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0.1 INTRODUCTION

Since the early works[1-4] on the so-called nondiffractmaves (called also Localized
Waves), a great deal of results has been published on thisriem subject, from both
the theoretical and the experimental point of view. Inifighe theory was developed tak-
ing into account only free space; however, in recent yeat®s been extended for more
complex media exhibiting effects such as dispersion[5i@hlinearity[8], anisotropy[9]
and losses[10]. Such extensions have been carried out alidmghe development of ef-
cient methods for obtaining nondiffracting beams and jgslén the subluminal, luminal
and superluminal regimes[11-18]. This paper (mainly agwyiaddresses some theoreti-
cal methods related to nondiffracting solutions of thedineave equation in unbounded
homogeneous media, as well as to some interesting applsatif such waves.

The usual cylindrical coordinatgs ;z ) will be used here. In these coordinates the
linear wave equation is written as

tle @ ,16 ,@6 1@
@ @ @2 @2 @t
In section Il we analyze the general structure of the LoedligVaves, develop the so
called Generalized Bidirectional Decomposition, and ti$e obtain several luminal and
superluminal (especially X-shaped) nondiffracting waskitons of eq[[0l1).
In section 11l we develop a space-time focusing method byrginaous superposition
of X-Shaped pulses of different velocities.
Section IV addresses the properties of chirped optical Ap8d pulses propagating in
material media without boundaries.
Finally, in Section V, we show how a suitable superpositibiBessel beams can be

used to obtain stationary localized wave elds with a statiwelope and a high transverse

=0 (0.1)
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localization, and whose longitudinal intensity pattern easume any desired shape within
achosenintervdd z L of the propagation axis.

0.2 SPECTRAL STRUCTURE OF THE LOCALIZED WAVES AND THE
GENERALIZED BIDIRECTIONAL DECOMPOSITION

An effective way to understand the concept of the (idealdiffracting waves is furnishing
a precise mathematical de nition of these solutions, soximaet the necessary spectral
structure from them.
Intuitively, an ideal nondiffracting wave (beam or pulsahbe de ned as a wave capable
of maintaining inde nitely its spatial form (apart from latvariations) while propagating.
We can express this intuitive property saying that a loealiwave has to possess the
property[12,13]

(;z;t)y=( ;.2 + zpt+ %) (0.2)
where zg is a certain length and is the pulse propagation speed that here can assume

anyvalue0 V 1
Using a Fourier Bessel expansion, we can express a funétion z;t ) as

X Z, Z, Z,

( ;;z;t) = dk dk, dik An(k ikz;1)dn(k )ekzze Mt gn
n=1 0 1 1
(0.3)
Using the translation property of the Fourier transfofiifigx + a)] = exp( ika) T[f (x)],
we have that\, (k ;k;;!) andexpli(k, zo ! zo=V)]A,(K ;k;;!) are the Fourier

Bessel transforms of the I.h.s and r.h.s. functions ifL.e?).(@nd from this same equation
we can get[12,13] the fundamental constraint linking thgudar frequency and the
longitudinal wavenumbek; :

Y
I = Vk +2m — (0.4)
Zp
with m an integer. Obviously, this constraint can be satis ed tigtothe spectral functions

An(k ikzit).

Now, let us explicitly mention that constraibi{D.4) doesingply any breakdown of the
wave equation validity. In fact, when inserting expres@d) in the wave equatior??),
one gets that

1 2
@ - k2 + k? (0.5)

So, to obtain a solution of the wave equation frdm1(0.3), t}mec!?umAz(k k2 )

must have the form

Ank ki) = Anlkl) K2 5 K (0.6)
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where (:) isthe Dirac delta function. With this we can write a solutidithe wave equation
as

" I
his Z, Z = ' 12 S S #
(iz;t) = d! dk, A (kz: ! )Jn — kZ ekeze M gn
n= 1 0 I=¢ C
(0.7)
where we have considered positive angular frequencies only
Equation[(0.J7) is a superposition of Bessel beams and itistsood that the integrations
inthe(!;k ;) plane areconnedtotheregidh ! 1 and !=c k, !=c
Now, to obtain an ideal nondiffracting wave, the spe&rdk;;! ) must obey the fun-

damental constrainf (d.4), and so we write

R
An(kzy!) = S (V) (! (Vkz + bm)) (0.8)
m=1
wherehy, are constants representing the te@msV =z in eq.[0.4), an®, (! ) are
arbitrary frequency spectra.
With eq.[0.8) into eq{0]7), we get a general integral fofimroideal nondiffracting wave

de ned by eql[0.P):

p 3 p3
(izit) = mm (5 1Zt) (0.9)
n=1 m=1
with
. Z (1 )
nm(,,Z,t)_ elbmz=V d'Snm(')
(Imin)m
S |
1 1 2b 2 o
Jn g W 12+ W! W e|V—(z Vt)en

(0.10)
where! nin and! nax depend on the values of V:

For subluminalV < c) localized waveshy, > O, (! min)m = chh=(c+ V) and
(! max)m = chp=(c V).

Forluminal(V = c) localizedwavesby, > O, (! min)m = bh=2and(! max)m = 1 .

For superlumina{V > c) localized wavesty, O, (! min)m = chh=(c+ V) and
(!max)m =1 .0rby <O, (! min)m = Clm=(c V) and(! max)m = 1.

It is important to notice that eachym (; ;z;t ) in the superpositior {0.9) is a truly
nondiffracting wave (beam or pulse) and the superpositfdham, [0.9), is just the most
general form to represent a nondiffracting wave de ned by{@&8). Due to this fact, the



search for methods capable of providing analytical sohgtior nm (; ;z;t ), €eq.[0.ID),
becomes an important task.

Let us remember that equatidn (0.10) is also a Bessel beaenmsgtion, but with the
constraint[{0.4) between their angular frequencies angitodinal wavenumbers.

In spite of the fact that the expressign (0.10) represertd iondiffracting waves, it is
dif cult to obtain closed analytical solutions from it. Due this, we are going to develop a
method capable of overcoming this limitation, providingesal interesting localized wave
solutions (luminal and superluminal) of arbitrary frequies, including some solutions
endowed with nite energy.

0.2.1 The Generalized Bidirectional Decomposition

For reasons that will be clear soon, instead of dealing bithritegral expression(0.9), our
starting point is the general expressibn]0.7).

Here, for simplicity we will restrict ourselves to axiallymmetric solutions, assuming
the spectral functions so that

An(kz;!') = noA(kz!) (0.11)

where g is the Kronecker delta.
In this way, we get the following general solution (considgipositive angular frequen-
cies only) which describes axially symmetric waves:

Z, Z = r ,27! ) )
( ;;z;t) = ) d! B dk;A(kz; ! )Jdo 0_2 k2 ek:ze " (0.12)
As we have seen, ideal nondiffractingwaves can be obtained the spectrura(k;; ! )
satis es the linear relationship(0.4). In this way, it i@l to adopt new spectral param-
eters in the place dfi; k ;) that make easier to implement that constraint[12,13].
With this in mind, we choose the new spectral paramdters) BY

1 1
= — (! . = —(I
o, (' +Vky); v Vkz) (0.13)
Let us consider here only lumin@/ = c) and superlumina{V > c) nondiffracting

pulses
With the change of variables{0]13) in the integral soluf@hb2), and considering/
), the integration limits on and have to satisfy the three inequalities

8
§0<+<1
c V

c+ V (0.14)

c+V
c VvV
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Letus suppose bothand to be positivd ; 0]. The rstinequality in[0.14)isthen
satis ed; while the coef cient§c V)=(c+ V) and(c+ V)=(c V) entering relation$(0.14)
are both negatives (sindé > c). As a consequence, the other two inequalitie§ in (0.14)
result to be automatically satis ed. In other words, theegration limits inO 1
andO 1 arecontainedin the limits [0.1#) and are therefore acceptable. Indeed,
they constitute a rather suitable choice for facilitatifigree subsequent integrations.

Therefore, instead of ef.(0]12), we shall consider the ¢éneasily integrable) Bessel
beam superposition in the new variables [with ]

S !
Zl d Zl d V2 ) ) 2 V2 i
- = : - + + —+
()= d dAG )L = 1 ( )42 g+l S
(0.15)
where we have de ned
z Vt; z+ Vt (0.16)

The present procedure is a generalization of the so-cablieliféctional decomposition”
technique[11], which was devised in the pastWor c.

From the new spectral parameters de ned in transformati@3), it is easy to see that
the constraint[(0M4), i.el = Vk; + b, is implemented just by making

Alkz; 1)t A ) = S() ( 0) (0.17)

with ¢ = b=2V. The delta function ( o) in the spectrum{0.17) means that we are
integrating Bessel beams along the continuousllire V k, + 2V ¢ and, in this way, the
functionS( ) will give the frequency dependence of the spectr@f:) ! S(!=V 0)-

This method is a natural way of obtaining pulses with eld centrationon =0 and

=0! z=Vt

Now, it is important to stress[13] that, wheg > 0in (@.17), the superpositioh (0]15)
has contributions from both backward and forward Bessatisaa the frequency intervals
V o !< 2V og(wherek; < 0)and2v o ! 1 (wherek; 0), respectively.

Nevertheless, we can obtain physical solutions when matkiagcontribution of the
backwards components negligible, by choosing suitablgktdunctionsS( ).

Itis alsoimportantto notice that we use the new spectrapaters and justto obtain
(closed-form) analytical localized wave solutions, ITrigethat the spectral characteristics
of these new solutions can be brought into evidence just mgusansformationd(0.13)
and writing the corresponding spectrum in terms of the uswaldk, spectral parameters.

In the following, we consider some cases with=0 and o > 0.

0.2.1.1 Closed analytical expressions describing some ide al nondiffracting
pulses
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Let us rst consider, in ed.{0.15), the following spectrattee typel(0.17) withg = 0:

A(; )= aVv (e (0.18)
ACG: ) = av ()Jo@d” e & (0.19)
AG )= ()T w (0.20)

with a > 0 andd being constants.
One can obtain from the above spectra the following supeériahtocalized wave solu-
tions, respectively:
— From spectruni{0.18), we can use the identity (6.611.8fifil9], obtaining the well
known ordinary X xave solution (also called X-shaped pulse)
(:) X-=g4q il (0.21)
(@v i)+ Y o1 2

— Using spectruni{0.19) and the identity (6.6444) of ref][1& get

r !
2

(:)=XJdo 5 1@)*X* exp (av i)(av) *d*x?
(0.22)
— The superluminal nondiffracting pulse
g P———
(; )=sin? 2 X ?r(dmavy’+2d(av) 2 V=@ 1
# (0.23)

q

1
+ X 24(d=av)?2 2d(av) 2 VZ=@ 1

is obtained from spectrurh (0.20) using identity (6.752fp6.[19] fora > 0 andd > 0.

From the previous discussion, we get to know that any saiutiatained from spectra
of the type[[0.1]7) with ¢ = 0 is free from noncausal (backwards) components.

In additionwhen ¢ = 0, we can see that the pulsed solutions deperdandt through

= z Vtonly, and so propagate rigidly, i.e. without distortion. cBipulses can be
transversally localized only ¥ > c, because iV = c the function has to obey the
Laplace equation on transverse planes[12,13].

Many others superluminal localized waves can be easilytoacted[13] from the above
solutions just by taking the derivatives (of any order) wiglspect to . It is also possible
to show[13] that the new solutions obtained in this way h&nrtspectra shifted towards
higher frequencies.



SPECTRAL STRUCTURE OF THE LOCALIZED WAVES AND THE GENERALIZED BIDIRECTIONAL DECOMPOSITION vii

Now, let us consider, in e@.(0]15), a spectrum of the ty@EfjQuith ¢ > O:

A(; ) = aV ( e & (0.24)

with a a positive constant.

Aswe have seen, the presence of the delta function, witrothgtant o > 0, implies that
we are integrating (summing) Bessel beams along the caniglline! = Vk, +2V .
Now, the functionS( ) = aVexp( aV!) entails that we are considering a frequency
spectrum of the typ&(' ) / exp( a!), and therefore with a bandwidth given by} =
1=a

Since ¢ > O,theintervaV o !< 2V g (or,equivalentlyinthiscas®, < o),
corresponds to backward Bessel beams, i.e. negative valllkgs However, we can get
physical solutions when making the contribution of thigjfrency interval negligible. In
this case, it can be done by makiagoV << 1, so that the exponential decay of the
spectrumS with respect td is very slow and the contribution of the interdal 2V ¢
(wherek, 0)overrunsthe/ o !< 2V ¢ (wherek, < 0) contribution.

Incidentally, we note that, once we ensure the causal behafithe pulse by making
aV o << 1lin ([@.24), we have that = 1=aV >> g, and so we can simplify the
argument of the Bessel function, in the integrand of supstiom (0.15), by neglecting the
term(V2=¢ 1) 2. With this, the superpositiof (0.115), with the spectrinZ4), can be
written as

Z, s !

i V2 V2 .
(:: ) ave'r . dJo . 242 = *1 o € e

(0.25)
Now, we can use identity (6.616.1) of ref.[19] and obtainrikes localized superluminal
solution called[13] Superluminal Focus Wave Mode (SFWM):

| (V2 + &)
X ew g
where, as beforeX is the ordinary X puls€(0.21). The center of the SFWM is lizeal
on =0and =0 (i.e. ATz = Vt). The intensityj j?, of this pulse propagates
rigidly, it being a function of and only. However, the complex functionspwwm (i-€.
its real and imaginary parts) propagate just with localat&ns, recovering their whole

sewm (55 ) = e (av i) avx ! (0.26)

three dimensional form after each space and time interwangby z, = = ( and
to = = oV.
The SFWM solution written above, fof !  ¢* reduces to the well known Focus

Wave Mode (FWM) solution[11], travelling with speed

e i o 2
— exp 0
ac |1 ac |1

Fwm (55 ) = ac (0.27)
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Let us also emphasize that, sincg> 0, the spectruni{0.24) results to be constituted
by angular frequenies V. Thus, our new solution can be used to construct high
frequency pulses.

0.2.1.2 Finite energy nondiffracting pulses

In this subsection, we will show how to get nite energy ldzad wave pulses. These
new waves can propagate for long distances while maintgihigir spatial resolution, i.e.
they possess a large depth of eld.

As we have seen, ideal nondiffracting waves can be constiumt superposing Bessel
beams (ed.{0.12) for cylindrical symmetry) with a spectdu(h k ,) that satis es a linear
relationship betweeh andk; . Inthe general bidirectional decomposition method, this ¢
be obtained by using spectra of the type (0.17) in supeipogd.15).

Solutions of this type possess an in nity depth of eld, hoxee they exhibit in nite
energy[11,13]. To overcome this problem, we can truncateleal nondiffracting wave
by a nite aperture, and the resulting pulse will have niteexgy and a nite eld depth.
Even so, such eld depths may be very large when comparectidtbe of ordinary waves.

The problemin this case is that the resulting eld has to Beudated from the diffraction
integrals (such as the well known Rayleigh-Sommerfeld fdapand, in general, a closed
analytical formula for the resulting pulse cannot be olsdin

However, there is another way to construct localized puls#s nite energy[13]. That
is, by using spectrd\(!; k ;) in (@.I2) whose domains are not restricted to be de ned
exactly over the straight line = V k, + b, but around that line, where the spectra should
concentrate their main values. In other words, the spectrasrto be well localized in the
vicinity of that line.

Similarly, in terms of the generalized bidirectional degmsition given in[(0.15), nite
energy nondiffracting wave pulses can be constructed deriag well localized spectral
functionsA(; ) inthe vicinity of the line = ¢, being ¢ a constant.

To exemplify this method, let us consider the following spam

8
< aqVe?® gad o) for 0

A, ) = . (0.28)
) 0 for O < 9

in the superpositio (0.15), quantiti@zandq being free positive constants addhe peak's
pulse velocity (her&  ¢).

It is easy to see that the above spectrum is zero in the refjiomeathe =  line,
while it decays in the region below (as well as along) suche. IWe can concentrate this
spectrum on = g by choosing values af in such a way that] ¢ >> 1. The faster the
spectrum decay takes place in the region below tle ¢ line, the larger the eld depth
of the corresponding pulse results to be.
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Besides this, once we choogey >> 1 to obtain pulses with large eld depth, we
can also minimize the contribution of the noncausal (back)veomponents by choosing
aV o << 1;in analogy with the results we obtained for the SFWM case.

Still in analogy with the SFWM case, when we choasg >> 1 (i.e. Along eld
depth) andaV o << 1 (minimal contribution of backward components), we can difyip
the argument of the Bessel function, in the integrand of sagmition [0.15), by neglecting
the term(V2=c 1) &.

With the observations above, we can write the superposldi®) with the spectrum

(0.28) as

s I
Z, Z, V2 5
(55 ) aqgv. d dJo — 1 242 -+1
0 0 C
e i e e q( o)e av
(0.29)
and, using identity (6.616.1) given in ref.[19], we get
Z,
i VZ2+ ¢
- X d q( da i Voo vXx 1 -
(C:5 ) q 0 e e exp Vicza i a :
(0.30)

which can be viewed as a superposition of the SFWM pulses=3€6.26)).
The above integration can be easily made and results[18kisa called Superluminal
Modi ed Power Spectrum (SMPS) pulse:

exp[(Y i) o]
X (0.31)

whereX is the ordinary X pulsé(0.21) and is de ned as

swes(;; ) =

VZ+c?
V2 ¢?

The SMPS pulse is a superluminal localized wave, with eldoentrationaround=0
and =0 (i.e. inz = Vt), and with nite total energy. We will show that the depth of
eld, Z, of this pulse is given b smps = q=2.

An interesting property of the SMPS pulse is related withtigsisverse width (the
transverse spot size at the pulse center). It can be shown{@®1) that for the cases
whereaV << 1= gandq o >> 1, i.e., forthe cases considered by us, the transverse spot
size, , ofthe pulse center (= 0) is dictated by the exponential function [n(0.31) and is
given by

\4 (av i) avx ! (0.32)

aVv V2 2

(V2r @) T AV o) (0-33)




which clearly does not depend anand so remains constant during the propagation. In
other words, in spite of the fact that the SMPS pulse suffarsgensity decrease during
the propagation, it preserves its transverse spot sizes ifitd@resting characteristic is not
veri ed in ordinary pulses, like the gaussian ones, wheeatimplitude of the pulse decreases
and the width increases by the same factor.

Figure[0.1. shows a SMPS pulse intensity, with=33m !,V =1:0lc,a=10 ?s
andq = 10° m, at two different moments, far= 0 and afte'50km of propagation, where,
as we can see, the pulse becomes less intense (half of it pgtk intensity). It can be
noted that, in spite of the intensity decrease, the pulsataias its transverse width, as one
can see from the 2D plots in Fig.(d.1.), which show the eltemsities in the transverse
sections az = 0 andz = g=2 = 50 km.

Figure 0.1. Representation of a Superluminal Modi ed Power Spectrutsgeq(0.31). Its total
energy is nite (even without any truncation), and so it gets deformed wpitgpagating, since its
amplitude decreases with time. In Eig.D.1.a we represent, £ 0, the pulse corresponding to

0=33m !,V =1:0lc,a=10 *?sandq=10°m. InFigldb itis depicted the same pulse
after having travelle&0 km.

Other three important well knownite energynondiffracting solutions can be obtained
directly from the SMPS pulse:

— The rst one, obtained froni{0.31) by making = 0, is the so called[13] Superlu-
minal Splash Pulse (SSP),

gX
g+ i Y
— The other two are luminal pulses. By taking the lidit! c* in the SMPS pulse
(@31), we get the well known[11iminal Modi ed Power Spectrum (MPS) pulse

ssp(;; ) = (0.34)

aqce' ° o 2
@+i)ac i)+ 2P a¢ i (0.35)

mes(; 7 ) =

Finally, by taking the limitv ! ¢* and making ¢ = 0 in the SMPS pulse (or,
equivalently, by making o = 0 in the MPS pulse[{0.35), or,instead, by taking the limit
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V I ¢ inthe SSP[{0.34)), we obtain the well known[1@iminal Splash Pulse (SP)
solution

.. aqc
w0 ) griEe 1) 2
Itis also interesting to notice that the X and SFWM pulsesizaabtained from the SSP
and SMPS pulses (respectively) by makipgl in Egs.[0.3%) and{0.31). As a matter
of fact, the solutions SSP and SMPS can be viewed as THE migegy versions of the X
and SFWM pulses, respectively.

(0.36)

Some characteristics of the SMPS pulse:

Let us examine the on-axis € 0) behavior of the SMPS pulse.
On =0 we have

swes( =0;; ) = agVe' °*[(aV i )(q+i )] * (0.37)

From this expression, we can show that the longitudinallipaton z, fort = 0, of
the SMPS pulse square magnitude is

z = 2aVv (0.38)

If we now de ne the eld depthZ as the distance over which the pulse's peak intensity
is 50%at least of its initial valug then we can obtain, frori (0.87), the depth of eld

Zswps = g (0.39)

which depends only og, as we expected singgegulates the concentration of the spectrum
around the linég = Vk, +2V .

Now, let us examine the maximum amplitulie of the real part of[{0.37), which for
z=Vtwrites( =0 and =22):

cos(2 0z) 2(z=9gsin(2 ¢2)

Mswes Re[ swes( =0;z= V)] = 1+ 4(2=97 (0.40)
Initially, for z =0,t = 0, one has =1 and can also infer that:
(i) whenz=qg << 1, namely, wherz << Z , equation[{0.40) becomes
Msmwps €OS(2 0z) for z<<Z (0.41)
and the pulse's peak actually oscillates harmonically vithvelength” zo = = ¢ and

“period” to= =V o, allalongits eld depth.

We can expect that while the pulse peak intensity is maiatgialso is its spatial form.
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(i) Whenz=q >> 1, namelyz >> Z , equation[{0.40) becomes

sin(2 ¢z)
2z=q
Therefore, beyond its depth of eld, the pulse goes on aaiily with the same zg,
but its maximum amplitude decays proportionallyto
In the next two Sections we are going to see an interestinficagipn of the localized
wave pulses.

Msmps for z>>7 (042)

0.3 SPACE-TIME FOCUSING OF X-SHAPED PULSES

In this Section we are going to show how one can in general g&rzown Superluminal
solution, to obtain from it a large number of analytic exgiess for space-time focused
waves, endowed with a very strong intensity peak at the elg$ircation.

The method presented here is a natural extension of thatogeceby A. Shaarawi et
al.[20], where the space-time focusing was achieved byrgapesing a discrete number
of ordinary X-waves, characterized by different valuasf the axicon angle.

In this section, based on ref.[21], we will go on to more et superpositions for
varying velocitiesV, related to through the known[3,4] relatioNN = c=cos . This
enhanced focusing scheme has the advantage of yieldingiarfalosed-form) expressions
for the spatio-temporally focused pulses.

Let us start considering an axially symmetric ideal nomdifing superluminal wave
pulse (;z V1) in a dispersionless medium, wheve = c=cos > c is the pulse
velocity, being the axicon angle. As we have seen in the previous $egtidses like
these can be obtained by a suitable frequency superposit®essel beams.

Suppose that we have ndw waves of thetype ,(;z Vn(t tn)), with different
velocitiesc < V1 <V, <:: <V y, and emitted at (different) timeg ; quantities, being
constants, while = 1;2;:::N. The center of each pulse is located¢at V,(t t,). To
obtain a highly focused wave, we need all the wave componerftsz Vn(t tn)) to
reach the given poing, = z, at the same time= t;. On choosing; = 0 for the slowest
pulse 1, itis easily seen that the peak of this pulse reaches the painz; at the time
tr = zs=V4. So we obtain that, for each,, the instant of emissioty, must be
Vil % 4 (0.43)
With this, we can construct other exact solutions to the veapgation, given by

z Vimax 1 1
( ;z;t) = av A(V) iz Vot — ; (0.44)
Vimin Vmin V

whereV isthe velocity ofthewave( ;z  Vt)intheintegrand of{0.44). Inthe integration,
V is considered as a continuous variable in the inteiVakh ; Vmax]- In €q. (2),A(V) is
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the velocity-distribution function that speci es the cdbution of each wave component
(with velocity V) to the integration. The resulting wavé ;z;t) can have a more or
less strong amplitude peak at= z;, at timet; = z=Vj,,, depending oA(V) and on
the differencé/max  Vmin - L€t us notice that also the resulting wave eld will prop&ga
with a Superluminal peak velocity, depending®fV ) too. In the cases when the velocity-
distribution function is well concentrated around a certaslocity value, one can expectthe
wave [0.4%) to increase its magnitude and spatial loc#izathile propagating. Finally,
the pulse peak acquires its maximum amplitude and locaizat the chosen poiat= z;,
and attime = z;=Vinin , as we know. Afterwards, the wave suffers a progressivesiimg,
and a decreasing of its amplitude.

0.3.1 Focusing Effects by Using Ordinary X-Waves

Here, we present a speci ¢ example by integrating (0.44) éve standard, ordinary[4]
X-waves X = aV[(aV i(z V1)2+(V2=¢ 1) ?] ¥2. When using this ordinary X-
wave, the largest spectral amplitudes are obtained forlegufencies. For this reason, one
may expect that the solutions considered below will be blétanainly for low frequency
applications.

Let us choose, then, the functionin the integrand of ed.(0.44) to be( ;z;t)
X(;z VI (A=Vmin 1=V)z)), viz.

av
h (I

H 1 1
av. 1z V t Vo VU

(;z;t) X = ¢

(0.45)
After some manipulations, one obtains the analiytiegral solution
z V
max V A V
( :zit) = o AVANV) (0.46)
Vinin PV2+ QV + R
with

—_ H Zs 2 2

P = ati t - t =
(0.47)

Q=21 J- a (z z)

R

(z z)? 2

Inwhat follows, we illustrate the behavior of some new spa¢imporally focused pulses,
by taking into consideration some different velocity dsitionsA (V). These new pulses
are closed analyticaxactsolutions of the wave equation.

First example:
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Let us consider our integral solution_{0146) wi#(V) = 1s=m. In this case, the
contribution of the X-waves is the same for all velocitiehia allowed rang®/min ; Vinax |-
Using identity 2.264.2 listed in ref.[19], we get the pautar solution

a p q
( ;Z;t) = B Pvnzmx + QVmax + R PVn%in + QVmin + R
p | (0.48)
aQ 2n P(Pvn%in + QVmin + R)"'ZPVmin + Q

+ — N
2p3=2 2'“' P(Pvn%ax + QVimax + R)+2PVmax +Q

whereP, Q andR are given in eql{0.47). A 3-dimensional (3D) plot of this étion is
providedin Fid.0.2.; where we have chosen 10 s, Viyin = 1:001¢, Vinax = 1:005¢
andz = 200 cm. It can be seen that this solution exhibits a rather evidpace-time
focusing. An initially spread-out pulse (shown for= 0) becomes highly localized at
t = ty = z=Vinin = 6:66 ns, the pulse peak amplitudezatbeing40:82times greater than
the initial one. In addition, at the focusing tinkethe eld is much more localized than at
any other times. The velocity of this pulse is approximatély 1:003c.

=0 “t=222ns il ns
00245 i 0

04 04 ;
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o8 o 075 ’ 14
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Figure 0.2. Space-time evolution of the Superluminal pulse represelmyeeq [0.4B); the chosen
parameter values age= 10 2 's; Vmin = 1:001 ¢, Vmax = 1:005 c while the focusing point

is atzs = 200 cm. One can see that this solution is associated with a rgth@ spatio-temporal
focusing. The eld amplitude a = z; is 40.82 times larger than the initial one. The eld ampligud
is normalized at the space-time point 0; z = z; t = t;.

Second example:

In this case we choos&(V) = 1=V (s=m), and, using the identity 2.261 in ref.[19],
eq.[0.46) gives
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!
a - 2|[:1P(PVH%aX + QVimax + R)+2PVpmax + Q
P 2 P(PVZ, + QVmin + R)+2PVmn + Q

( ;z;t) = (0.49)

in

Other exact closed-form solutions can be obtained[21]idenisig, for instance, velocity
distributions likeA(V) = 1=V2 andA(V) = 1=V3.

Actually, we can construct many others spatio-temporaltyiged pulses from the above
solutions, just by taking their time derivatives (of anyerd It is also possible to show[21]
that the new solutions obtained in this way have their spegttifted towards higher fre-
quencies.

0.4 CHIRPED OPTICAL X-TYPE PULSES IN MATERIAL MEDIA

The theory of the localized waves was initially developedffee space (vacuum). In
1996, S-enajalg et al.[5] showed that the localized wawaryhean be extended to include
(unbounded) dispersive media. This was obtained by maltingakicon angle of the
Bessel beams (BBs) vary with the frequency[5-7] in such a thaya suitable frequency
superposition of these beams does compensate for the atatimpersion. Soon after
this idea was reported, many interesting nondiffractingflispersive pulses were obtained
theoretically[5-7] and experimentally[5].

In spite of this extended method to be of remarkable impagaworking well in theory,
its experimental implementation is not so sir&ale

In 2004 Zamboni-Rached et al.[22] developed a simpler watain pulses capable of
recoveringtheir spatial shape, both transversally angitodinally, after some propagation.
It consisted in using chirped optical X-typed pulses, wkiéeping the axicon angle xed.
Let us recall that, by contrast, chirped Gaussian pulseslunded material media may
recover only their longitudinal shape, since they undengimgressive transverse spreading
while propagating.

The present section is devoted to this approach.

Let us start with an axis-symmetric Bessel beam in a materé@lium with refractive
indexn(! ):

(;z;t) = Jo(k )exp(iz)exp( it ); (0.50)

where it must be obeyed the conditidet = n?(! )! 2= 2, which connects among
themselves the transverse and longitudinal wave numbeand , and the angular fre-
quency! . In addition, we impose th&?> 0 and!= 0, to avoid a nonphysical
behavior of the Bessel functiaky(:) and to con ne ourselves to forward propagation only.

YWe refer the interested reader to quotations [5-7] for olitgi a description, theoretical and experimental, of
this extended method
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Once the conditions above are satis ed, we have the libdnyriting the longitudinal
wave number as = (n(! )! cos )=cand, therefore&k = (n(!)! sin )=¢ where (asin
the free space case)s the axicon angle of the Bessel beam.

Now we can obtain a X-shaped pulse by performing a frequemggrposition of these
Bessel beams [BB], with andk given by the previous relations:

Z,4

(;z;t) = S(')Jo
1

n(|C)' sin expli (!)z] exp( it )d!; (0.51)

whereS(! ) is the frequency spectrum, and the axicon angle is kept aotst

One can see that the phase velocity of each BB in our supéigpof.51) is different,
and given byWynase = cX(n(! )cos ). So, the pulse represented by Bq.(D.51) will suffer
dispersion during its propagation.

As we said, the method developed by S-enajalg et al.[5] apldrex by others[6,7],
to overcome this problem, consisted in regarding the axaimgle as a function of the
frequency, in order to obtain a linear relationship betweemd! .

Here, however, we wish to work with aed axicon angle, and we have to nd out
another way for avoiding dispersion and diffraction alongeatain propagation distance.
To do that, we might choose a chirped gaussian spec®{in in eq.[0.51)

2
2 TO

savicy’ (052

_ To 5 ) .
S(t) = Pﬁem[ a(t 'o)] with g
where! ¢ is the central frequency of the spectrufg,is a constant related with the initial
temporal width, an€ is the chirp parameter (we chose as temporal width the higfrvof
the relevant gaussian curve when its heigth eqlradgimes its full heigth). Unfortunately,
there is no analytical solution to €q.(0.51) wiif! ) given by eql{0.52), so that some
approximations are to be made.
Then, let us assume that the spectr®di(h), in the surrounding of the carrier frequency
! o, is enough narrow that !=! § << 1, so to ensure that(! ) can be approximated by
the rstthree terms of its Taylor expansion in the vicinitf/!ay: Thatis, (!) ("o)t+
AN, O To)+(1=2) )i, (! 'o)? where,afterusing = n(! )! cos=c, it
results that
@ _ cos @n @ _ cos @n @n

— n(I)+ ! — — 2—+

@ ¢ @ @? ¢ ‘@ "~ @r (0:53)

As we know, Y1) is related to the pulse group-velocity by the relatibg= 1= ! ).
Here we can see the difference between the group-velodifyeof-type pulse (with a xed
axicon angle) and that of a standard gaussian pulse. Sudfeeedte is due to the factor
cos in eq.[0.58). Because of it, the group-velocity of our X-aygulse is always greater
than the gaussian's. In other word¥y)x = (1 =cos )(Vg)gauss -
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We also know thatthe second derivative ¢f ) is related to the group-velocity dispersion
(GVD) 2by 2= ).

The GVD is responsible for the temporal (longitudinal) smtiag of the pulse. Here
one can see that the GVD of the X-type pulse is always sméilar that of the standard
gaussian pulses, due the factos in eq.[0.58). Namely( 2)x =cos ( 2)gauss-

Using the above results, we can write

(aty = To o) Coden( ita) Tt a0 o
2 (1+1iC) 1 c
| (0.54)
exp |%[Z Vgt] exp (! !0)2 |722 q2

The integral in eq{0.54) cannot be solved analytically,ibis enough for us to obtain
the pulse behavior. Let us analyze the pulse fer0. In this case we obtain:

To expll_(* o)z] exp( it of) (z Vgt)*(1+iC)

"TZ 1 ,1+iC)z 2VR[TE i 2(1+iC)z]
(0.55)

From eql{0.55) one can immediately see that the initial alpwidth of the pulse

intensity isTog and that, after a propagation distarzgehe time-widthT,; becomes

" Hi=2

T1 C ,z 2 2Z 2

= = 1+ i

To T¢ T¢

( =0;z;t) =

(0.56)

Relation [0.56) describes the pulse spreading-behavioe d¢an easily show that such
a behavior depends on the sign (positive or negative) of théyzt ,C, as is well known
for the standard gaussian pulses[23].

In the case ,C > 0, the pulse will monotonically become broader and broadén wi
the distancez. On the other hand, if;C < 0 the pulse will suffer, in a rst stage, a
narrowing, and then it will spread during the rest of its @gation. So, there will be
a certain propagation distance AT which the pulse will rexdts initial temporal width
(T1 = To). From relation[(0.56), we can nd this distanZe ;- 1, (considering ,C < 0)
to be

2CTZ
2(C2+1) °
One may notice that the maximum distance at which our chipugsk, with giverTy
and ,, may recover its initial temporal width can be easily evadddrom eq[{0.57), and
it results to be_ gisp = TOZ: 2. We shall call such a maximum vall;s, the “dispersion
length". Itis the maximum distance the X-type pulse maydtahile recovering its initial
longitudinal shape. Obviously, if we want the pulse to reass its longitudinal shape at

Zt,=1, = (0.57)
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some desired distan@e< L gisp, We have just to suitably choose the value of the chirp
parameter.

Let us emphasize that the property of recovering its owiainiemporal (or longitu-
dinal) width may be veri ed to exist also in the case of chilpgtandard gaussian pulses.
However, the latter will suffer a progressive transverseaging, which will not be re-
versible. The distance at which a gaussian pulse doublésitied transverse widthwg
iszg = 3w 2= o, where ¢ is the carrier wavelength. Thus, we can see that optical
gaussian pulses with great transverse localization wilkgeiled in a few centimeters or
even less.

Now we shall show that it is possible to recover also the trarse shape of the chirped
X-type pulse intensity; actually, it is possible to recowsrentire spatial shape after a
distanceZ, = 1,.

To see this, let us go back to our integral solution (0.54) perform the change of
coordinates(z;t) ! ( z;tc = zc=V), with

(0.58)

wherez. is the center of the pulse  is the distance from such a point), andis the
time at which the pulse center is locatedzat What we are going to do is comparing
our integral solution[{0.54), wheny = O (initial pulse), with that wherz; = Z1,-1, =
2CTE=( 2(C2 +1)).
In this way, the solutior (0.54) can be written, when= 0, as

. z
(:2¢=0; 2) = IISM l d'J ok (') ) exp M

2 (1+iC) 1 2(1+C?
(0 1)z (0 192,z (I 10)?TEC
exp | Vgo + 02 2 2y 2(1fc2())
(0.59)

where we have taken the valggiven by [0.52).
To verify that the pulse intensity recovers its entire ar@iform atz; = Zr,-1, =
2CTE 2(C?+1)], we can analyze our integral solution at that point, obtajni
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. CZ
T 0
(2,22 .2 = OeXpIOZ: cos n (! o)Vy
1&C T1=To> ~ m
z 1
Te(  1g)?
dtJ o(k (! L 0.60
ok (1)) exp — ey (0.60)
1 1 0 1 14)2 0 ] 1 5)2T2
exp | (! o) Z+(- fo)” 2 Z+(- o) TgC
Vg 2 2(1+ C2?)
where we put z = z% In this way, one immediately sees that
i(32¢=0; 2)*=j( iz¢= Zr=70;  2)j%: (0.61)

Therefore, from ed.{0.61) it is clear that the chirped aptiK-type pulse intensity will
recover its original three-dimensional form, with just adgtudinal inversion at the pulse
center: The present method being, in this way, a simple dedtafe procedure for com-
pensating the effects of diffraction and dispersion in abaimded material medium; and
a method simpler than the one of varying the axicon angle thigrequency.

Let us stress that we can choose the distanseZr,=1, Lgisp at which the pulse
will take on again its spatial shape by choosing a suitadigevaf the chirp parameter.

Till now, we have shown that the chirped X-type pulse recseverthree-dimensional
shape after some distance, and we have also obtained ati@dalscription of the pulse
longitudinalbehavior (for = 0) during propagation, by means of €q.(0.55). However,
one does not get the same information about the pulse treseslkiehavior: We just know
thatitis recovered @ = Zt,-1,.

So, to complete the picture, it would be interesting if weldaget also thdransverse
behavior in the plane of the pulse certer Vyt. In that way, we would obtain quantitative
information about the evolution of the pulse-shape duris@ntire propagation.

We will not examine the mathematical details here; we justrathat THE transverse
behavior of the pulse (in the plare = z. = Vyt) during its whole propagation can
approximately be described by
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ox tan2 2
To expll (1 o)zlexp( it ot) © BVZ( 1 2272 + )
"2 (1+iC) T 22+

(:Z2 =zt = 2:2\)

n(!o)! o sin tan2 2

lo

X »(p+1=2)(p+1) ] n(! ¢)! o sin tan? 2

+
2 2p+1) 2p c 2 8V2( 1 22522 + @P)

p=1

(0.62)

wherel ,(:) is the modi ed Bessel function of the rst kind of ord@r quantity ( :) being
the gamma function anglgiven by [0.5D).

The interested reader can consult ref.[22] for details on twobtain eq[(0.62) from
eq.[0.54).

At a rst sight, this solution could appear very complicatdditthe series in its r.h.s.
gives a negligible contributianThis fact renders our solution (0162) of important preatic
interest and we will use it in the following.

For additional information about the transverse pulsegiah (extracted from ed.(0.52)),
the reader can consult again ref.[22] . In the same referd@niseanalyzed the effect of a
nite aperture generation on the chirped X-type pulses.

0.4.1 An example: Chirped Optical X-typed pulse in bulk fuse d Silica

For a bulk fused Silica, the refractive indeg ) can be approximated by the Sellmeier
equation[23]

X1}
12 127
iz ' !

n(t) = 1+ (0.63)

where! ; are the resonance frequenciBs, the strength of th¢th resonance, and the

total number of the material resonances that appear in ¢loiéncy range of interest. For

our purposes it is appropriate to chodse= 3, which yields, for bulk fused silica[23], the

values B; = 0:6961663 B, = 0:4079426 B; = 0:8974794 1 = 0:0684043 m;
2=0:1162414 m; and 3 =9:896161 m.
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Now, let us consider in this medium a chirped X-type pulseéhwp = 0:2 m, Tg =
0:4 ps, C = 1and with an axicon angle= 0:00084rad, which correspond to an initial
central spotwith ¢ =0:117mm.

We get from eqs. [(0.55) and (0162), the longitudinal andsivarse pulse evolution,
which are represented by Hig.0.3.

Figure0.3. (a): Longitudinal-shape evolution of a chirped X-type pulsropagating in fused silica
with ¢ =0:2 m, To =0:4ps, C = 1and axicon angle = 0:00084 rad, which correspond
to an initial transverse width of o = 0:117 mm. (b): Transverse-shape evolution for the same
pulse.

From Figl0.3.(a), we can notice that, initially, the pulséfers a longitudinal narrowing
with an increase of intensity till the positian= T¢=2 , = 0:186m. After this point, the
pulse starts to broaden decreasing its intensity and reicgpvi¢s entire longitudinal shape
(width and intensity) at the poit= Tg= , = 0:373m, as it was predicted.

At the same time, from Fig.0]3.(b), one can notice that tHegomaintains its transverse
width =2:4cHn(! g)! osin ) = 0:117mm (becausdy! o >> 1) during its entire
propagation; however, the same does not occur with the puksesity. Initially the pulse
suffers an increase of intensity till the positign= T§=2 , = 0:186m; after this point,
the intensity starts to decrease, and the pulse recoverstits transverse shape at the point
z. = Té= , = 0:373m, as it was expected by us. Here we have skipped the seriégon t
r.h.s. of eq[(0.62), because, as we already said, it yiefdghgible contribution.

Summarizing, from Fig.0.B., we can see that the chirpedpéfyulse recovers totally
its longitudinal and transverse shape at the posiienL pisp = T02: > =0:373m, as we
expected.

Let us recall that @hirped gaussian pulseay just recover its longitudinal width, but
with an intensity decrease, at the position giverzby Zt,-1, = Ldisp = TOZ: 5. lts
transverse width, on the other hand, suffers a progressivé@versible spreading.
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0.5 MODELING THE SHAPE OF STATIONARY WAVE FIELDS: FROZEN
WAVES

In this Section we develop a very simple method[10,16,1y¥]having recourse to su-
perpositions of forward propagating aedual-frequencyessel beams, that allows one
controlling thelongitudinal beam-intensity shape within a chosen inte@al z L,
wherez is the propagation axis arld can be much greater than the wavelengtbf the
monochromatic light (or sound) which is being used. Insigieghsa space interval, indeed,
we succeed in constructingséationaryenvelope whose longitudinal intensity pattern can
approximately assume any desired shape, including, faarieg, one or more high-intensity
peaks (with distances between them much larger thaand which results —in addition—
to be naturally endowed also with a good transverse lodaiza Since the intensity en-
velopes remains static, i.e. with velocMy = 0, we call “Frozen Waves" (FW) such new
solutions[10,16,17] to the wave equations.

Although we are dealing here with exact solutions of theaoahve equation, vectorial
solutions of the same kind for the electromagnetic eld carobtained, since solutions to
Maxwell's equations follow naturally from the scalar wavguation solutions[24,25].

First, we present the method considering lossless mediB{1énd, in the second part
of this section, we extend the method to absorbing media[10]

0.5.1 Stationary wave elds with arbitrary longitudinal sh ape in lossless
media, obtained by superposing equal-frequency Bessel bea ms

Let us start from the well-known axis-symmetric zeroth orflessel beam solution to the
wave equation:

(;z:t) = Jo(k )eZe ™ (0.64)

with

K= — 2 (0.65)

where! , k and are the angular frequency, the transverse and the longéldiave
numbers, respectively. We also impose the conditions

I=> 0 and k¥ 0 (0.66)

(which imply!= ¢) to ensure forward propagation only (with no evanescenesp\as
well as a physical behavior of the Bessel functign

Now, let us make a superposition2i{l + 1 Bessel beams with the same frequehgy
but with different(and still unknown) longitudinal wave numberg :

. X .
( ;z;t) = e Mot AnJdok m )ée ™7 (0.67)

m= N
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where thyem represent integer numbers and #thg are constant coef cients. For each
m, the parametersy, k ,, and ,, must satisfy (0.65), and, because of conditions (0.66),
when considering o > 0, we must have

'o
0 n (0.68)

Let us now suppose that we wigh ;z;t)j?, given by eq.(0.67), to assume on the axis
= 0 the pattern represented by a functjér(z)j?, inside the chosen interv@l z L.
In this case, the functioR (z) can be expanded, as usual, in a Fourier series:

* L,
F(z) = Bme T M2

where

1 _
Bn = C F(z)e 'Tm2dz:

More precisely, our goalis nding out, now, the values of khiegitudinal wave numbers
m and the coef cient\,, of (0.67), in order to reproduce approximately, within thels
interval0  z L (for = 0), the predetermined longitudinal intensity-pattgfrz)j?.
Namely, we wish to have

X .
An€ ™% j F(2)j® with 0 z L: (0.69)

m= N

Looking at eq.(0.69), one might be tempted to take = 2 m=L , thus obtaining a
truncated Fourier series, expected to represent appréedynhe desired patterk (z).
Superpositions of Bessel beams with = 2 m=L have been actually used in some works
to obtain a large set dfansverseamplitude pro les[26]. However, for our purposes, this
choice is not appropriate, due to two principal reasons: t jelds negative values for

m (Whenm < 0), which implies backwards propagating components (since 0); 2)
In the cases wheh >> ¢, which are of our interest here, the main terms of the series
would correspond to very small values gf , which results in a very short eld-depth ofthe
corresponding Bessel beams (when generated by nite asjtypreventing the creation
of the desired envelopes far form the source.

Therefore, we need to make a better choice for the valueg pévhich permits forward
propagation components only, and a good depth of eld. Thibfem can be solved by
putting

n=Qtaom; (0.70)
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whereQ > 0is a value to be chosen (as we shall see) according to the giymrimental
situation, and the desired degredmainsverseeld localization. Due to eq.(0.68), we get
2 o
0 Q T N s :
Inequality (0.71), can be used to determine the maximunevafim, that we callN nay ,
onceQ, L and! ¢ have been chosen.
As a consequence, for getting a longitudinal intensitygrathpproximately equal to the
desired ongjF (2)j?, inthe intervald  z L, eq.(0.67) should be rewritten as

(0.71)

( =0;z;t) = e 'olgQ2 An € Tmz . (0.72)
m= N
with
14t
Am = = F(2e Mz gy (0.73)
0
Obviously, one obtains only an approximation to the dedorditudinal pattern, because
the trigonometric series (0.72) is necessarily truncatéd ( Nmax ). Its total number of
terms, let us repeat, will be xed once the valuesfL and! ¢ are chosen.
When 60,thewaveeld( ;z;t)becomes

(;z;t) = e otz X AmJokm )& TMm2; (0.74)
m= N
with
2
! g Q+ 2 Lm

The coef cientsA, will yield the amplitudesandthe relative phasesf each Bessel
beam in the superposition.

Because we are adding together zero-order Bessel functiensan expect high eld
concentration around = 0. Moreover, due to the known non-diffractive behavior of the
Bessel beams, we expect that the resulting wave eld wilkpree its transverse pattern in
the entire intervad z L.

The methodology developed here deals with the longitudimahsity pattern control.
Obviously, we cannot get a total 3D control, due the fact thateld must obey the wave
equation. However, we can use two ways to have some contotlo® transverse behavior
too. The rstis through the parametérof eq.(0.70). Actually, we have some freedom in
the choice of this parameter, and FWs representing the saméudinal intensity pattern
can possess different valueS@f The important pointis that, in superposition (0.74), gsin
a smaller value o) makes the Bessel beams possess a higher transverse catioei(ire-
cause, on decreasing the valu€xfone increases the value of the Bessel beams transverse
wave numbers), and this will re ect in the resulting eld, veh will present a narrower

(0.75)
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central transverse spot. The second way to control theveases intensity pattern is using
higher order Bessel beams, and we shall show this in Sectioh.5

Now, let us present a few examples of our methodology.

First example:

Let us suppose that we wish an optical wave eld with = 0:632 m, i.e. with
0 =2:98 10 Hz, whose longitudinal pattern (along itsaxis) intherang® z L

is given by the function
S l1)(z  12)
Z 1)(Z 2
for | z |
% CEDEE ' ?
1 for Iz z 4

F(z) = (0.76)
(z Is)(z le)
f I I
|6 |5)2 or Is Z 6
0 elsewhere
wherel; = L=5 Z1p andl, = L=5+ zp with 2z = L=50; while I3 =

L=2 Zas andly = L=2+ z34 with z34 = L=10; and, at last|]s = 4L=5 Zs6
andlg =4L=5+ zgswith z55 = L=50. In other words, the desired longitudinal shape,
intherang®d z L,isaparabolicfunctionfdy z I,, a unitary step function for
I3 z l4,and again a parabolain theinterlgal z lg, being zero elsewhere (within
theintervald z L, aswe said). In this example, let us it 0:2 m.

We can then easily calculate the coef cieits , which appear in the superposition
(0.74), by inserting eq.(0.76) into eq.(0.73). Let us cleydar instanceQ) = 0:999! o=c
This choice permits the maximum valbg,.x = 316 form, asone caninferfromeq.(0.71).
Let us emphasize that one is not compelled to useNust 316, but can adopt foN any
valuessmallerthan it; more generally, any value smaller than that catedlaia inequality
(0.71). Of course, WHEN using the maximum value allowed\foione gets a better result.

In the present case, let us adopt the vdlue 30. In Fig.0.4.(a) we compare the
intensity of the desired longitudinal functiéi(z) with that of the Frozen Wave,( =
0;z;t), obtained from eq.(0.72) by adopting the mentioned value 30.

One can verify that a good agreement between the desireiiudiregal behavior and
our approximate FW is already got with = 30. The use of higher values fof can only
improve the approximation. Figure 0.4.(b) shows the 3[@+isity of our FW, given by
eg.(0.74). One can observe that this eld possesses theeddsihgitudinal pattern, while
being endowed with a good transverse localization.

Second examplgontrolling the transverse shape too):
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Figure 0.4. (a)Comparison between the intensity of the desired longildimctionF (z) and
that of our Frozen Wave (FW)( = 0;z;t), obtained from eq.(0.72). The solid line represents
the functionF (z), and the dotted one our F\(b) 3D-plot of the eld-intensity of the FW chosen in
this case by us.

We wish to take advantage of this example for addressing goritant question: We
can expect that, for a desired longitudinal pattern of tHd iatensity, by choosing smaller
values of the paramet€¥ one will get FWs with narrowetransversewidth [for the same
number of terms in the series entering eq.(0.74)], becduke €act that the Bessel beamsiin
eq.(0.74) will possess larger transverse wave numberscandequently, higher transverse
concentrations. We can verify this expectation by congigefor instance, inside the usual
range0 z L, the longitudinal pattern represented by the function

2ol e o,
F(z) = 5 (2 122 ; (0.77)
: 0 elsewhere
withl; = L=2 zandl, = L=2+ z. Suchafunction has a parabolic shape, with its
peak centered at=2 and with longitudinal widtt2 z= 2. By adopting ¢ = 0:632 m
(thatis,! o =2:98 10 Hz), let us use the superposition (0.74) witro different values
of Q: We shall obtain two different FWs that, in spite of having tame longitudinal
intensity pattern, will possess different transverse lieations. Namely, let us consider
L =0:06mand z = L=100 and the two value® = 0:999! y=candQ = 0:995! o=c.
In both cases the coef cient&, will be the same, calculated from eq.(0.73), using this
time the valueN = 45 in superposition (0.74). The results are shown in Figs &td)3(b).
Both FWs have the same longitudinal intensity pattern, hetane with the smalle is
endowed with a narrower transverse width.

With this, we can get some control on the transverse spotlsinegh the paramet€y.
Actually, eq.(0.74), which de nes our FW, is a superpositaf zero-order Bessel beams,
and, due to this fact, the resulting eld is expected to pesse transverse localization
around = 0. Each Bessel beam in superposition (0.74) is associatédanientral spot
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Figure 0.5. (a)The Frozen Wave witQ = 0:999 o=candN = 45, approximately reproducing
the chosen longitudinal pattern represented by eq.(0.1B). A different Frozen wave, now with

Q =0:999 (=c(but still with N = 45) forwarding the same longitudinal pattern. We can observe
that in this case (with a lower value fQ) a higher transverse localization is obtained.

with transverse size, or width, ,  2:4=k , . On the basis of the expected convergence
of series (0.74), we can estimate the width of the trans\gyseof the resulting beam as
being
24 _ 5, 24 . (0.78)
k m =0 ! %ZCZ QZ

which is the same value as that for the transverse spot ofelsedd beam witim = 0
in superposition (0.74). Relation (0.78) can be useful: @we have chosen the desired
longitudinal intensity patternye can choose even the size of the transverse spot, and use
relation (0.78) for evaluating the needed, correspondialy& of parametef.

For a more detailed analyzis concerning the spatial rasolaind residual intensity of
the Frozen Waves, we refer the reader to ref.[17].

0.5.1.1 Increasing the control on the transverse shape by us ing higher-order
Bessel beams

Here, we are going to argue that it is possible to increasa eware our control on
the transverse shape by using higher-order Bessel beamsfar@lamental superposition
(0.74).

This new approach can be understood and accepted on thebaisigple and intuitive
arguments, which are not presented here, but can be fourd [b7#]. A brief description
of that approach follows below.

The basic idea is obtaining the desired longitudinal intgrgattern not along the axis

=0, but on a cylindrical surface correspondingte %> 0.

Todothis, we rstproceed as before: Once we have choseretsied! longitudinal inten-

sity patterri (z), withintheintervaD z L, we calculate t@e coef cientd, as before,

i.e., Am =(1=L) OL F(z)exp( i2mz=L )dz,andkm = !'& (Q+2m=L )2.
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Afterwards, we just replace the zero-order Bessel bedytis , ), in superposition
(0.74), with higher-order Bessel beards(k , ), to get

(;z;t) = e totgQ? And (kKm ) TM2: (0.79)

m= N

With this, and based on intuitive arguments[17], we can ekiteat the desired longitu-
dinal intensity pattern, initially constructed for= 0, will approximately shiftto = ©
where Crepresents the position of the rst maximum of the Bessetfiam, i.e the rst
positive root of the equatiofd J (k m =0 )=d )j o =0.

By such a procedure, one can obtain very interesting statyoton gurations of eld
intensity, as “donuts", cylindrical surfaces, and much enor

In the following example, we show how to obtain, e.g., a ajfioal surface of stationary
light. To getit, within the intervaD z L, letus rst select the longitudinal intensity
pattern givenby eq.(0.77),with = L=2  zandl, = L=2+ z,andwith z = L=300
Moreover, let us choode = 0:05m, Q = 0:998! y=c, and use\N = 150.

Then, after calculating the coef ciens,, by eq.(0.73), we have recourse to su-
perposition (0.79). In this case, we choose= 4. According to the previous dis-
cussion, one can expect the desired longitudinal internstyern to appear shifted to

0 5:318k, - =8:47 m, where 5.318 is the value &f,, - for which the Bessel
functionds(k m =0 ) assumesits maximumvalue,wkh, =0 = ! 2 Q2. The gure
0.6. below shows the resulting intensity eld.

In Fig.0.6.(a) the transverse section of the resulting bfam = L=2is shown. The
transverse peak intensity is located at 7:75 m, with a8:5% difference w.r.t. the
predicted value 08:47 m. Figure 0.6.(b) shows the orthogonal projection of theltewy
eld, which corresponds to nothing but a cylindrical sudaaf stationary light (or other
elds).

Figure 0.6. (a)Transverse section at= L=2 of the considered higher-order F\{b) Orthogonal
projection of the three-dimensional intensity patternhef same higher-order FW.
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We can see that the desired longitudinal intensity pattemsldeen approximately ob-
tained, but, as wished, shifted from= 0 to =7:75 m, andthe resulting eld resembles
a cylindrical surface of stationary light with radid¥5 mand lengtt238 m. Donut-like
con gurations of light (or sound) are also possible.

0.5.2 Stationary wave elds with arbitrary longitudinal sh ape in absorbing
media: Extending the method.

When propagating in a non-absorbing medium, the so-catiadiffracting waves main-
tain their spatial shape for long distances. However, tii@gon is not the same when deal-
ing with absorbing media. In such cases, both the ordinadytl@ nondiffracting beams
(and pulses) will suffer the same effect: an exponentiahatation along the propagation
axis.

Here, we are going to make an extension[10] of the methochgir®ve to show that,
through suitable superpositions of equal-frequency Bds=ams, it is possible to obtain
nondiffracting beams iabsorbing mediawhose longitudinal intensity pattern can assume
any desired shape within a chosen inteal z L of the propagation axis.

As a particular example, we obtain new nondiffracting beaagsable to resist the loss
effects, maintaining amplitude and spot size of their @more for long distances.

It is important to stress that in this new method there is nivagarticipation of the
material medium. Actually, the energy absorption by the immccontinues to occur nor-
mally, the difference being in the fact that these new beaame ln initial transverse eld
distribution, such to be able to reconstruct (even in thegmee of absorption) their central
cores for distances considerably longer than the penatrdépths of ordinary (nondiffract-
ing or diffracting) beams. In this sense, the present metlamdbe regarded as extending,
for absorbing media, the self-reconstruction proper@iésfhat usual Localized Waves are
known to possess in loss-less media.

Inthe same way as for lossless media, we construct a Bessalwith angular frequency
I and axicon angle in the absorbing materials by superposing plane waves théteame
angular frequency, and whose wave vectors lie on the surface of a cone withwartgle

. The refractive index of the medium can be writtemés) = ng(! )+ in| (! ), quantity
ngr being the real part of the complexrefraction index anthe imaginary one, responsible
for the absorbtion effects. With a plane wave, the penemadepth for the frequency
isgivenby =1= = c=2!n,,where isthe absorption coef cient.

In this way, a zero-order Bessel beam in dissipative medmbsawritten as =
Jo(k )exp(iz )exp( i't )with = n(!)! cos=c = ng! cos=c + in,! cos=c

rR+i:k =ng!sin=c+in,! sin=c kgr + ik, , and sk? = n?! 2=¢2 2,
In this way,] it results = Jo((kr + ik ) )exp(i rz)exp( i't )exp( z), where

R, kr are the real parts of the longitudinal and transverse wavebeus, and |, k
are the imaginary ones, while the absorption coef cient @dessel beam with axicon
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angle isgivenby =2 ; =2n,! cos=c, its penetration depth being = 1= =
c=2!n | cos .

Due to the fact thak is complex, the amplitude of the Bessel functilytk ) starts
decreasing from = 0 till the transverse distance = 1=2k, , and afterwards it starts
growing exponentially. This behavior is not physically eptable, but one must remember
that it occurs only because of the fact that an ideal Bessehlieeeds an in nite aperture
to be generated. However, in any real situation, when a Bbsaen is generated by nite
apertures, that exponential growth in the transverse titirecstarting after = 1=2k, ,
will notoccur inde nitely, stopping at a given value of Let us moreover emphasize that,
when generated by a nite aperture of radRisthe truncated Bessel beam[17] possesses a
depth of eldZ = R=tan , and can be approximately described by the solution given in
the previous paragraph,fok R andz<Z.

Experimentally, to guarantee that the mentioned expoalegitowth in the transverse
directiondoes notven start, so as to meet only a decreasing transverseitgtéms radius
R of the aperture used for generating the Bessel beam shoid b&=2k , . However, as
noted by Durnin et al., the same aperture has to satisfyladse@tatiorR 2=k g . From
these two conditions, we can infer that, in an absorbing orada Bessel beam with just
a decreasing transverse intensity can be generated only theebsorption coef cient is

< 2= ,i.e.,ifthe penetrationdepthis> = 2. The method developed in this paper does
refer to these cases, i.e. we can always choose a suitaldéeapéerture size in such a way
that the truncated versions of all solutions presentedsntbrk, including the general one
given by eq.(6), will not present any unphysical behaviat s now outline our method.

Consider an absorbing medium with the complex refractialeim(! ) = ng(!) +

in; (! ), and the following superposition @\ + 1 Bessel beams with the same frequency
I

( ;z;t)= X AmJo((kg, +ik; ) )€ rmZe 't @ 2. (0.80)
m= N
where tham are integer numbers, tig,, are constant (yet unknown) coef cients, quantities
r, andkgr . ( 1, andk,  )arethereal (theimaginary) parts of the complex longitadi
and transverse wave numbers oftheh Bessel beam in superposition (0.80); the following
relations being satis ed

k? = n’= 2 (0.81)

R nr
Rm - R 0.82
- N, (0.82)

where ., = Rm + i |m,km = kRm + ik|m,WithkRm:k| n = Nr=N;.

Our goal is now to nd out the values of the longitudinal wavenmbers ,, and the
coef cientsAp, in order to reproduce approximately, inside the intefvalz L (onthe
axis = 0), afreely chosetongitudinal intensity pattern that we célft (z)j?.
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The problem for the particular case of lossless media[16j¥/, whenn, = 0 !

1, = 0, was solved in the previous ﬂJbsectlon For those casessitsivown that the
choice = Q+2 m=L,withAyn =  F(2)exp( i2mz=L )=L dz can be used to
provide approximately the desired Iong|tud|nal intenpityternF (z)j? on the propagation
axis, within the interval  z L, and, at the same time, to regulate the spot size of the
resulting beam by means of the param&emvhich parameter can be also used to obtain
large eld depths and also to inforce the linear polarizatagpproximation to the electric
eld for the TE electromagnetic wave (see details in ref§,[T7]).

However, when dealing with absorbing media, the procedeseribed in the last para-
graph does not work, due to the presence of the funcégpé |, z) in the superposition
(0.80), since in this case that series does not became aeFsaries when =0

On attempting to overcome this limitation, let us write tiealrpart of the longitudinal
wave number, in superposition (0.80), as

Rn = Q+ ZTm (0.83)
with
2m !

where this inequality guarantees forward propagation,avith no evanescent waves.
In this way the superposition (0.80) can be written

( ;z;t)=e 't &2 X AmJo((kr, + ik, ))€eT%e mZ; (0.85)
m= N
where, by using (0.82), we have, =(Q+2 m=L )n,=ng,andk , = kg, + ik,
is given by (0.81). Obviously, the discrete superpositior8$) could be written as a
continuous one (i.e., as an integral over, ) by takingL ! 1, but we prefer the discrete
sum due to the dif culty of obtaining closed-form solutiotwsthe integral form.

Now, let us examine the imaginary part of the longitudinat@maumbers. The minimum
and maximum values among the, are( |)min =(Q 2 N=L )n;=ng and( |)max =
(Q +2 N=L )n, =ng, the central one being given by ( 1)m=0 = Qn;=ng. With
this in mind, let us evaluate the ratie [( |)max ( 1)min]= | =4 N=LQ .

Thus, when << 1, there are no considerable differences among the varigus
since |,  , holds for allm. In the same way, there are no considerable differences
among the exponential attenuation factors, sieg( ,2z) exp( ,z). So, when

= 0 the series in the r.h.s. of eq.(0.85) can be approximatehgidered a truncated
Fourier seriesnultiplied bythe functionexp( , z) and, therefore, superposition (0.85)
can be used to reproduce approximately the desired lorigaLicitensity patterfF (z)j?
(on =0),within0O =z L, whenthe coefcientd\,, are given by

z L

Am = El F(z)e '%e "2 dz; (0.86)
0
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being necessary the presence of the of the fastp( | z) in the integrand to compensate
for the factorsexp( |, z) in superposition (0.85).

Since we are adding together zero-order Bessel functioes;am expect a good eld
concentration around=0.

In short, we have shown in this Section how one can get, elbmorbing mediunasta-
tionary wave- eld with a good transverse concentration, and whosgitudinal intensity
pattern (on = 0) can approximately assunasy desired shapi- (z)j? within the pre-
determined intervdd z L. The method is a generalization of a previous one[16,17]
and consists in the superposition of Bessel beams in EQ)(0ti8e real and imaginary
parts of their longitudinal wave numbers being given by @83)and (0.82), while their
complex transverse wave numbers are given by eq.(0.81), aalt), the coef cients of
the superposition are given by eq.(0.86). The method isgdstsince 4 N=LQ << 1,
happily enough, this condition is satis ed in a great numdsesituations.

Regarding the generation of these new beams, given an appaagpable of generat-
ing a single Bessel beam, we can use an array of such appsdtugenerate a sum of
them, with the appropriate longitudinal wave numbers angdlantdes/phases [as required
by the method], thus producing the desired beam. For instame can use[16,17] a laser
illuminating an array of concentric annular aperturesdted at the focus of a convergent
lens) with the appropriate radii and transfer functione &b yield both the correct longi-
tudinal wave numbers (once a value €@ihas been chosen) and the coef cieAts of the
fundamental superposition (0.85).

0.5.2.1 Some Examples Forgenerality's sake, let us consider a hypothetical nradiu
inwhich atypical XeClexcimerlaser (= 308nm ! | =6:12 10'®Hz)hasapenetration
depth of 5 cm; i.e. an absorption coef cient= 20m !, and therefora, =0:49 10 °.
Besides this, let us suppose that the real part of the redraictdex for this wavelength is
ng = 1:5and thereform = ng + in; = 1:5+i0:49 10 ®. Note that the value of
the real part of the refractive index is not so important fsy since we are dealing with
monochromatic wave elds.

A Bessel beam with = 6:12 10'®Hz and with an axicon angle = 0:0141 rad
(so, with a transverse spot of radi8id m), when generated by an aperture, say, of radius
R = 3:5 mm, can propagate in vacuum a distance equZl to R=tan =25 cm while
resisting the diffraction effects. However, in the mateneedium considered here, the
penetration depth of this Bessel beam would be apl¢ 5 cm. Now, let us set forth two
interesting applications of the method.

First Example: Almost Undistorted Beams in Absorbing Media.

Now, we can use the extended method to obtain, in the sameimexdid for the same
wavelength, an almost undistorted beam capable of preggitgispot size and the intensity
of its central corefor a distance many times larger than the typical penetratepth of an
ordinary beam (nondiffracting or not).
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With this purpose, let us suppose that, for this materialiomagwe wish a beam (with
| =6:12 10'Hz) that maintains amplitude and spot size of its centra éora distance
of 25 cm, i.e. a distance 5 times greater than the penetratiomddn ordinary beam
with the same frequency. We can model this beam by choosengékired longitudinal
intensity patterjF (z)j> (on =0),within0 z L,

1 for 0 z Z
0 elsewherge

and by puttingZ = 25 cm, with, for examplel. = 33 cm.

Now, the Bessel beam superposition (0.85) can be used tocepe approximately this
intensity pattern, and to this purpose let us cha@se 0:9999=c for the g, in (0.83),
andN = 20 (note that, according to inequality (0.84, could assume a maximum value
of 158)

Once we have chosen the value®of. andN , the values of the complex longitudinal and
transverse Bessel beams wave numbers happen to be de nethtigms (0.83), (0.82) and
(0.81). Eventually, we can use eq.(0.86) and nd out the cosits A, of the fundamental
superposition (0.85), that de nes the resulting statigiveave- eld.

Let us just note that the conditighN=LQ << 1is perfectly satis ed in this case.

In Fig. (0.7.)(a) we can see the 3D eld-intensity of the réisg beam. One can see
thatthe eld possesses a good transverse localizatioh @spot size smaller thd® m),
it being capable of maintaining spot size aintensityof its central core till the desired
distance (a better result could be reached by using a higthee ofN ).

F(z) = (0.87)

Figure 0.7. (a)Three-dimensional eld-intensity of the resulting bea¢h) The resulting beam, in
an orthogonal projection and iagaritmic scale.

It is interesting to note that at this distance (25 cm), annany beam would have got
its initial eld-intensity attenuated 48times.

As we have said in the Introduction, the energy absorptiothbymedium continues to
occur normally; the difference is that these new beams haweitial transverse eld dis-
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tribution sophisticated enough to be able to reconstrwet{@ the presence of absorption)
their central cores till a certain distance. For a bettenalization of this eld-intensity
distribution and of the energy ux, Fig.(0.7.)(b) shows tesulting beam, in an orthogo-
nal projection and iogarithmic scale. It is clear that the energy comes from the lateral
regions, in order to reconstruct the central core of the be@mthe planeg = 0, within
the region R = 3:5mm, there is a uncommon eld intensity distribution, beingry
dispersed instead of concentrated. This uncommon iniéhd intensity distribution is re-
sponsible for constructing the central core of the resgltisam and for its reconstruction
till the distancez = 25 cm. Due to absorption, the beam (total) energy owing thioug
differentz planes, is not constant, but the energy owing IN the beant spea and the
beam spot size itself are conserved till (in this case) tetadcez = 25 cm.

Second Example Beams in absorbing media with a growing longitudinal ahdiensity.

Considering again the previous hypothetical medium, ircwlain ordinary Bessel beam
with = 0:0141rad and =6:12 10'Hz has a penetration depth ®tm, we aim to
construct now a beam that, instead of possesstmnatantcore-intensity till the position
z = 25 cm, presents on the contrary a (moderate) exponegrialth of its intensity, till
that distancez = 25 cm).

Let us assume we wish to get the longitudinal intensity pafte(z)j?, in the interval
O<z<lL,

exp(z=z) for 0 z Z

F(@) = 0 elsewherge

(0.88)

with Z =25 cmandL =33 cm.

Using againQ = 0:9999=c, N = 20, we CAN proceed as in the rst example,
calculating the complex longitudinal and transverse Bdmsams wave numbers and nally
the coef cientsA, of the fundamental superposition (0.85).

InFig. (0.8.) we can see the 3D eld-intensity of the resudtbeam. One can see thatthe

eld presents the desired longitudinal intensity patteiithvea good transverse localization
(a spot size smaller thak®D m).

Obviously, the amount of energy necessary to construcethew beams is greater than
that necessary to generate an ordinary beam in a non-abgonkeidium. Anditis also clear
that there is dimitation on the depth of eld of these new beams. In the rst example, fo
distances longer than 10 times the penetration depth ofdinary beam, besides a greater
energy demand, we meet the fact that the eld-intensity él#teral regions would be even
higher than that of the core, and the eld would loose the usharacteristics of a beam
(transverse eld concentration)
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Figure 0.8. Three-dimensional eld-intensity of the resulting beamain absorbing medium, with
a growing longitudinal eld intensity.
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