
L]~TTEI~]~ AL NIJOVO CI~I]~TO VOL. 43, N. 6 16 Imgl io  1985 

Tachyon Mechanics and Tachyon Gravitational Interaction (*). 

E. RECAMI (**) 

Department o] App l i ed  Mathematic,  State University at Campinas 
Campinas,  S . P . ,  Brazi l  

]~. GIANNETTO 

Dipartimento di Fis ica  dell' Universit& - Catania, I ta l ia  

(r icevuto il 10 Maggio 1985) 

PACS.  03.30. - Special  re la t iv i ty .  

Summary .  - B y  s t a r t i ng  f rom a va r i a t iona l  pr inciple ,  we  r e f o r m u l a t e  some bas ic  
ques t ions  of t a c h y o n  mechanics ,  i m p r o v i n g  (and cor rec t ing  some r e l ev an t  s igns in) 
var ious  previous  equa t ions ,  and  s t a t e m e n t s ,  p u t  fo r th  in t he  p a s t  even  b y  ourse lves .  
P a r t l y  as an appl ica t ion ,  we t h e n  rev is i t  t h e  t h e o r y  of t he  b e h a v i o u r  e x p e c t e d  for  
t a e h y o n s  when  in t e r ac t ing  grav i ta t iona l ly .  In  a g rav i t a t i ona l  field, t a c h y o n s  wou ld  
seem to be repel led  ]rout the kinematical point  o/ view; b u t  t h e y  wou ld  ac tua l ly  be 
a t t r a c t e d  ]rom the dynamical and energetical point  o] view. Such cons ide ra t ions  m i g h t  
even  have  a role in as t rophys ics ,  as shown  elsewhere .  

In t roduc t ion . -  W h e n  facing t h e  p r o b l e m  of e x t e n d i n g  special  r e l a t i v i t y  (SR) to  space-  
like objec ts  (~,~), some au thors  conf ined t hemse lves  a lways  to  refer  all objects ,  b o t h  
sub lumina l  and  Super lumina l ,  to subluminal  observers  on ly  (<( weak  a p p r o a c h  )>). O the r  
au tho r s  a t t e m p t e d  on the  c o n t r a r y  to  genera l ize  SR b y  i n t r o d u c i n g  b o t h  sub- and  Super-  
lumina l  observers ,  a n d  t h e n  by  e x t e n d i n g  the  pr inc ip le  of r e l a t i v i t y  ((( s t r o n g  a p p r o a c h  ~)). 

(*) Work partially supported by INFI~, Sezionc di Catania, and by CIME/IILA. 
(**) On leave of absence from the Dipartimento di Fisica, Universit/~ Statale di Catania, Catania, 
italy. 
(1) For a recent review on tachyons, see E. REOAMI: Classical tachyons, Report INFN/AE-84/8 
(Frascati, 1984), to be published in Riv. Nuovo Cimenlo; for an older review, see E. RECAMI and R. 
~IONANII Riv. Nuovo Cimento, 4, 209, 398 (1974). For partial, recent reviews see ref. (3). 
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CUES: A model-theory for tachyons in two dimensions, Prcprint No. 310 (Dept. Appl. Mathem., State Univ. 
at Campinas, Campin~s, S.P., Brazil, 1985), to appear in the Proceedings o/ the Sir Arthur Eddington 
Centenary Symposium, Vol. 3: Gravitational Radiation and Relativity, edited by T. M. K&RADE (%Vorld 
Sei. Pub. Co., Singapore). 
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T h e  l a t t e r  a p p r o a c h  is t h e o r e t i c a l l y  m o r e  w o r t h  of c o n s i d e r a t i o n  ( t achyons ,  e.g., get  real  

r e s t  masses ) ,  b u t  i t  m e e t s  of course  t h e  g r e a t e s t  obs t ac l e s  (3). 
L u c k i l y  enough ,  a n  e x t e n s i v e  s t u d y  of t h e  e x p e c t e d  t a c h y o n  p r o p e r t i e s  c an  be  per-  

f o r m e d  w i t h i n  t h e  w e a k  a p p r o a c h ,  a n d  e v e n  w i t h o u t  a s s u m i n g  t h e  ex i s t ence  of (( Super~ 
l u m i n a l  L o r e n t z  t r a n s f o r m a t i o n s  ~> in  fou r  d imens ions .  Th i s  is t r u e  for  i n s t a n c e  for  t h e  
d i scuss ion  ( a n d  so lu t ion  (2), a t  l e a s t  (( i n  m i c r o p h y s i c s  ~>) of t h e  so-cal led (( causa l  pa ra -  
doxes  )), a n d  for  t h e  e x p l o i t m e n t  of t a c h y o n  m e c h a n i c s .  

W e  a l r e a d y  e x p o u n d e d  some  t a c h y o n  k i n e m a t i c s  in  ref.  (4), especia l ly  in  c o n n e c t i o n  
w i t h  t h e  t w o - b o d y  i n t e r a c t i o n s  v i a  t a e h y o n - e x c h a n g e ,  a issue qu i t e  r e l e v a n t  b o t h  for  
t h e  co r rec t  so lu t ion  of t h e  c a u s a l i t y  p a r a d o x e s  ( even  if t h i s  f ac t  h a s  n o t  y e t  b e e n  wide ly  
recognized(*) (5) ) ,  a n d  for  t h e  poss ib le  app l i c a t i ons  in  t h e  r e a l m  of e l e m e n t a r y -  
p a r t i c l e  phys ics .  

O n  the v a r i a t i o n a l  p r i n c i p l e .  - L e t  us  n o w  t u r n  a b i t  ou r  a t t e n t i o n  to t h e  ques t ion  of 
i n t r o d u c i n g  a n  ac t ion  in teg ra l ,  S, for  t h e  f ree  t a c h y o n s .  I n  t h e  case of a n  o rd ina ry ,  free 

pa r t i c l e  we  h a v e  t h a t  S = eSds ;  for  a free t a e h y o n  le t  us,  r a t h e r ,  wr i t e  
g 

b 

(1) s = ~fla~l  �9 
a 

B y  ana logy  w i t h  t h e  b r a d y o n i e  (Iv] ~ c 2) case, we m i g h t  a s sume  for  a f ree  t a c h y o n  t he  
L a g r a n g i a n  (c ~ 1) 

(2) L = + mo%/V ~ -  i (V2> 1) 

a n d  t he r e fo re  eva lua t e ,  in  t h e  u s u a l  way ,  

~L m0 V 
(3) P ~ 8V = + %/V2_ i - - m V ,  

w h i c h  sugges t s  t h a t  for  t a c h y o n s  

~n 0 
(4) m 

v / V ~ -  1 

i n  a g r e e m e n t  w i t h  refs.  (1). 
I f  t h e  t a c h y o n  is no  longe r  free, we can  wr i t e  as u sua l  

dt dt\VV  ] 

(3) Cf .  e . g . G . D .  MACOARONE a n d  E .  RECAMI:  Found. Phys.,  14 ,  367 (1984:) a n d  r e f e r e n c e s  t h e r e i n ;  
G.  D .  MACCARO~E, M.  PAV~IO a n d  E .  REOAMI:  Nuovo Cimento B, 73, 91 ( 1983 ) ;  E .  R E e A M I :  Int.  
J .  Theor. Phys. ( to  a p p e a r ) ;  A .  O.  BARUT,  G.  D .  MACCARONE a n d  E .  REGAMI:  NUOVO Cimento .d, 
71, 509 (1982). 
(*) G. D. MACCARRONE and E. RECAMI: NUOVO Ci'mento A, 57, 85 (1980). 
(*) For a late, remarkable example of wrong perception of tile tachyon-dynamies issues involved, 
see ref. (5). 
(~) R. GIRARD and L. MARCHI/~DON: Found. Phys.,  14, 535 (1984). 
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By choosing the reference frame, at the considered t ime-instant  t, in such a way that  V 
is parallel to the x-axis, i.e. IV] = V x, we then get 

1 VV~_i~] mo - -  a x  
(6a) F : -~ m e %/V z -  i %/ ax (V2_  i) + 

and 

m 0 ~bo 
. . . .  a z . 

V w -  V V 2 - - 1  1 

The sign in eq. (6a) is consistent with the ordinary definition of work Lf, 

(7) d~f ~ + F ' d g ,  

and the fact that  the total  energy of a tachyon increases when its speed decreases (1). 
Notice, however, that  the proportionali ty constant  between force and acceleration 

does change sign when passing from the longitudinal  to the transverse components. 
The tachyon total  energy E, moreover, can still be defined as 

m e C 2 
( 8 )  E ~ p .  V - -  /J . . . .  m e  2 , 

VV~-  1 

which, together with eq. (4), extends to tachyons the relation E = mc% 
However, the following comments are in order at this point.  An ordinary timelike 

(straight) line can be bent  only in a spacelike direction; and it  gets shorter. On the 
contrary, if you take a spacelike line and, keeping two points on it fixed, bend it  slightly 
in between in a spacelike (time) direction, the bent  line is longer (shorter) than the 
original straight line (see e.g. DORLT~G (e)). For simplicity, let us here skip the generic 
case when the bending is part ly in the t ime and part ly in a spacelike direction (even 
if such a case looks to be the most interesting). Then, the action integral of eq. (1) along 
the straight (spacelike) line is minimal  with respect to the (~ space-like )> bendings and 
maximal  with respect to the <~ timelike >~ bendings. A priori, one might then choose 
for a free tachyon, instead of eq. (2), the Lagrangian 

(2') 

which yields 

L = - ~ o V V : - - 1 ,  

~L m0 V 
- -  - -  - -  m Y .  (3') P ~ v  V)z~_ 

Equation (3') would be rather interesting when tachyons are subst i tuted (1) for the 
(~ vir tual  particles )> as the carriers of the elementary-particle interactions (cf. e.g. sub- 
sect 6.13 in RECAMI (1)). In  fact, the (classical) exchange of a tachyon endowed with 
a momentum antiparallel to its velocity would generate an attractive interaction.  

(6) J .  DORLING;  A m .  J .  P h y s . ,  3 8 ,  539 (1970) .  
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F o r  nonfree  tachyons ,  f rom eq. (3') one gets 

(5') F _ d ~  _ 

dt 

and therefore ,  when  I VJ = V~, 

(6'a) fix = -t- ( V 2  1).~ a~, 

dt 

~l, o 7~b o 
a y ,  H z - -  - -  a z (6'b) 2'~ --  % / ~ - - -  1 V V  2 -  1 

D u e  to t he  sign in eq. (6'a), i t  is now necessary  to define the  work  ~ as 

(7') d~f = --  F '  d l ,  

and  ana logous ly  the  t o t a l  energy  E as 

m o  c2 
(8') E = - -  (is" v -  L)  = C V ~ -  1 

The  br ief  analysis  above  allows us some i m p o r t a n t  i m p r o v e m e n t s  and correct ions 
of t he  t a c h y o n  mechan ics  deve loped  by  RECAMI and MIGNA~I (~) in 1974. 

On tachyon mechanics.  - L e t  us consider  a force F ac t ing  on a t a chyon  T. If  at  t he  
considered t ime- ins t an t  t we choose as usual  t he  x-axis,  so tha t  V = I VI = V~, then  only 
the  fo rce -componen t  /~x will  m a k e  work.  W e  a l ready  men t ioned  t h a t  t he  to t a l  energy 
of a t a chyon  decreases when  i ts  speed increases,  and  vice-versa; i t  follows t h a t  ff~ when  
appl ied  to a t a chyon  will  ac tua l ly  m a k e  a posi t ive ,  e l emen ta ry  work  d~f, only  if a~ is 
an t ipara l le l  to  the  e l emen ta ry  d i spacement  dx, i.e. if sign (ax) = --  sign (dx). In  o ther  
words,  d~e in t he  case of a force F appl ied  to a t a chyon  mus t  be def ined so t h a t  

(9) d~f - -  (V2--  1)+ a ~ d x ,  

where  a~ and  dx possess of course the i r  own signs. E q u a t i o n  (9) does agree bo th  wi th  
the  couple  of equa t ions  (6a), (7) and  w i t h  t he  couple  of equa t ions  (6'a), (7'). 

I t  is ev iden t  t h a t ~ i t h  the choice r ep resen ted  by  eqs. (7) and (2 ) - -we  shall  
h a v e  (vn = v ~ ;  V = V~): 

m0 for bradyons  ; 
(10a) /~x = + (1 --  v2) ~ a~ 

m 0 
(10b) 1~'~-  (V 2 -  1)~ ax for t a c h y o n s .  

On the  cont ra ry ,  still  w i th  the  choice (7)-(2), we shall  h a v e  

m 0 
<10c) P~,z : + (11 -/ff21)~ a~'~ (132 X l )  
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for both bradyons and tachyons. Actually, under our hypotheses (v = v,; V =  V~), 
the transverse force components Fv,~ do not make any work; therefore, one had no 
reasons a priori  for expecting any change in eq. (10e) when passing from bradyons to 
tachyons. 

Let us repeat that  what above improves or corrects what  claimed in the past, even 
by ourselves. As an impor tant  consequence of the modifications introduced above 
(essentially some sign changes), let us consider the interaction of tachyons with a gravi- 
tat ional  field. 

Before going on, however, let us premise the following consideration. The funda- 
mental  law of ordinary (bradyon) dynamics reads 

d( d u/ d ] 
(11) 2 ' ~ : C d s s  m~ a s ]  ~ v o \  dvo] (f12<l)" 

Notice tha t  (since along a spacelike path ds 2 is negative, and then ds is imaginary) 
the first form of eq. (11) is invar ian t  only in the timelike case; whilst its second form 
can be assumed (~) as valid both for bradyons and for tachyons. (Quanti ty 30 is the 
proper time.) 

Even for tachyons, then, we shall have 

d dp .  
(12) ;F~ = + -~oVo (m~ ~ + dvo (32 > 1) , 

where m 0 is the tachyon (real) proper mass, and we defined (3) pu ~ moUU also for 
tachyons. Equat ion (12) is the relativistic Newton law expected to hold for f12~ 1. 
I t  is essential to recall (1), however, that  the four-velocity uu is to be defined uu --~ dxu/d~0. 
Quanti ty d~0, in fact, can be assumed to be real and invar iant  for both bradyons 
and tachyons; on the contrary, ds ~ • c d~ 0 for bradyons, bu t  ds = =k icd~o for 
tachym~s Q). These last considerations connected with eqs. (11), (12), however, become 
rigorous only under the assumption that  active (( Supcrluminal Lorentz transformations ~> 
exist (1-3) in four dimensions, which transform timelike into spacelike tangent  vectors. 
Equation (12), incidentally, agrees with eqs. (5) and (5') and suggests (~) tha t  for tachyons 
dt ---- q-dvo/~/flY~-- 1 , so that  for both bradyons and tachyons one may write dt 
= ~ d~o(ll - t~2i)-~. 

On the gravitational interaction of tachyons. - In  any gravitat ional  field a bradyon 
feels the (attractive) gravitat ional  four-force 

dxq dx ~ 
(13) .Fu = -- moT'~a ds ds (fl~< 1). 

For both bradyons and tachyons, in analogy with the preceding last considerations, 
eq. (13) may be writ ten as 

(14) .Ftt m o ~ dxO dx a 
= - c~ l ' ~  d ~  d~0 @ ~ 1 ) ,  

since the Christoffel symbols behave like third-rank tensors under  any linear trans- 
formations of the co-ordinates. Equations (14) are in particular expected to hold for 
a tachyon in a gravitat ional field (both when originated by tachyonic and by bradyonic 
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sources). Similar ly,  the  equa t i on  of mot ion  for b o t h  b radyons  and  t achyons  in a 
g r av i t a t i ona l  field m a y  stil l  r e a d  

(15) ag + F ~ u e n ~ =  0 (f12 ~ 1) 

wi th  ag ~ d2x~/d~. 
Pass ing  to genera l  r e l a t iv i ty ,  th is  does agree wi th  the  equ iva lence  pr incip le :  b radyons  

pho tons  and  t achyons  fol low t ra jec to r ies  in a g r av i t a t i ona l  field, which  depend only 
on the  in i t ia l  (different) four-pos i t ion  and four -ve loc i ty  and are i ndependen t  of mass. 

I n  connect ion  wi th  eq. (14), we can say  t h a t  also t achyons  are a t t r ac t ed  by  a 
g r a v i t a t i o n a l  field. However ,  such an (( attraction )) has to be under s tood  f rom the  
energe t ica l  and d y n a m i c a l  po in t  of v iew only. Actua l ly ,  t he  fac t  t h a t  the  energy of a 
t a chyon  decreases  (increases) w h e n  i ts  speed increases (decreases) engendered  a lot  of 
confusion in t he  l i te ra ture .  W e  hope  to c lar i fy  this  po in t  here  (~). 

L e t  us consider  for s impl ic i ty ' s  sake a t achyon  m o v i n g  rad ia l ly  wi th  respect  to a 
g r av i t a t i ona l  source.  D u e  to eq. (10b) (i.e., due to  the  couples of equa t ions  e i ther  (6a)-(7), 
or  (6'a)-(7~)) i t  wil l  accelerate when receding f rom the  source, and decelerate while approach- 
ing to t he  source. F r o m  the  k inema t i ca l  po in t  of view,  therefore,  we migh t  say t h a t  
t aychons  seem to be g r a v i t a t i o n a l l y  repelled (analogous  resul ts  were  p u t  for th  in ref. (7)). 
F r o m  the  more  i m p o r t a n t  d y n a m i c a l  and energet ica l  po in t  of view, however ,  we ought  
to  speak in t e rms  of attraction. 

In  the  case of a b r adyon ic  source, w h a t  precedes  agrees wi th  the  resul ts  ob ta ined  
wi th in  genera l  r e l a t i v i t y  by  va r ious  au thors  (s). 

S t r ic t ly  speaking,  eqs. ( 14)-(15) d e p e n d - - j u s t  as eq. ( 12) - -  on the  exis tence of ac t ive  
(( Super lumina l  Loren tz  t r ans fo rma t ions  ~) in four  d imensions  (x.a), whi ls t  a im of this  
pape r  was to emphas ize  resul ts  t h a t  do no t  depend  on t h a t  assumpt ion .  B u t  Super luminal  
Loren tz  t r ans fo rma t ions  surely  do exis t  in two  dimensions  (~,2), w i thou t  any  problem.  
L e t  us cor robora te  the  preced ing  s t a t emen t s  on the  t achyon  g rav i t a t iona l  in te rac t ion  
by  a safe (simple, bu t  enl ightening)  r emark  in two dimensions.  L e t  us consider  two 
(bradyonic)  bodies  A,  B t h a t  for ins tance  due to m u t u a l  attraction--accelerate while 
approaching to each other .  The  s i tua t ion  is ske tched in fig. 1, where  A is chosen as the  
re fe rence- f rame s ~ (t, x) and,  for s impl ic i ty ,  only  one discrete  change in ve loc i ty  is 
depicted.  F r o m  a Super lumina l  f r ame  t h e y  will  be descr ibed (see t he  figure) ei ther  as 
two t achyons  t h a t  decelerate while approaching to each o ther  ( this is t rue  in the  f rame 
S" = (t ~, x")), or as two  (an t i ) tachyons  (1,2) that accelerate while receding f rom each o ther  
(in t he  f r ame  S '  ~ (t', x ' )) .  Therefore ,  we expec t  t h a t  two t achyons  f rom the  kin- 
ematical po in t  of v i ew will  seem to suffer a repulsion,  if t h e y  a t t r a c t  each o ther  in thei r  
own res t  f rames  (and in the  o ther  f rames,  of course, in which  t h e y  are subluminal ) ;  
this  means  t h a t  such a behav iou r  of t he  t achyons  is to be  considered as due  to  an a t t rac-  
t ion f rom the  energetieal and dynamical poin t  of view. The  r igorous analysis  of this 
two-d imens iona l  s i tua t ion ,  therefore ,  pe r fec t ly  agrees wi th  the  resul ts  c la imed above  
for t a chyon  g rav i t a t ion .  

(~) See e . g . P . C .  VAIDYA: Curr .  Sc i .  ( Ind ia ) ,  40,  651 (1971);  A.  K .  RAYCH~.UDHURY: J .  M a t h .  
P h y s .  ( N . Y . ) ,  15,  256 (1974);  E.  I-IoNIG, K .  LAKE a n d  R .  C. ROEDER: P h y s .  Rev.  D ,  10, 3155 (1974).  
(s) See e . g . F .  SALTZMAN a n d  G. SALTZMAN: Left .  N u o v o  Cimento,  1, 859 (1969);  C. GREGORY: 
N a t u r e  P h y s .  Sc i . ,  239 ,  56 (1972);  R .  O. HETTEL a n d  T. M. I~ELLIWELL: NUOVO Cimento B ,  13, 
82  (1973);  C. P .  SUM: Left .  N u o v o  Cimento ,  11,  459 (1974);  J .  V.  NARLIKAR a n d  E.  C. G. SUDARSHXN: 
~/ion. No t .  R .  As t ron .  Soc. ,  175,  105 (1976) ;  J .  V.  NARLIKAR a n d  S. V. DHL~RANDttAR: P r a m ~ n a ,  6, 
388 (1976);  R .  P .  COMER a n d  ft. D.  L A T ~ O P :  A m .  J .  P h y s . ,  46,  801 (1978);  V. K .  ~r Teor.  
M a t .  F i z . ,  47, 177 (1981);  J .  CIBOROWSKI: P r e p r i n t  ( Ins t .  E x p .  P h y s . ,  W ~ r s ~ w ,  1982) ;  A.  ]VL FIN- 
KELSTEIN, V.  JA. KREINOVICH a n d  S. N .  PANDEY: R e p o r t  (Sp. A s t r o p h y s .  Obs . ,  P u l k o v o ,  1983) ;  
C. SHENGLIN, X .  XINGHUA, L .  YONGZttEN ~ncl D.  ZUGAN: P r e p r i a t  (Be i j ing  N o r m a l  U n i v . ,  P e k i n g ,  
198~). 
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Fig. 1 .  - I f  two  o r d i n a r y  bodies  A ,  B a t t r a c t  each  o the r  and ,  for  ins t ance ,  acce le ra te  while ap-  
p roach ing  to each  o ther ,  t h e n  f ront  S u p e r l u m i n a l  f r a m e s  t h e y  will be descr ibed  e i the r  as two  
t a e h y o n s  t h a t  dece le ra te  while a p p r o a c h i n g  to  each  o the r  ( in  the  f r a m e  S"~  (t", x")), or as two  
( a n t i ) t a e h y o n s  (~,~) t h a t  acce le ra te ,  while r eced ing  f r o m  each  o th e r  ( in  the  f r a m e  S ' ~  (t ' ,  x ' ) ) .  I n  
two  d imens ions  this  can  be m a d e  pe r f ec t ly  r igorous  (~,2). For  the  consequences ,  see t h e  t e x t .  Fo r  
s impl ic i ty ' s  sake,  in this  f igure only a discrete ve loc i t y  change  is depic ted .  

Those  resul ts  m i g h t  h a v e  a role  even  in as trophys ic s ,  in c o n n e c t i o n  w i t h  th e  observed ,  
a p p a r e n t  (< Supcr lumina l  e x p a n s i o n s  >> in the  core of var ious  quasars  and  g a l a x i e s  (10), 
e spec ia l ly  if i t  wi l l  be  conf irmed the  observa t ion  t h a t  in quasar  3C345 a <( S u p c r l u m i n a l  
c o m p o n e n t  ~> does  even  appear  to  acce lerate  a w a y  w i t h  t i m e  (11). 
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