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Usual ,  p rope r ,  o r t h o c h r o n o u s  L o r e n t z  t r a n s f o r m a t i o n s  (LT)(*)  are k n o w n  to be  
i n t e r p r e t a b l e  as ( ( ro ta t ions  ~ in M i n k o v s k i  space. I f  we, for  s impl i c i ty ,  confine our- 
selves only to  boos t s ,  t h e n  t h e y  are (( r o t a t i o n s  ~> of an  angle W r u n n i n g  (1) c o n t i n u o u s l y  
f rom - - 4 5  ~ to  + 4 5  ~ . 

Moreover ,  t h e  p rope r ,  n o n o r t h o e h r o n o u s ,  col l incar  boos t s  m a y  be  cons idered  as 
(( r o t a t i o n s  ~) w i t h  (1) __ 135 ~ < ~ < + 225 o. The  f o r m e r  L T ' s  an d  t h e  l a t t e r  ones con- 
s t i t u t e ,  r e spec t ive ly ,  two d i s connec t ed  sets .  

In  pa r t i cu l a r ,  t h e  /5~  ope ra t i on  can  be  reached ,  when  onc s t a r t s  f rom t h e  iden-  
t i t y ,  on ly  b y  pas s ing  t h r o u g h  o p e r a t i o n s  usua l ly  cons idered  as n o n p h y s i c a l  (3.5). 

On the  c o n t r a r y ,  we can give a phys i ca l  m e a n i n g  to those  t r a n s f o r m a t i o n s ,  by  con- 
s ider ing  t he  t h e o r y  of special  r e l a t i v i t y  e x t e n d e d  also to S u p e r l u m i n M  ( - - f a s t e r - t h a n -  
l igh t )  i ne r t i a l  fraxnes and  to  t a c h y o n s  (~). W i t h i n  such a f r a m e w o r k  t h a t  al lowed us  
to  bu i ld  up  a (( c lassical  t h e o r y  ~ of t a c h y o n s  (2) w i t h o u t  any  p a r a d o x - - t h e  t r a n s f o r m a -  
t i o n s  c o r r e s p o n d i n g  to  + 4 5  ~  + 1 3 5  ~ (and  to 225 ~  ~ ) are  jus t  ((Super- 
l u m i n a l  L o r e n t z  t r a n s f o r m a t i o n s  ~ (SLT),  i .e.  t r a n s f o r m a t i o n s  b e t w e e n  (real) iner t ia l  
f r ames  w i t h  f a s t e r - t h a n - l i g h t  r e l a t ive  ve loc i t y  (~). F r o m  an  a x i o m a t i c  v iewpoin t ,  t h e  
ex t ended  re la t i v i t y  fol lows (2) f rom t h e  usua l  pos tu la t e s ,  p r o v i d e d  t h a t  t h e  a s s u m p t i o n  
Ivl < c is e l i m i n a t e d .  All w h a t  p recedes  is t r u e  also in four  d i m e n s i o n s  (2). All toge the r ,  
t he  LT ' s  and  t h c  SLT ' s  f o rm a new (2) g r o u p  G of (~ gcnera l ized  L o r c n t z  t r a n s f o r m a -  
t ions  )) (GLT).  

(*) We  are  neglec t ing  space- t ime t rans la t ions .  W e  u n d e r s t a n d  space- t ime t r ans fo rma t ions  are  reprc  
sented  by  4 • 4 ma t r i ce s .  
(1) See, e.g., Fig. 9 and  11 of rcf. U). Sec ~lso rcf.  (3). 
(2) E. RECA~[I a n d  R. 3IIGN.<~I: Riv .  Nuovo Cimento,  4, 209 (1974), and  references  therein.  
(3) V. BERESTETSKu E.  M. LIFSHITZ and  P. PITAEVSKY" Relat iv is t ic  Quantum Theo~g (London, 1971), 
pag.  34. 
(4) Z. J .  SAKUR**Y: I~variaace Prirwiples  aud E lementary  Part ic les  (Princeton,  N . J . ,  1964), pag.  137. 
(~) R . F .  STREATER and  A. S. W1GHT)IA~ : P C T ,  ,~pin and Stat is t ics ,  and .All That  (New York,  N.  Y., 1964). 
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Therefore, starting from the ident i ty  operation, we can reach the operation that  we 
shall call (for now)/5~, for example by means of a chain of physical GLT's expressed in 
terms of a continuous parameter ~0 (running, e.g., from 0 ~ to 180 ~ with continuity) (*). 
This procedure results to be quite interesting, since (( extended relativity ~) reveals itself 
useful for better understanding usual physics (besides tachyons). For example we are 
going to show the /5~ Lorentz transformation results actually to be the C/ST-ope- 
ration, so that C/sT for us is nothing but  a particular physical (generalized) Lorentz 
transformation. As well, we sball clarify the physical meaning of charge conjugation 
in terms only of pure operations on four-momentum space, the connection particle- 
antipart icle and so on. Moreover, we derive elsewhere (2.6) the (~ crossing relations ~ 
from extended relativity. 

In  order to make usual special relativity fully consistent, i.e. to avoid informa- 
t ion  ~ransmission into the pas~, it  is necessary to introduce (even in standard relativity) 
a ~ third postulate ~, besides rye two usual ones (2). That  is to say, that  (( physical signals 
are transported only by positive-energy objects, i.e. by objects that  appear with positive 
energy and travelling forward in time ,> (2). 

In  fact, if we have in the ehronotopical space a signal going backwards in time 
(that a priori is allowed in the usual Minkovski space!), then in the four-momentum 
space there correspond a signal bearing negative energy (2). I t  is well known that  those 
two paradoxical occurrences, when contemporaneous (as they are), admit  a quite 
orthodox reinterpretation in terms of the antiparticle (~) with positive energy going 
forward in t ime (~). This is nothing but  the Dirac-Stfickelberg-Fe~nman-Sudarshan 

(CPr), ~-(cr) ~ ~ a- o.c 

I 

a) b) c) I 

Fig. 1. - Represen ta t ion  of t h e  hype r su r faees  E ~- p~ =p= for  a)  b radyons  wi th  p =mo > 0 (time- 
l ike  ease);  b ) l u x o n s  w i th  p2=  too' = 0 (l ightlike ease); c) t a e h y o n s  wi th  p= ~ - - m , ~ < 0  (spacelike 
case),  w he re  m0 is always real.  I n  Fig. l a )  t he  points  A '  a n d  A" represen t  the  par t ic le  k inema t i ca l  

s t a t e s  ob ta ined  b y  apply ing  t he  opera t ions  C/~T a nd  C2~, respec t ive ly ,  to the  k inema t i ca l  s t a t e  A. 
I n  the case when we confine ourselves to sub lumina l  f r a m e s  an d  to usua l  LT ' s ,  t hen  i t  h ap p en s  t h a t  
t he  * m a t t e r  * or * a n t i m a t t e r  ,~ c h a r a c t e r  is i n v a r i a n t  for B's ,  b u t  r e l a t ive  to the  observer  for  T ' s .  W h e n  
e l imina t ing  previous  res t r ic t ion we m a y  pass f rom par t ic les  to t h e i r  ant ipar t ic les  ( through G L T ' s )  even 
in t he  ease of bradyons .  

(*) Owing to this  fact ,  we shal l  say  t h a t  our  general ized (eollinear) boosts have  been p a r a m e t r i z e d  in 
a eont inuous  fashion. One has  to b e a r  in mind,  however ,  t h a t - - i n  the  ne ighbourhood of t h e  l i g h t - c o n e - -  
i t  h a p p e n s  t h a t  the  re la t ive  speed of two iner t ia l  f r a m e s  s (c- -  el), S(c § s2) cannot  go to zero, b u t  
r u n s  f r o m  c to oo. 
(6) R.  N[IGbrANI and  ]g. RECAlVU: p rep r in t  PPl392 (Catania,  1973), to  be publ ished in I n t .  Journ .  Theor.  
P h y s .  
(~) See, e.g., ref.  (2); 0 .  M. P.  BILAiWIUK, V. Ii2. DEStIPA~WDE an d  E.  C. G. SUDARSHA~: A m .  Journ .  
P h y s . ,  30, 718 (1962); E.  C. G. SUDARSHAN: Proc.  I nd .  Acad.  Sc i . ,  69 (3 A),  133 (1968); in  1968 Pro-  
ceedings of the V I I I  Nobel  S y m p o s i u m ,  edi ted by  N. SWARTHOLM (New York,  N . Y . ,  a n d  Stockolm),  
pag .  335 ; in Sympos ia  in  Theoretical Phys i c s  and Mathemat ics ,  Vol. 10 (New York,  N. Y.,  1970), pag .  129. 
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~ reinterpretation pr inc ip le ,  (~.s). Our {4 third postulate ~> (RIP) states that not only we 
can use the ~ reinterpretation principle ~>, but  that  we must apply it. 

The RIP may be immediately checked through its implications. For instance, 
it easily results to allow interpreting the lower-hyperboloid points in Fig. la) as the 
kinematical states of the (free) antiparticle (see ref. (2)) of the free particle whose kine- 

[ t < t  v] 

[ ~ (+q);E>O;T;p>O 

(t,x) (t', xO 

x xl  x 2 A , - . . . ,  ~ (-q);E>O'j~p<O 
=(x,l (+,);v<0 [7] 

( - t , x )  (-t~x9 
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,,.-,dC>;-q; E<o ;_~_Lp_< o ~  

( t l ' x l )~)~,  . . . . . . .  ~ -- -~ B )(t2~X2)v ~A, .,. l-~-I(-q);E>O;T~;p>O F71 (Q);+q;E>O;T;p>O uP / {Pn )= [~ l  (--2){v>O D L ~  

a )  b) 
Fig.  2. - a)  R e p r e s e n t s  t h e  e x c h a n g e  f r o m  A to  B of  a p a r t i c l e  P w i t h  negative e n e r g y  ( a n d  <~ c h a r g e  *) 
a n d  t r a v e l l i n g  b a c k w a r d s  in  t i m e  (t.~< t~). S u c h  a p r o c e s s  wi l l  a p p e a r  n o t h i n g  b u t  t h e  e x c h a n g e  from B 
to A of  a ( s t a n d a r d )  p a r t i c l e  Q w i t h  positive e n e r g y  ( a n d  ~,eharge ,~) t r a v e l l i n g  f o r w a r d  in  t i m e .  
P a r t i c l e  Q m a y  be  s h o w n  to  be  ( m a y b e  e x c e p t  f o r  t h e  he l i e i t y )  t h e  antiparticle of  t h e  i n i t i a l  p a r t i c l e :  
Q =  P .  See ref .  (~). b) S h o w s  a c e r t a i n  p h e n o m e n o n  p h ,  i.e. t h e  e x c h a n g e  f r o m  e m i t t e r  A to  a b s o r b e r  B 

^ ^  
of  a c e r t a i n  p a r t i c l e ,  a n d  t h e  t r a n s f o r m a t i o n s  o n  p h  ( a n d  on  .4, B)  o p e r a t e d  respectively by CT, by t h e  

~, r e i n t e r p r e t a t i o n  p r o c e d u r e  * ( R I P ,  see  t h e  t e x t )  u s e d  in  c a s e  a), and by CPT. 

matieal states are represented by the upper-hyperboloid points. In  fact, since 1905, 
from the double sign E = =E ~ / ~  4- mg existence of an ~ antiparticle ~ (2) for any 
m0-mass particle could have been predicted, provided the RIP had been used. And 
since antiparticles have been actually discovered (exactly with the properties predicta- 
ble (2.6) on the basis of RIP!) the check results to be positive. 

Before going on let us explicitly emphasize that  from inspection of Fig. 2 it easily (~) 
follows that  

(1) RIP  = C J ~ ,  

where by J~ and ~ we mean the operations of energy and three-momentum reversal, 
respectively (6). 

Let us now pass to consider our (physical) GLT's both subluminal and Superluminal 
(i.e.--let us repeat-- transformations between actual reference frames with relative 
speeds lu[ < c or ]U[ > c). A quite obv ious~bu t  extremely impor tan t - - remark  is in 
order: 1] a GLT happens to change the sign o / a  component of a four-vector (e.g., four-po- 
sition), then it will of course change the sign of the same component o /any  other four-vector 
(e.g., of four-momentum)(s).  In  particular, if we get (among the others)(*) the so- 

(8) R . P .  FEYNMA~: PhYs. Rev., 76,  749, 769 (1949);  E .  C. G.  STf)CKELBERG: Helv. Phys. Acta, 14,  
3 2 L ,  588 (1941);  P .  A .  M. DIRAc:  Proc. Roy. Soc., A 1 2 6 ,  160 (1930).  
(g) C o m p a r e ,  e.g., T a b l e  I I  in ref .  (2,~). 
(*) I n  o u r  f r a m e w o r k  w e  cannot g e t  on ly  T o r  o n l y  /~ b y  m e a n s  of  a p h y s i c a l  G L T ,  s ince  o u r  G L T ' s  
a r e  (al l  t h e )  ~, r o t a t i o n s  ,~ in  M i n k o w s k i  s p a c e ,  so t h a t  a l w a F s  d e t  G L T  = + 1 .  
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called t i m e  reversal  t h rough  a (physical) GLT, real ly we get  

Analogous ly  

~-~ ~,k. 

P - ~ .  

Let  us  now consider  t he  ac tua l ,  (~ physical  ~) G L T = - - I  (corresponding to  f l = 0  b u t  
~ 180 o) (2a0) t h a t  opera tes  t h e  total inversion (or (~ s t rong  reflection ~)) /5~;  because  

of w h a t  we said, effect ively i t  is 

(2) P~-~P~2k.  

I t  is enough  now to use t h c  R I P ,  eq. (I), in  order  to get  

(2') 

in o the r  words ,  t he  opera t ion  

(3) - -  1 = ~ : P P  

is n o t h i n g  bu t  one of our phys ica l  GLT's .  
Therefore ,  the mere relativist ic eovariance impl ies ,  as a par t icular  case, the C P ~  ~- 

covariance, and the  ~ /5~ t h e o r e m  is a mere  p r o d u c t  of (extended)  r e l a t iv i ty  t h a t  
m a y  be der ived wi th in  t he  f r amework  of actual L o r e n t z  t r ans fo rma t ions .  That  is to 
say, CPT-eovar iance  is a par t i cu lar  case o] G-eovariance (*). Not ice  t h a t  in our  f rame-  
work  C P T  is a l inear ope ra to r  (11) as well as all GLT's .  

W e  can there fore  asser t ,  in e x t e n d e d  re la t iv i ty ,  t h a t  (s) the true way ]or doing 15~ 
is doing r 

By t h e  way,  in the  cascs w h e n  ~-covar iance  ho lds  b y  i tself ,  t h e n  wc get as a corol- 
l a ry  t h a t  (2.6) the right way  ]or doing P is doing CP,  w h i c h  is t he  essent ial  t each ing  
of LEE and  YA~G (~2). In  fac t ,  in  t he  case considered,  r e l a t iv i ty  says t h a t  wc can (( sa- 
fely ,~ (i.e. eovar iant ly)  reflect  space  only if  we c o n t e m p o r a r i l y  apply  r  so to  have  par-  
t ic les  changed  in to  an t ipa r t i c l e s  (**). 

F r o m  w h a t  precedes  i t  is ev iden t  the  need ]or new symbols i nd ica t ing  t h e  sign in- 
vers ion  p roduced  by  a GLT in all  the  t e t r avee t o r s '  f o u r t h  componen t s ,  e.g. 

(4a) T ~ :1~/~, 

a n d  th ree  first componen t s ,  e.g. 

(4b) P ~ ,  

(~o) By the way, this is a subluminal (nonorthochronous!) LT, that we can effectively get through two 
(physical) SLT's. Compare ref. (~'~). 
(*) I.e., of covariance under the new group G. 
(lz) See also E. C. G. SUDARSHA2r 1968 Proceedings o] the V I I I  Nobel Symposium, edited by N. SWAR- 
T~IOLM (New York, N.Y., and Stockholm), pag. 335; in Symposia in Theoretical Physics and Math- 
ematics, Vol. 10 (New York, N.Y., 1970), p. 129. 
(ta) T. D. LEE and C. N. YANG: Phys. Rev., 105, 1671 (1957). 
(**) The true operation transforming particles into antiparticles is just the operation (3.4) ~ = _ 1. 
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and so on. Besides, we have already understood that  

(4c) ~ --- 

means the sign inversion of all additive (~ charges ~). I t  then holds (by using RIP) that 

(5) P ~  = O P t .  

Another interesting point that  is impor tant  for the physical understanding of (( charge 
conjugation ~) is the following. From the fact that,  in equations like (2'), by applying 
RIP  we get 

we may deduce that  (when assuming RIP) one may always write 

since ~E = ~ ,  where 9 is the velocity reversal operation (*). 
As regards the connection (2) between particles and antipart icles--connection that  

we slightly mentioned before--we would here like to add only what follows (13). Let us, 
for instance, consider the case of an interact ion among tachyons, as it appears to inertial 
frames connected (for simplicity) by x-axis boosts. By means of a suitable transforma- 
tion (~'~) - -  A s ~ GLT(135 ~ < ~ < 225 ~ of its kinematical effects and of the RIP, we 
easily get (2.s) tha t  the second frame observes the same effects as produced (in the first 
frame) by the eP!P-operation. In  the part icular case when GLT(o = 180 ~ ~ - - 1 ,  i.e. 
total inversion, one obviously gets the true ~DT, that  is to say transition from the 
tachyonic phenomenon to the ~P~P-ed one (both seen, now, in the same frame, i.e. 
without the eff6ets of any supplementary LT-boost). This result is influenced by the 
intervention of the RIP,  that  must enter into action when a tachyon by-pass the 
divergent velocity. In  fact, consider the case of a tachyon T and a succession of 
subluminal frames (all moving collinearly with T, for simplicity). Let s~ be (see Fig. lc)) 
the frame observing T with divergent velocity (2). If a frame moving slower than s~ 
sees T travelling in a certain direction, then any frame moving faster than see will actually 
observe (2.~) T as an antitachion (e.g., with the opposite electric charge) travelling in the 
reversed direction (,4). Therefore, by-passing the frame see, in the above sense, im- 
plies charge conjugation. In  other words, if we observe from our frame s o a succession 
of Superluminal objects (or vice versa), for simplicity all moving with positive speeds 
U-------Ux> c, when we by-pass the ~ transcendent ,~ object (2'6)--corresponding to in- 
finite veloci ty--  we get the G-symmetry. 

Thus, when we operate a ((rotation ~ in the four-dimensional space-time aimed to 
reach, for example, the totally inverted frame {PT)s0, actually we reach the frame 
(r so, as we already saw. 

Let us now go back to bradyons (usual, slower-than-light particles). We can ~( physic- 
ally,) apply to them a GLT of the type - -  A~ =-- GLT(135 ~  ~ ) only by suc- 
cessively applying (1) two SLT's, i.e. only by-passing the transcendeqr (infinite-speed) 

(*) The  m a s s  o b v i o u s l y  c h a n g e s  s ign  on ly  u n d e r  /~. 
('*) C o m p a r e  a l s0  re f .  (~,e) a n d  re fe rences  t h e r e i n .  
(1,) W i t h  r e spec t ,  of  course ,  to  a c e r t a i n  * i n t e r a c t i o n  reg ion  ~. See ref .  (2) a n d  re fe rences  t he re in .  
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f r a m e  (2) S ~ .  I t  is now easy  to  u n d e r s t a n d  t h a t ,  by  means  (9) of GLT's  of t he  t y p e  
- - A s ,  we  eventua l ly  get t h a t  t h e  second ] tame observes  (as regards  the  ana lysed  b r ad y o n )  
t h e  same effects as p r o d u c e d  ( in the ]irst ]tame) by a ~ ' - o p e r a t i o n  (2.6.11) appl ied  to the 

analysed  bradyon. 
Accord ing  to our  analysis,  t hus ,  we can conclude  t h a t  (since it i s - - 1  = C P T  b o t h  for  

bradyons and  tachyons)  u n d e r  t h e  GLT (~ s t rong  ref lec t ion )) the  par t ic les  in t he  in i t ia l  
s t a t e  of an in te rac t ion  process  will  be  t r a n s f o r m e d  (2) in to  an t ipar t i c les  in t he  final s t a t e  
of t h e  same in te rac t ion  process  and  vice versa (2). Fo r  ins tance ,  the  two reac t ions  (even 

a m o n g  b r adyons  !) 

a ~ b-> c + d , ~ --  d-> ~ + ~ , 

are t he  two  dif ferent  desc r ip t ions  o] the same phenomenon,  as seen by  the  two  d i f ferent  
iner t ia l ,  phys ica l  (*) f rames  s o a n d  - - s  o : (CPT)so ,  respec t ive ly  (2.6). 

The au tho r s  are gra tefu l  to  P ro f s .  A. AGODI and  E. FERRARI for  f ru i th fu l  c o m m e n t s  
or k ind  in te res t .  Thanks  are also due to Mr. S. LEOTTA and  Mr. P.  ZINGALE for  t he i r  
k i n d  col laborat ion.  

(*) In the sense that we can go from the first frame to the second one through a continuous chain 
of reference frames, both subluminal and Superluminal (2). 


