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S u m m a r y .  - We adopt the relativistic framework in which fundamental  particles 
arc regarded as extended objects. Then, we show that  the (geometrical) operation 
which reflects the i n t e r n a l  space-time of a particle is equivalent to the operation C 
which invertes the sign of all its additive charges. 

In  the present letter we critically comment on the discrete transformations of Min- 
kowski space-time, namely on the effects of space-reflection ~ and time-reversal J ,  
by exploiting some results contained in previous papers (~-3). Our aim is to show the 
connection between the i n t e r n a l  discrete transformations (e) and the charge conjugation 
operator C. We assume fundamental  particles to be ex t ended  objects, as many theoretical 
observations suggcst to be the case, at least in relativistic theories (a). 

First  of all, let us recall tha t  an i ~ v e r s i o n  JADe(n) of the axes x A, x B, x c, ..., in a 
n-dimensional space M~, is equivalent to an appropriate 180 o rotation (***) ~ A B c ( m )  

(*) W o r k  p a r t i a l l y  s u p p o r t e d  b y  C . N . R .  a n d  M . P . I .  
(**) O n  l eave  of ab sence  f r o m  J .  S t e f a n  I n s t i t u t e ,  E.  K a r d e l j  U n i v e r s i t y ,  L j u b l j a n a ,  Y u g o s l a v i a  
( p e r m a n e n t  add re s s ) .  
(***) Also :  C .S .F .N .  e S .d .M. ,  C a t a n i a ,  I t a l i a .  
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in t he  h y p e r p l a n e  (x ~ , x  B , x  c . . . . .  x ~) of t h e  m-d imens iona l  space Mm wi th  m > ~ n .  
I f  t he  n u m b e r  k of t he  i n v e r t e d  axes  x ~, x B, x c . . . . .  is even ,  t h e n  i t  m a y  be m =  n ;  
b u t  if k is odd ,  t h e n  m ~ > n +  1. In  pa r t i cu la r ,  t h e  t o t a l  invers ion  (of all axes) in 
a n -d imens iona l  space E~ cor responds  to  a r o t a t i o n  e i ther  in E~ (if n is even) or in a 
(n-9  1)-dimensional  space E~+~ (if n - 9  1 is even).  

F o r  ins tance ,  in t h e  2-d imens ionaI  p lane  the  effect of t he  invers ion  S , (2)  (i.e. 
x - * - - x ,  whi ls t  y---*y) is equ iva len t  to  t h e  effect  of t he  180 ~ ro ta t ion  ~,~(3) in th ree  
d imens ions  a round  the  y-axis :  

(1) J ~ ( 2 ) = ~ ( 3 ) ] E  ~ , 

whe re  t he  subsc r ip t  E~ means  t h a t  eq. (1) is t rue  as far  as we confine ourselves  to t he  
effect  of i ts  r .h .s ,  in to  t h e  in i t ia l  2 -d imens iona l  space.  

I n  Minkowski  space  the re  are t h e  fol lowing d iscre te  t r ans fo rma t ions  (*) (we adop t  

t he  n o t a t i o n  x ~  (x ~ x 1, x 2, x 3) ~ (t, x, y, z)): 

space  ref lect ion:  J l (4)  ~ 

t i m e  reversa l :  Jo(4) ~ J -  

( invers ion of x l ) ;  

( invers ion of x~  

The  p r o d u c t  ~ '3-=y- . .~  is equ iva len t  to  t he  180 ~ (pseudo) ro ta t ion  in 3/4: 

(2) 3-,~ ~ Je(4) ,.r = Y'od4) = ~o1(4). 

T h o u g h  t h e  p r o d u c t  ~ f  can be cons ide red  as a ro t a t i on  in M 4, of course  ne i the r  
n o r  3- a lone can be r ep laced  by  any  r o t a t i o n  in  M4. However ,  if i n s t ead  of t he  
4 -d imens iona l  space M 4 we cons ider  t he  5-d imens iona l  space Ms, so t h a t  an even t  e 
is desc r ibed  by  the  five co-ord ina tes  

e:  x "4 ~ ( x  ~ x 1, x 2, x 3, x 4) , e e M s ,  

t h e n  the  effect in  21I 4 of t he  ref lect ion ~ is equal  to t he  effect  in M 5 of t he  180 ~ ro t a t i o n  
a round  the  space  (x o, x 2, x3), i .e .  of t h e  180 ~ ro t a t i o n  of M 5 << in t he  p lane  ~> (x 1, xd): 

(3) ~ x ~ -  ~I(4)X/~= ~14(5)XAIM, ; O, 1, 2, 3, 4 

a n d  t h e  effect of the  t ime  reversa l  f is equal  to  t hc  180 ~ ro t a t i on  of M 5 in t he  
p lane  (x ~ x4): 

(4) ~ x ~  ~- ~r = ~ (5 )xA]~r , .  

T h e  subsc r ip t  M 4 means  t h a t ,  a f te r  hav ing  p e r f o r m e d  the  ro ta t ion ,  we t ake  account  
on ly  of t he  even t s  in M a c  M 5. 

(*) The inversion in M 4 of one of the space-axes x I, x ~ or x ~, e.g. ~r is called spaee-re/lection. 
.Kpplying, after J1(4), also the 180 ~ rotation in the plane (x ~, x 3) is equivalent to tlle inversion ~r 
of all th~ three sp~ce-axos x I, x "~ and x~: ~r ~r 
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A t  t h i s  p o i n t  l e t  us  s t r e s s  t h a t ,  if  t h e  c o n s i d e r e d  s p a c e - t i m e  M4 c o n t a i n s  a p a r -  
t i c l e  a,  w e  a re  g o i n g  to  a s s u m e  t h a g :  i) p a r t i c l e  a is as  w e  a l r e a d y  m e n t i o n e d - - a n  
e x t e n d e d  o b j e c t  (4), so t h a t  t h e  i n t e r i o r  of  i t s  w o r l d - t u b e  is  a f in i t e  p o r t i o n  of  space -  
t i m e ;  i i)  o u r  o p e r a t i o n s  ~ ,  3-  a r e  to  b e  r e g a r d e d  as  a c t i n g  b o t h  on  t h e  external space -  
t i m e  a n d  o n  t h e  internal o n e  ((( i n t e r n a l  )> a n d  ~( e x t e r n a l  )> w i t h  r e s p e c t  to  t h e  p a r t i c l e  
w o r l d - t u b e ) .  S i n c e  t h e  ordinary p a r i t y  a n d  t i m e - r e v e r s a l  a c t  on  t h e  c o n t r a r y  o n l y  on  
t h e  e x t e r n a l  s p a c e - t i m e ,  to  a v o i d  p o s s i b l e  c o n f u s i o n  we  sha l l  ca l l  P ~: NF, t h e  o r d i n a r y  
s p a c e  r e f l e c t i o n  a n d  T ~ 3-E t h e  o r d i n a r y  t i m e  r e v e r s a l  (E = e x t e r n a l )  (2). 

T h e n ,  we  s h a l l  s h o w - - a m o n g  t h e  o t h e r s - - t h a t  t h e  c h a r g e - c o n j u g a t i o n  C is e q u a l  

t o  t h e  p r o d u c t  2~3- i ,  w h e r e  ~ i  is  t h e  internal s p a c e  r e f l e c t i o n  a n d  3-~ is  t h e  internal 
t i m e  r e v e r s a l  (I = i n t e r n a l )  (z). So t h a t  ~ 3 -  = CPT.  

L e t  u s  e x p l i c i t l y  w r i t e  

(5) ~ - -  ~ E  ~ I  = ~ I  ~E  ' 

( 6 )  3 -  - -  S/ ' -E3- I  = ~-I3-E ' 

where 2~ (3-i) is the internal, ~ E  (3-E) the external, and ~ (3-) the total space reflection 
(time reversal). 

M o r e  p r e c i s e l y ,  t h e  t r a n s f o r m a t i o n s  ~ ,  ~ s ,  ~ ,  3-,  3 - s  a n d  3- i  c a n  bc  d e f i n e d  w i t h  

t h e  a i d  of  t h e  s u i t a b l e  r o t a t i o n s  in  M s. T h e  t o t a l  s p a c e - r e f l e c t i o n  2 is  d e f i n e d  b y  
eq .  (3) a n d  t h e  t o t a l  t i m e - r e v e r s a l  b y  cq .  (4). See fig. 1, 2, w h e r e  q u a n t i t y  s ~ is  
c h o s e n  to  b e  a s p a c e l i k e  v e c t o r  l y i n g  i n s i d e  t h e  p a r t i c l e  w o r l d - t u b e  (*) a n d  o r t h o g o n a l  
t o  t h e  w o r l d - t u b e  a x i s  ( spec i f ied  b y  i t s  u n i t  v e c t o r  TA). T h e  w o r l d - t u b e  l ies  in  t h e  
o r d i n a r y  M4.  

T h e  i n t e r n a l  s p a c e  r e f l ec t ion  ~ c a n  be  d e f i n e d  as  t h e  180 ~ r o t a t i o n  in  J1 s o f  t h e  
p a r t i c l e  w o r l d - t u b e  a r o u n d  t h e  s p a c e  Xp - (x ~ x e, x 3) o r t h o g o n a l  t o  t h e  p l a n e  (x ~, x ~) : 

a3 

t)) 

L 

X X 0 X 0 X 0 

S ;  X1 
SE 

1 ~ ~E =p  

.S/~ S 'u S/~ # 

Fig. 1. - The effect of the total  space reflection ~,  the internal space reflection ~ I  and the external 
space reflection ~E on the worl4-tube of a particle, a) refers to a moving particle, and b) to the simpler 
cas~ el u particle at  rest. The worl4-tubc is characterized by the timelike 4-vector ~u and the space- 
like 4-vector s ~ (see the text). The transformations ~,  ~I  and ~E change T ~ into ~T ~, T~ and T~, respec- 
t ively; and analogously for s u. 

(*) For simplicity, let us assume the pal'ticlc a to be spherical (even if with a nonsphcrieally-symmetric 
structure). 
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a) 

b) 
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Fig. 2. - The effect of the  total  t ime reversal  J-,  the  internal  t ime reversal ~r I and  the  externa l  t ime 
reversal  J-E on the  world-tube of a particle. Again,  a) refers to a moving particle, and  b) to the  
simpler ease of a particle at  rest.  As to vg and  s/t, the  same notat ions are used as in fig. 1. 

see fig. la) .  Notice t ha t  the  space 2:p a round  which one has to per form the  ro ta t ion  
in  M5 con ta ins  the  t ime  axis x ~ W h e n  the  part ic le  a is considered at  rest,  t hen  the  
t ube  axis coincides of course wi th  the  t ime-axis ;  in  such a par t icu lar  case, therefore,  
Xp conta ins  za: see fig. lb). 

The  i n t e rna l  t ime  reversal  3-~ can be defined as the  180~ of the  par t ic le  
World-tube in  M~ a round  the  space 27:, ~ (x 1, x 2, x a) or thogonal  to the  plane (x ~ x4): 
see fig. 2a). W h e n  the  par t ic le  a is in  par t i cu la r  at rest,  s A can be chosen so to coincide 
wi th  the  x~-axis: see fig. 2b). 

The  ex te rna l  space reflection ~ E  in  M 4 affects a part ic le  only  by  reflecting the  world- 
l ine of i ts  centre  of mass (the posi t ion of all  other  world-l ines wi th in  the  part ic le  world- 
t u b e  remain ing  unchanged  relatively to the  centre-of-mass world-l ine).  The  ex te rna l  
space reflection ~E is therefore n o t h i n g  b u t  the  o rd ina ry  space-reflection P :  

(7) ~ - P .  

The  ex te rna l  t ime  reversal  ~r E in  Ma is e q u i v a l e n t - - w i t h  regard to a chosen par-  
t icle a---to the  opera t ion t r ans fo rming  i ts  veloci ty v in to  - -  v (fig. 2a)), wi thout  affecting 
i ts  i n t e rna l  s t ructure .  The ex te rna l  t ime  reversal  3" E is therefore no th ing  bu t  the  o rd inary  
t ime  reversal  T :  

(8) 3r~ ~ T .  

We shall  also generalize to the  case of ex tended  part icles  the  Stf ickelberg-Fcynman 
re in t e rp re t a t ion  procedure (5). 

Let  us s ta r t  by  apply ing  (from the  active po in t  of view) the  to ta l  space-t ime 
reflection ~J"  to the  wor ld- tube  W of a par t ic le  a. We depict  W as consis t ing in a sheaf 
of world- l ines  w which r e p r e s e n t - - s a y - - i t s  ~ cons t i tuents  ~ (fig. 3a)); in  fig. 3- -bes ides  
the  e.m. wor ld - l ine - -we  show w l ~ A ;  w ~ B .  The opera t ion ~ 3 - - - = ~ E ~ 3 -  ~ will 

(5) R . P .  FEY~CMAN: Quantum Electrodynamics (New York, N . Y . ,  1962); Phys. Rev., "/6, 749, 769 
(1949); E. C. G. STUCKELBEI%G: Helv. Phys. Acta, 14, 324, 588 (1941). 
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transform W into a new world-tube ]~z consisting of the transformed world-lines 
(fig. 3b)). The world-tube VV diffeis from W in the fact that  its world-lines @ point in 
the opposite time-direction and occupy--with respect to the centre-of-mass world- 
l ine - - the  position symmetrical to the corresponding w. 

By applying the Feynman procedure (5) each world-line ~ transforms into the cor- 
responding world-line ~ (fig. 3e)). Each world-line ~ points in the positive time direc- 
tion, but  reprcsents an anti-(( const i tuent  )). We now identify the shear W of the 
world-lines ~ of the (( anti-constituents ,~ with the antiparticle ~; and therefore W with 
the world-tube of ~. This identification eorrcsponds to assume that  the overall time- 
direction of a particle a (or ~) as a whole coineides with the time-direction of its 
~( constituents ~). Such a procedure is an explicit generalization of Feynman procedure 
for extended particles. 

A preliminary conclusion is that  the antiparticle ~ of a can be regarded (from the 
chronotopical, geometrical point  of view) as derived from the reflection of its internal 
space-time. 

Let us repeat what precedes in a more rigorous way, and recall that  the Sttiekelbcrg- 
Feynman reinterpretation procedurc has bean reeently reformulated into one of the 
fundamental  principles (((third postulate))) of special relativity, see ref. (i-3). Let 
us also recall tha t  special relativity can be based (*) on the whole proper group ~f+ 
of both ortho- and anti-ehronous Lorentz transformations, ~ f + = ~ t +  L)~4+, since a 
clear physical meaning can be, given also to antiehronous (i.e. nonorthochronous) 
Lorentz transformations (1,3). The central elements of ~f+ are (~- 1 , -  1), where 1 
is the identi ty matrix in four dimensions. That  is to say, in such a formalization of 
special relativity the operation - -  1 does represent an actual (even if antichronous) 
Lorentz transformation, corresponding to the 180 ~ space-time ((rotation ~): 

(9) P T  :-  1 . 

Notice explicitly that  in eq. (9) the operators P, T have a meaning different from the 
one of the ordinary space-parity P and time-rcversal T. Namely, for the very fact 
that  eq. (9) represents a Lorcntz transformation, quantities P, T and P T  will act not 
only on the chronotopical space, but  also on the ((dual ~>, four-momentum spacc, etc. 
(This means that  T, in particular, when acting on a four-momentum vector, will change 
also the sign of energy.) But let us go back to the mere c.hronotopical space. 

Now, if we apply P T  = - - 1  from the active point of view to thc world-tube W 
in fig. 3a), we have to rotate it (by 180 ~ in four dimensions) into ITV (fig. 3b)). Such a 
ro~ation wilt effect also a reflection of the internal  3-space of a particle a, transforming 
i t - - among  the others-- into its mirror image. Analogously, from the passive point 
of view, if we apply P T  to the space-time in fig. 3a), containing also W, we shall pass 
to a _PT-ed frame whose space-time derives from the complcte 180 ~ (~ rotation ~) of the 
internal  space-time. Again, this will operate also the reflection of the internal  space- 
t ime of particle a (relatively to the new observer). 

Then, wc extend the Reinterpretation Principle (1-3) to thc case of extended objects, 
i.e. we apply it (e.g. within the active point of view) to the world-tube W of fig. 3b). 
The world-tube W represents an (internally reflected) particle not only going backwards 
in  t ime, but also carrying negative energy. Therefore applying the reinterpretation 
principle (s) will rigorously transform VV into W (fig. 3e)), the anti-world-tube W 
representing the antiparticle ~. 

(*) Cf. eq .  (11) in  t h e  fo l lowing .  
(r A n e w  f o r m a l i z a t i o n  of t h i s  p r i nc ip l e  (~, R I P  ~)) h a s  b e e n  v e r y  r e c e n t l y  g i v e n  b y  C. SCHWARTZ: 
P h y s .  Rev.  D, 25 ,  356 (1982).  
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a) b) c) 

Fig. 3. - Given a world-tube (a)),  we show the effect of the (antichronous) Lorentz transformation 
~ = --1 before (b)) and after (c)) the application of the (, reinterpretation principle ~ (~.2,5). See 
the text. 

In  conclusion,  as far  as the  chronotopica l  space is concerned,  the  (antichronous) 
Loren tz  t r ans fo rma t ion  P T ~ - - 1  can be considered as 

(10) 

so that in par t icu la r  

(10') 

- -  1 ~ P T  = ~ E 3 - ~ I 3 - I  = P T ~ I 3 -  I , 

P T  = ~ 3 - .  

At  th is  po in t  we have  to recal l  t ha t  in ref. (1,3) we s h o w e d - - b y  t ak ing  account  also 
of the  f o u r - m o m e n t u m  space and by  apply ing  the  <~ re in te rp re ta t ion  pr inciple  ~>--that 

(11) P T  = C P T  , 

where  C represents  the  con juga t ion  of a l l  the  add i t ive  charges  (1,3). Le t  us add,  going 
back  to eq. (9), t ha t  all  known (relativist ic)  equat ions  and (relativistic) in te rac t ions  
are  ac tua l ly  C P T - c o v a r i a n t .  F r o m  eqs. (10), (11) i t  is i m m e d i a t e  to der ive  t h a t  

(12) ~ i 3 - x =  ~ - i ~ i  = C . 

We have  thus  shown the  (geometrical)  opera t ion  of reflect ing the  i n t e r n a l  space- 
t i m e  of the  considered par t ic le  to be equ iva len t  to the  opera t ion  C which inver t s  the  
sign of al l  i ts add i t ive  charges.  

We  have  also seen tha t  the  in te rna l  t ransfor lna t ions  ~ ,  3-~ do change the  par t ic le  
in t r ins ic  state.  I f  we convene  to wr i te  N i a + + =  a+_; 3 - i a + + =  a_+, thcn  (7) 

(12') ~ i3- ia++ = a__ ,  

where  t he  subscripts  denote  t he  in te rna l  pa rame te r s  t h a t  t r ans form under  the  ac t ion  
of ~ and ~ ,  r e spec t ive ly ;  and where  a__ represents  the  in t r ins ic  ( =  internal)  s ta te  
of  t he  an t ipa r t i c le  ~. 

All  wha t  precedes  can be appl ied also wi th in  the  rea lm of q u a n t u m  theories.  
Bu t  le t  us here  conclude by  emphas iz ing  t h a t - - i n  our  opinion,  and for t he  resul ts  

in th is  paper  and in ref.  (1"3)--we should  advan tageous ly  subs t i tu te  in theore t i ca l  physics  
t he  new opera t ions  P ~ ~ and T ~ 3 -  for  the  o rd ina ry  operat ions  P ,  T, which  are  
mere ly  e x t e r n a l  reflections (e .g . ,  only  the  fo rmer  do belong to the  ful l  Loren tz  group) .  

(7) M. PAynim2: Mirror  particles and  par i ty  conservations, Report, University of Ljubljana (1976), 
unpublished. 
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