitean operator associated with the conventional
Hamiltonian. This evolution operator can be written as

Ûret t; t0ð Þ ¼ exp � t� t0ð Þ
2t

ln 1þ t2Ĥ
2

h2

0@ 1A24 35 exp � i t� t0ð Þ
t

tan�1 tĤ
h

0@ 1A24 35:
(124)

Comparing Eqs. (122) and (124) we obtain the equivalence of the
Hamiltonians once n̂ and k̂ are given by

v̂ ¼ h

t
tan�1 tĤ

h

0@ 1A;

k̂ ¼ � h

2t
ln 1þ t2Ĥ

2

h2

0@ 1A:

For the advanced case we obtain the same expressions except for a
minus sign for k̂. For the symmetric case, below the critical limit, we have

n̂ ¼ h

t
sin�1 tĤ

h

0@ 1A;

k̂ ¼ 0:

Above that limit n̂ ceases to be Hermitean and, in this case, the evolu-
tion operator can be written as

Ûsym t; t0ð Þ ¼ exp � ip
2t

t� t0ð Þ
� 	

exp � t� t0ð Þ
t

ln

����� tĤh
�����þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tĤ
h

 !2

� 1

vuut264
375

8><>:
9>=>;
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so that

n̂ ¼ hp
2t

;

k̂ ¼ � h

t
ln

����� tĤh
�����þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tĤ
h

0@ 1A2

vuuut � 1

264
375;

with n̂ being now independent of the Hamiltonian and k̂ ceases to be zero.
The expressions obtained above show the characteristics that n̂ and k̂

must fulfill, so that the continuous equation reproduces the outputs of the
discretized equations. By observing the continuous evolution operator we
have that the anti-Hermitean part of eH shows a nonstationary behavior,
resulting in a damping or amplifying term associated with the evolution
of the quantum state. Thus, the stationary solutions appear only for the
symmetric case below the critical limit. In all the other cases, the transient
term always appears.

In QM, the non-Hermitean operators have been used mainly as math-
ematical shortcuts, as in the case of the Lippmann-Schwinger equation in
the scattering theory. It has already been observed that the introduction of
such operators could make possible the description of unstable states, by
phenomenologically linking the transient factor to the lifetime of the
considered states (Agodi et al., 1973, and Cohen-Tannoudji et al., 1977).
If in a certain instant t0 ¼ 0 the system is in one of the eigenstates jni of the
Hamiltonian Ĥ, then if such state is unstable, the probability of the system
to be found in the same state at a later instant t is

Pn tð Þ ¼ jhnjÛ{
Ûjnij ¼ exp �t=tLð Þ;

and that allows us to specify a lifetime tL, for the retarded case, as

tL ¼ t

ln 1þ t2E2
n

h2

� � ; (125)

and for the symmetric case, above the critical energy, as

tL ¼ t

2 ln
��� tEn

h

���þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2E2

n

h2 � 1
q� � :

Such lifetimes are connected with states that, in the discretized formal-
ism, are intrinsically unstable. Only the retarded equation seems to be
associated with quantum states that decay with time. If that is truly valid,
we have an expression that could be used for phenomenologically
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determining the value of the chronon. Finally, we can conclude that the
time discretization brings forth a formalism which, even if only Hermi-
tean Hamiltonians are involved, is equivalent to the introduction of
non-Hermitean operators in the continuous QM.
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Hönl, H. (1952). Feldmechanik des elektrons und der elementarteilchen. Ergeb. Exacten

Naturwiss., 26, 291–382.
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