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Abstract { In the rst part of this paper (mainly a review) we present gerral and
formal (simple) introductions to the ordinary gaussian wags and to the Bessel waves,
by explicitly separating the cases of the beams from the casef the pulses; and, nally,
an analogous introduction is presented for the Localized Wes (LW), pulses or beams.
Always we stress the very di erent characteristics of the gesian with respect to the
Bessel waves and to the LWs, showing the numerous and impantagoroperties of the
latter w.r.t. the former ones: Properties that may nd application in all elds in which
an essential role is played by a wave-equation (like electnagnetism, optics, acoustics,
seismology, geophysics, gravitation, elementary partelphysics, etc.). In the second
part of this paper (namely, in its Appendix) we recall at rst how, in the seventies and
eighties, the geometrical methods of Special Relativity & predicted |in the sense
below speci ed| the existence of the most interesting LWs, ie., of the X-shaped pulses.
At last, in connection with the circumstance that the X-shagd waves are endowed with
Superluminal group-velocities (as carefully discussed the rst part of this article), we
brie y mention the various experimental sectors of physice which Superluminal motions
seem to appear: In particular, a bird's-eye view is presemteof the experiments till now
performed with evanescent waves (and/or tunneling photopsand with the \localized
Superluminal solutions" to the wave equations.
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1 A GENERAL INTRODUCTION

1.1 Preliminary remarks

Di raction and dispersion are known since long to be phenoma limiting the applications
of (optical, for instance) beams or pulses.

Diraction is always present, a ecting any waves that propajate in two or three-
dimensional media, even when homogeneous. Pulses and bearasconstituted by waves
traveling along di erent directions, which produces a gradal spatial broadening[6]. This
e ect is really a limiting factor whenever a pulse is needed hich maintains its trans-
verse localization, like, e.g., in free space communicaig)7], image forming|8], optical
lithography[9, [10], electromagnetic tweezefs|11,12]cetera.

Dispersion acts on pulses propagating in material media, wsing mainly a temporal
broadening: An e ect known to be due to the variation of the r&action index with the
frequency, so that each spectral component of the pulse pesses a di erent phase-velocity.
This entails a gradual temporal widening, which constituts a limiting factor when a pulse
is needed which maintains itdime width, like, e.g., in communication systems[13].

It is important, therefore, to develop any techniques ablea reduce those phenomena.
The so-calledlocalized wavegLW), known also as non-di racting waves, are indeed able
to resist di raction for a long distance in free space. Suchotutions to the wave equations
(and, in particular, to the Maxwell equations, under weak hgotheses) were theoretically
predicted long time aga[14, 15,16, 17] (cf. also[18], andetippendix of this paper),
mathematically constructed in more recent times[19, 20],nd soon after experimentally
produced|21] 22, 23]. Today, localized waves are well-ddished both theoretically and
experimentally, and are having innovative applications rnoonly in vacuum, but also in
material (linear or non-linear) media, showing to be able toesist also dispersion. As we
were mentioning, their potential applications are being ensively explored, always with
surprising results, in elds like Acoustics, Microwaves, @tics, and are promising also in
Mechanics, Geophysics, and even Gravitational Waves andeBhentary particle physics.
Worth noticing appear also the applications of the so-calle\Frozen Waves", that will
be presented elsewhere in this book; while rather interestj are the applicationsalready
obtained, for instance, in high-resolution ultra-sound smning of moving organs in human



body|24,25].

To con ne ourselves to electromagnetism, let us recall thergsent-day studies on
electromagnetic tweezers[26, 27, 128,129], optical (or astin) scalpels, optical guiding of
atoms or (charged or neutral) corpuscles[30,131,132], ogliclitography[33, [26], optical
(or acoustic) images[34], communications in free space[&8, [19,[37], remote optical
alignment[38], optical acceleration of charged corpussleand so on.

In the following two Subsections we are going to set forth a ief introduction to the
theory and applications of localized beams and localized Ipas, respectively.

Localized (non-di racting) beams | The word beamrefers to a monochromatic solution
to the considered wave equation, with a transverse localiran of its eld. To x our
ideas, we shall explicitly refer to the optical case: But ouconsiderations, of course, hold
for any wave equation (vectorial, spinorial, scalar...: irparticular, for the acoustic case
t00).

The most common type of optical beam is the gaussian one, whdsansverse behavior
is described by a gaussian function. But all the common bearss er a di raction, which
spoils the transverse shape of their eld, widening it gradally during propagation. As
an example, the transverse width of a gaussian beam doubleben it travels a distance
Zgt = 3 2= o, where  is the beam initial width and , is its wavelength. One
can verify that a gaussian beam with an initial transverse agrture of the order of its
wavelength will already double its width after having travdled along a few wavelenths.

It was generally believed that the only wave devoid of di ratton was the plane wave,
which does not su er any transverse changes. Some authorsdhghown, actually, that it
isn't the only one. For instance, in 1941 Stratton|[15] obtaed a monochromatic solution
to the wave equation whose transverse shape was concentdaite the vicinity of its prop-
agation axis and represented by a Bessel function. Such awimn, now called a Bessel
beam, was not subject to diraction, since no change in its ainsverse shape took place
with time. In ref.[L6] it was later on demonstrated how a larg class of equations (including
the wave equations) admit \non-distorted progressing wagé as solutions; while already
in 1915, in ref[17], and subsequently in articles like r§82], it was shown the existence of
soliton-like, wavelet-type solutions to the Maxwell equabns. But all such literature did
not raise the attention it deserved. In the case of ref.[15fhis can be partially justi ed
since that (Bessel) beam was endowed with in nite energy [asuch as the plane waves].
An interesting problem, therefore, was that of investigatig what it would happen to the
ideal Bessel beam solution when truncated by a nite transvee aperture.



Only in 1987 a heuristical answer came from the known expermt by Durnin et
al.|[40], when it was shown that a realistic Bessel beam, enaed with wavelength ¢ =
0:6328 m and central spoH 0 =59 m, passing through an aperture with radiuRR =
3:5 mm is able to travel about 85 cm keeping its transverse intsity shape approximately
unchanged (in the region << R surrounding its central peak). In other words, it
was experimentally shown that the transverse intensity péa as well as the eld in the
surroundings of it, do not meet any appreciable change in gba all along alarge \depth
of eld". As a comparison, let us recall once more that a gauss beam with the same
wavelength, and with the central \spot'B o =59 m, when passing through an aperture
with the same radiusR = 3:5 mm, doubles its transverse width after 3 cm, and after 6 cm
its intensity is already diminished of a factor 10. Therefa, in the considered case, a
Bessel beams can travel, approximately without deformatip a distance 28 times larger
than a gaussian beam's.

Such a remarkable property is due to the fact that the transuse intensity elds
(whose value decreases with increasing, associated with the rings which constitute the
(transverse) structure of the Bessel beam, when diractingend up reconstructing the
beam itself, all along a large eld-depth. All this depends o the Bessel beam spectrum
(wavenumber and frequency),[34, 41, 38] as explained in ditin our ref.[42]. Let us
stress that, given a Bessel and a gaussian beam |both with thesame spot o and
passing through apertures with the same radiuR in the plane z = 0, and with the
same energ\E | the percentage of the total energy E contained inside the central peak
region (0 o) iIs smaller for a Bessel than for a gaussian one: This dieren
energy-distribution on the transverse plane is responselfor the reconstruction of the
Bessel-beam central peak even at large distances from theurse (and even after an
obstacle with a size smaller than the aperture[7 L, 114,]7&:nice property possessed also
by the localized pulses we are going to examine below[114]).

It may be worth mentioning that most experiments carried onn this area have been
performed rapidly and with use, often, of rather simple appata: The Durnin et al.'s
experiment, e.g., had recourse, for the generation of a Belsbeam, to a laser source, an
annular slit and a lens, as depicted in Fid.(1). In a sense, duan apparatus produces
what can be regarded as the cylindrically symmetric generzation of a couple of plane

Let us de ne the central \spot" of a Bessel beam as the distane, along the propagation axis =0,
at which the rst zero occurs of the Bessel function characteizing its transverse shape.
YIn the case of a gaussian beam, let us de ne its central \spot"as the distance along =0 at which
its transverse intensity has decayed of the factor e



waves emitted at anglegheta and theta, w.r.t. the z-direction, respectively (in which
case the plane wavéntersection moves alongz with the speedc=sin ). Of course, these
non-di racting beams can be generated also by a a conic lerax{con) [cf., e.g., ref[34]],
or by other means like holographic elements [cf., e.g., r488,[44]].
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Figure 1: The simple experimental set-up used by Durnin et affor generating a Bessel
beam.

Let us emphasize, as already mentioned at the end of the preus Subsection, that
nowadays a lot of interesting applications of non-di racthg beams are being investigated;
besides the Lu et al.'s ones in Acoustics. In the optical sexct let us recall again those
of using Bessel beams as optical tweezers able to con ne orv@@round small particles.
In such theoretical and application areas, a noticeable cwibution is the one presented
in refs.[45,46, 77], wherein, by suitable superpositions Bessel beams endowed with
the same frequency but di erent longitudinal wavenumbersstationary elds have been
mathematically constructed in closed form, which possesshégh transverse localization
and, more important, a longitudinal intensity-shape that @an be freely chosen inside a
predetermined space-interval 0 z L. For instance, a high intensity eld, with a static
envelope, can be created within a tiny region, with negligib intensity elsewhere: Chapter
2 of the coming book [[ocalized WavegJ.Wiley; in press] will deal, among the others,
with such \Frozen Waves".

Localized (non-diracting) pulses | As we have seen in the previous Subsection, the
existence of non-di ractive (or localized)pulseswas predicted since long: cf., once more,



refs.|17,[16], and, not less, refs.]14,118], as well as mageent articles like refs.]47, 48].
The modern studies about non-di ractive pulses (to con ne arselves, at least, to the
ones that attracted more attention) followed a developmentather independent of those
on non-di racting beams even if both phenomena are part of the same sector of physics
that of Localized Waves

In 1983, Brittingham[49] set forth a luminal (v = c) solution to the wave equation
(more patrticularly, to the Maxwell equations) with travelsrigidly, i.e., without di raction.
The solution proposed in ref.]J49] possessed however in@ienergy, and once more the
problem arose of overcoming such a problem.

A way out was rst obtained, as far as we know, by Sezginer[50ho showed how
to construct nite-energy luminal pulses, which |however| do not propagate without
distortion for an in nite distance, but, as it is expected, travel with constant speed, and
approximately without deforming, for a certain (ong depth of eld: much longer, in this
case too, than that of the ordinary pulses like the gaussiames. In a series of subsequent
papers|35| 36, 51, 52, 53, 54], a simple theoretical methodsndeveloped, called by those
authors \bidirectional decomposition”, for constructinga new series of non-di racting,
luminal pulses.

Eventually, at the beginning of the nineties, Lu et all[19, Z] constructed, both math-
ematically and experimentally, new solutions to the wave e@tion in free space: namely,
an X-shaped localized pulse, with the form predicted by theoscalled extended Special
Relativity[14] 1]; for the connection between what Lu et al.called \X-waves" and \ex-
tended" relativity see, e.g., reflJ18], while brief excetp of that theory can be found, for
instance, in refs(|55, 56, 20, 57, 58]. Lu et al.'s solutiongre continuous superpositions of
Bessel beams with the same phase-velocity (i.e., with thersa axicon anglé[59, 20, 19] 1],
alpha): cf., e.g., Fig.[2); so that they could keep their shape fdibong distances. Such
X-shaped waves resulted to be interesting and exible lodaed solutions, and have been
afterwards studied in a number of papers, even if their velidg V is supersonic or Super-
luminal (V > c): Actually, when the phase-velocity does not depend on theefquency,
it is known that such a phase-velocity becomes the group-eeity! Remembering how a
superposition of Bessel beams is generated (for example,ayiscrete or continuous set
of annular slits or transducers), it results clear that the sergy forming the X-waves, com-
ing from those rings, travels at the ordinary speed of the plane waves in the considered
medium[60,61 20, 62] [here representing the velocity of the plane waves in the medium,
is the sound-speed in the acoustic case, and the speed oftliglthe electromagnetic case;
and so on]. Neverthelessthe peak of the X-shaped waves ifaster than c.
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Figure 2: One of the simplest experimental set-ups for geming various kinds of Bessel
beam superpositions.

It is possible to generate (besides the \classic" X-wave pilaced by Lu et al. in 1992)
in nite sets of new X-shaped waves, with their energy more @hmore concentrated in
a spot corresponding to the vertex region|42]. It may therefe appear rather intriguing
that such a spot [even if no violations of special relativitSR) is obviously implied: all
the results come from Maxwell equations, or from the wave egtions[73,[74]]| travels
Superluminally when the waves are electromagnetic. We shahll \Superluminal” all
the X-shaped waves, even, e.g., when the waves are acoustiBy Fig.(3), which refers
to an X-wave possessing the velocity > c, we illustrate the fact that, if its vertex or
central spot is located atP; at time t,, it will reach the position P, at atimet+ where

= jP, Py=V < jP, Pi=c We shall discuss all these points below.

Soon after having mathematically and experimentally consicted their \classic"
acoustic X-wave, Lu et al. started applying them to ultrasonic scanmg, obtaining |as
we already said| very high quality images. Subsequently, ina 1996 e-print and report,
Recami et al. (see, e.g., ref.[20] and refs. therein) pulbled the analogous X-shaped
solutions to the Maxwell equations: By constructing scalaSuperluminal localized so-
lutions for each component of the Hertz potential. That shoed, by the way, that the
localized solutions to the scalar equation can be used |undevery weak conditions| for
obtaining localized solutions to Maxwell's equations tooactually, Ziolkowski et al.[43
had found something similar, called by thenslingshotpulses, for the simple scalar case;
but their solution had gone practically unnoticed). In 1997%aari et al.[22] announced, in
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Figure 3: This gure shows an X-shaped wave, that is, a locakd Superluminal pulse.
It refers to an X-wave, possessing the velocity > c, and illustrates the fact that, if its

vertex or central spot is located atP; at time tg, it will reach the position P, at a time

t+ where =P, P;j=V < jP, Pjj=c This is something di erent from the illusory

\scissor e ect", even if the feeding energy, coming from the regiofs has travelled with
the ordinary speedc (which is the speed of light in the electromagnetic case, oné¢ sound
speed in Acoustics, and so on).

an important paper, the production in the lab of an X-shaped ave in the optical realm,
thus proving experimentally the existence of Superluminalectromagnetic pulses. Three
years later, in 2000, Mugnai et al.[23] produced, in an experent of theirs, Superluminal
X-shaped waves in the microwave region [their paper arousearious criticisms, to which
those author however responded].

2 A MORE DETAILED INTRODUCTION

Let us refer]5] to the dierential equation known as homogerous wave equation:
simple, but so important in Acoustics, Electromagnetism (Mrowaves, Optics,...), Geo-
physics, and even, as we said, gravitational waves and elertay particle physics:
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Let us write it in the cylindrical co-ordinates (; ;z ) and, for simplicity's sake, con ne
ourselves to axially symmetric solutions ( ;z;t). Then, eq.(d1) becomes

@, @ 1@
@

@, 1 1@
@z A

@2 (;z;t) =0 2)
In free space, solution ( ;z;t) can be written in terms of a Bessel-Fourier transform
w.r.t. the variable , and two Fourier transforms w.r.t. variablesz and t, as follows:

Zl Zl Zl . .
(:z;t) = k Jo(k )éekzZe ™ (k :k;:!)dk dk,d! (3)
0 1 1

where Jo(:) is an ordinary zero-order Bessel function and(k ;k;;! ) is the transform of
(;z;t).
Substituting eq.(3) into eq.(2), one obtains that the relaton, among! , k andk, ,

== KK *)

has to be satis ed. In this way, by using condition[(4) in eq8), any solution to the wave
equation (2) can be written

Z!=Czl pm i
Gzit) = k Jok )€ ' Kzgit gk :1)dk dl (5)
1

whereS(k ;!) is the chosen spectral function.

The general integral solution [(5) yields for instance thenpn-localized ) gaussian
beams and pulses, to which we shall refer for illustrating ¢hdi erences of the localized
waves w.r.t. them.



The Gaussian Beam A very common (non-localized) beam is the gaussian beamn[76
corresponding to the spectrum

Sk ;1) = 222 ¥ (1 1y) (6)

In eq.(@), a is a positive constant, which will be shown to depend on the dansverse
aperture of the initial pulse.

Figure (4 illustrates the interpretation of the integral solition (B), with spectral func-
tion (B), as a superposition of plane waves. Namely, from FEgjone can easily realize that
this case corresponds to plane waves propagating in all ditens (always withk, 0), the
most intense ones being those directed along (positive) Notice that in the plane-wave
casek; is the longitudinal component of the wave-vectork = K + K,, wherek = K; + K;.
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Figure 4: Visual interpretation of the integral solution [§, with the spectrum (@), in
terms of a superposition of plane waves.

On substituting eq.(8) into eq.(8) and adopting the paraxihapproximation, one meets
the gaussian beam

2
2a2 exp

4(8.2 + |Z:2k0) eiko(Z Ct)

2(@ + iz=2Ko) / 0

gauss( ' Zpt) =
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whereky = ! p=c¢ We can verify that such a beam, which su ers transverse diaction,
doubles its initial width o = 2a after having traveled the distancezqy = = 3k, 3=2,
called di raction length. The more concentrated a gaussiafeam happens to be, the
more rapidly it gets spoiled.

The Gaussian Pulsg The most common (non-localized) pulseis the gaussian pulse,

which is got from eq.[b) by using the spectrum|75]

S(k -l ) — _Zptﬁe azkze (! !0)? (8)

wherea and b are positive constants. Indeed, such a pulse is a superpsit of gaussian
beams of di erent frequency.

Now, on substituting eq.[8) into eq.[%), and adopting once wre the paraxial approx-
imation, one gets the gaussian pulse:

|
o) = P 2@+ iz=) P Tacm) o
AR a2 + iz=2k !

endowed with speed: and temporal width t = 2b, and su ering a progressive enlarge-
ment of its transverse width, so that its initial value gets @ubled already at position
Zgit = éko (2):2 , With 0 =2a.

2.1 The localized solutions

Let us nally go on to the construction of the two most renownd localized waves: the
Bessel beam, and the ordinary X-shaped pulge.[5]

First of all, it is interesting to observe that, when superpsing (axially symmetrical)
solutions of the wave equation in the vacuum, three spectrglarameters come into the
play, (!I; k ; k;), which have however to satisfy the constraint[(4), derivig from the wave
equation itself. Consequently, only two of them are indepeent: and we Choo%here

ZElsewhere we chosé and k,.
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I and k . Such a freedom in choosing and k was already apparent in the spectral
functions generating gaussian beams and pulses, which dstegl in the product of two
functions, one depending only oh and the other onk .

We are going to see that particular relations betweet and k [or, analogously,
between! and k,] can be moreover imposed, in order to get interesting and wpeected
results, such as thdocalized waves

The Bessel beanhLet us start by imposing a linear coupling between! and k (it could
be actually showr[41] that it is the unique coupling leadingo localized solutions).
Namely, let us consider the spectral function

(k !Esin )

k

Sk ;!) = ¢ lto (10)

which implies thatk = (! sin )=¢ with O =2: a relation that can be regarded as
a space-time coupling. Let us add that this linear constratrbetween! andk , together
with relation (), yields k, = (! cos )=c This is an important fact, since it has been
shown elsewhere[42] that amdeal localized wavemust contain a coupling of the type
I = Vk, + b, whereV and b are arbitrary constants.

The interpretation of the integral function (§), this time with the spectrum (10), as
a superposition of plane waves is visualized by Figuré 5: whishows that an axially-
symmetric Bessel beam is nothing but the result of the supewpition of plane waves whose
wave vectors lay on the surface of a cone having the propagatiaxis as its symmetry
axis and an opening angle equal to; such being called theaxicon angle

By inserting eq.(10) into eq.[5), one gets the mathematicaxpression of the so-called
Bessel beam:

(;z;t) = J !Osin ex i!ocos z Ct (11)
v ° ¢ P cos

This beam possesses phase-velociy, = c=cos , and eld transverse shape repre-

sented by a Bessel functionly(:) so that its eld in concentrated in the surroundings
of the propagation axisz. Moreover, eq[(Il) tells us that the Bessel beam keeps its
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Figure 5. The axially-symmetric Bessel beam is created by e¢hsuperposition of plane
waves whose wave vectors lay on the surface of a cone having pitopagation axis as its
symmetry axis and angle equal to ("axicon angle").

transverse shape (which is therefore invariant) while pr@gating, with central \spot"

= 2:405H! sin ).

The ideal Bessel beam, however, is not a square-integrablendtion, and possesses
therefore an in nite energy, i.e., it cannot be experimentdy produced.

But we can have recourse to truncated Bessel beams, genedaby nite apertures.
In this case the (truncated) Bessel beams are still able toavel a long distance while
maintaining their transfer shape, as well as their speed, ppximately unchanged|[40], 69,
70]: That is to say, they still possess a large eld-depth. Fanstance, the depth of eld
of a Bessel beam generated by a circular nite aperture withadius R is given by

Zoax = —— (12)

where is the beam axicon angle. In the nite aperture case, the Beslsbeam cannot
be represented any longer by e@.(lL1), and one has to calceldt by the scalar di raction
theory: Using, for example, Kirchho 's or Rayleigh-Sommedeld's di raction integrals.
But until the distance Z,,x one may still use eql{11) for approximately describing the
beam, at least in the vicinity of the axis = 0; namely, for << R . To realize how much
a truncated Bessel beam succeeds in resisting di ractiorgetlus consider also a gaussian
beam, with the same frequency and central \spot", and compartheir eld-depths. In

13



particular, let us assume for both beams = 0:63 m and initial central \spot" size

o = 60 m. The Bessel beam will possess axicon angle= arcsin(2:405c! o)) =
0:004 rad. Figure[® depicts the behavior of the two beams for a 8l beam circular
aperture with radius 35 mm. We can see how the gaussian beam doubles its initial
transverse width already after 3 cm, and after 6 cm its intenity has become an order of
magnitude smaller. By contrast, the truncated Bessel beamekps its transverse shape
untill the distance Z,ox = R=tan =85 cm. Afterwards, the Bessel beam rapidly decays,
as a consequence of the sharp cut performed on its apertureds cut being responsible
also for the intensity oscillations su ered by the beam alog its propagation axis, and for
the fact that eventually the feeding waves, coming from thepeerture, at a certain point
get faint).

2 2 ,xﬁ,:
| o]t

essel|_
12 (A
by S

P (mm) | —n z(m

(2) (b)

Figure 6: Comparison between a gaussian (a) and a truncatecegsel beam (b). One
can see that the gaussian beam doubles its initial transversvidth already after 3 cm,
while after 6 cm its intensity decays of a factor 10. By contst, the Bessel beam does
approximately keep its transverse shape till the distance5&m.

The zeroth-order (axially symmetric) Bessel beam is nothgybut one example of
localized beam. Further examples are the higher order (notlndrically symmetric)
Bessel beams

(;;z5;t) =3 !—osin exp(i ) exp i!—ocos z Lt ; (13)
c c cos
or the Mathieu beams[68], and so on.
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The Ordinary X-shaped Pulsg Following the same procedure adopted in the previous
subsection, let us construct pulses by using spectral fumahs of the type

(k !—sin)
Sk ;1) = S F() (14)

where this time the Dirac delta function furnishes the specal space-time couplingk =
(! sin )=c Function F(!) is, of course, the frequency spectrum; it is left for the moemt
undetermined.

On using eq.(14) into eq((b), one obtains

Z,

r ! c
. . — | T T - | -
(;z;t) . F(')Jo c sin exp c cos z oS t d: (15)
It is easy to see that will be a pulse of the type
= (;z VYV (16)

with a speedV = c=cos independent of the frequency spectrurk (! ).

Such solutions are known as X-shaped pulses, and #wealized(non-di ractive) waves in
the sense that they maintain their spatial shape during praggation (see., e.g., refs.[19,
20,[42] and refs. therein).

At this point, some remarkable observations are in order:

(i) When a pulse consists in a superposition of waves (in thisase, Bessel beams) all
endowed with the same phase-velocity,, (in this case, with the same axicon angle)
independent of their frequency,then it is known that the phase-velocity (in this case
Vpnh = c=cos ) becomes the group-velocity[7Z, 64f: That is, V = c=cos > c . In this
sense, the X-shaped waves are called \Superluminal locelizpulses” (cf., e.g., ref.J20]
and refs. therein).
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(i) Such pulses, even if their group-velocity is Superlumal, do not contradict stan-
dard physics, having been found in what precedes on the basikthe wave equations
[in particular, of Maxwell equations[35,] 20]| only. Indeed , as we shall better see
in the historical Appendix, their existence can be understzd within special relativity
itself[14,[18,/20) 56, 55, 57], on the basis of its ordinary §alates[1]. Actually, let us
repeat it, they are fed by waves originating at the aperturerad carrying energy with the
standard speedc of the medium (the light-velocity in the electromagnetic cae, and the
sound-velocity in the acousti¢|21] case). We can become wioiced about the possibility
of realizing Superluminal X-shaped pulses by imagining th@mple ideal case of a negli-
gibly sized Superluminal sourcé& endowed with speedv > c¢ in vacuum, and emitting
electromagnetic wavesN (each one traveling with the invariant speedc). The electro-
magnetic waves will result to be internally tangent to an ereloping coneC having S as
its vertex, and as its axis the propagation line of the source[l| 18]:This is completely
analogous to what happens for an airplane that moves in airtlwiconstant supersonic
speed The wavesW interfere mainly negatively inside the con€, and constructively on
its surface. We can place a plane detector orthogonally tg and record magnitude and
direction of the W waves that hit on it, as (cylindrically symmetric) functions of position
and of time. It will be enough, then, to replace the plane detgor with a plane antenna
which emits |instead of recording| exactly the same (axially symmetric ) space-time
pattern of wavesW, for constructing a cone-shaped electromagnetic wae that will
propagate with the Superluminal speed/ (of course, without a source any longer at its
vertex): even if each wavewW travels with the invariant speedc. Once more, this is
exactly what would happen in the case of a supersonic air@gin which casec is the
sound speed in air: for simplicity, assume the observer to la¢ rest with respect to the
air). For further details, see the quoted references. Actllg by suitable superpositions,
and interference, of speede waves, one can obtain pulses more and more localized in the
vertex region[42]: That is, very localized eld-\blobs" traveling with Superluminal group-
velocity. This has nothing to do with the illusory \scissorse ect", since such blobs, along
their eld-depth, are a priori able, e.g., to get two succe$se (weak) detectors, located at
distancel, clicking after a time smallerthan L=c. Incidentally, an analysis of the above-
mentioned case (that of a supersonic plane or a Superlumirgidarge) led, as expected[1],
to the simplest type of \X-shaped pulse'[18]. It might be uskil, nally, to recall that SR
(even the wave-equations have an internaélativistic structure!) implies considering also
the forward cone: cf. Fid.V. The truncated X-waves consided in this paper, for instance,
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must have a leading cone in addition to the rear cone; such ating cone having a role
for the peak stability]19]: For example, in the approximatecase in which we produce a
nite conic wave truncated both in space and in time, the theoy of SR suggested the
bi-conic shape (symmetrical in space with respect to the @ex S) to be a better approx-

imation to a rigidly traveling wave (so that SR suggests to ha recourse to a dynamic
antenna emitting a radiation cylindrically symmetrical in space and symmetric in time,
for a better approximation to an \undistorted progressing \ave").

Figure 7: The truncated X-waves considered in this paper, gsedicted by SR (all wave-
equations have an intrinsicrelativistic structure!), must have a leading cone in addition
to the rear cone; such a leading cone having a role for the pestkbility[L9]: For example,
when producing a nite conic wave truncated both in space anth time, the theory of SR
suggested to have recourse, in tlemplestcase, to a dynamic antenna emitting a radiation
cylindrically symmetrical in space and symmetric in time, dr a better approximation to
what Courant and Hilbert[16] called an \undistorted progresing wave". See the following,
in the text).

(iif) Any solutions that depend on z and ont only through the quantity z Vt, like
eq.(I5), will appear the same to an observer traveling alorzgwith the speedV, whatever
it be (subluminal, luminal or Superluminal) the value ofV. That is, such a solution
will propagate rigidly with speedV (and in fact there exist Superluminal, luminal and
subluminal localized waves). This further explains why ouxX-shaped pulses, after having
been produced, will travel almost rigidly at speedv (in this case, a faster-than-light
group-velocity), all along their depth of eld. To be even carer, let us consider a generic
function, depending onz V't with V > ¢, and show, by explicit calculations involving
the Maxwell equations onlythat it obeys the scalar wave equation. Following Franco
Selleri[103], let us consider, e.g., the wave function
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(xy;z;t) = 4 2
[b ic(z V]2+(V2 A)(x2+y?)

(17)

with a and b non-zero constantsc the ordinary speed of light, andv > ¢ [incidentally,

this wave function is nothing but the classic X-shaped wavenicartesian co-ordinates].
Let us naively verify that it is a solution to the wave equatim

1 @(xy;zit) _

2 R .
r<(xy;zt) 2 @ 0: (18)

On putting

R q[b ic(z V]2+(V2 A(x2+y?d);

a=R and evaluate the second derivatives

(19)
one can write =

é%: % SR—Cz[b ic(z VO?;
g%: V2R3°2+3 V2 CZZ;Z—ZS;
g%: V2R3°2+3 V2 &2;’:5
511% _ CZR\QZ 3‘;\5/2 b icz VOP:

wherefrom

" #
1 @ 1@  Vv?2 ¢ 5 2 [b ic(z V)2
a@ e - w2V TR

and
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vz ¢ 2 2 X2+ y?
= *t3 Vv c o5

" #
@ + @; e 2
@x @y

Q|

From the last two equations, remembering the previous de tion, one nally gets

18,08 ., 1@ _,
a @z @ @ ¢ @t
that is nothing but the (d'Alembert) wave equation (18), g.e.d. In conclusion, function
is a solution of the wave equation even if it does obviously epresent a pulse (Selleri
says \a signal") propagating with Superluminal speed.

After the previous three important comments, let us go backa our evaluations with
regard to the X-type solutions to the wave equations. Let usaw consider in eq[(I5), for
instance, the particular frequency spectrunt (! ) given by

F(!):H(!)Sexp 3! : (20)

whereH (! ) is the Heaviside step-function andh a positive constant. Then, eq[(1l5) yields

(i) X = a : (21)

(@ i)+ Y 1 2

with = z Vt. This solution (Z1) is the well-known ordinary, or \classit, X-wave,
which constitutes a simple example of X-shaped pulse.[19]2Notice that function (20)
contains mainly low frequencies, so that the classic X-wa® suitable for low frequencies
only.

Figure[8 does depict (the real part of) an ordinary X-wave witV = 1:1canda =3 m.

Solutions (15), and in particular the pulse[(2ll), have got am nite eld-depth, and
an in nite energy as well. Therefore, as it was done in the Bssl beam case, one should
proceed to truncated pulses, originating from a nite apemre. Afterwards, our truncated
pulses will keep their spatial shape (and their speed) allaig the depth of eld

R

Z = — 22
tan (22)

19



i1

os.)

pa:)|
Eos.|
v
LS8 |

&3

@2
L8 I

3pan

Figure 8: Plot of the real part of the ordinary X-wave, evaluged for V = 1:1c with
a=3m.

where, as beforeR is the aperture radius and the axicon angle.

Some Further Observation$ Let us put forth some further observations.

It is not strictly correct to call non-di ractive the locali zed waves, since dirac-
tion a ects, more or less, all waves obeying e@l(1)However all localized waves (both
beams and pulses) possess the remarkable \self-recondinre’ property: That is to say,
the localized waves, when diracting during propagation, d immediately re-build their
shapel71) 78/ 114] (even after obstacles with size much &Erdghan the characteristic
wave-lengths, provided it is smaller |as we know| than the ap erture size), due to their
particular spectral structure (as it will be shown more in d&il in other Chapters of the
mentioned book Localized WaveqJ.Wiley; in press]). In particular, the \ideal localized
waves" (with in nite energy and depth of eld) are able to re-build themselves for an
in nite time; while, as we have seen, the nite-energy (trurcated) ones can do it, and
thus resist the di raction e ects, only along a certain eld-depth...

Let us stress again that the interest of the localized waveggpecially from the point
of view of applications) lies in the circumstance that they @ almost non-di ractive,
rather than in their group-velocity: From this point of view, Superluminal, luminal, and
subluminal localized solutions are equally interesting @suited to important applications.

Actually, the localized waves are not restricted to the (X4saped, Superluminal) ones
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corresponding to the integral solution[(I5) to the wave equi@n; and, as we were already
saying, three classes of localized pulses exist: the Superinal (with speedV > c, the
luminal (V = c), and the subluminal (V < c) ones; all of them with, or without, axial
symmetry, and, in any case, corresponding to a uni ed, singlmathematical background.
This issue will be touched again in the present book. Incidelly, we have elsewhere
addressed topics as (i) the construction of in nite familie of generalizations of the classic
X-shaped wave [with energy more and more concentrated aralhe vertex: cf., e.g.,
Figs[9, taken from refl[[42]]; as (ii) the behavior of some ite total-energy Superluminal
localized solutions (SLS); (iii) the way for building up newseries of SLS's to the Maxwell
equations suitable for arbitrary frequencies and bandwitis, as well as (iv) questions
related with the case of dispersive media: In Chapter 2 of thebovementioned book
[Localized Waves(J.Wiley; in press] we shall come back to some (few) of thos®ipts.
Let us add that X-shaped waves have been easily produced ailsmonlinear medial4], as
a further Chapter of the same volume will show.

A more technical introduction to the subject of localized wees (particularly w.r.t.
the Superluminal X-shaped ones) can be found for instance rief.|55].
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(a) (b)

Figure 9: In Fig.(a) it is represented (in arbitrary units) the square magnitude of the
\classic", X -shaped Superluminal localized solution (SLS) to the wavegeation, with
V = 5canda = 0:1 m Families of innite SLSs however exists, which generaé
the classic X -shaped solution; for instance, a family of SLSs obtaine@Wby suitably
di erentiating the classic X-wave: Fig.(b) depicts the rst of them (corresponding to the
rst di erentiation) with the same parameters. As we said, the successsive solutions in
such a family are more and more localized around their verteQuantity is the distance
in meters from the propagation axisz, while quantity is the \\V-cone" variable[refl[42]]
(still in meters) z Vt withV c Since all these solutions depend anonly via the
variable , they propagate \rigidly", i.e., as we know, without distortion (and are called
\localized", or non-dispersive, for such a reason). Here vae assuming propagation in
the vacuum (or in a homogeneous medium).

APPENDIX:
A HISTORICAL (THEORETICAL AND EXPERIMENTAL) APPENDIX

In this mainly \historical" Appendix, written as far as possble in a (partially) self-
consistent form, we shall rst refer ourselves, from the tharetical point of view, to the
most intriguing localized solutions to the wave equation: te Superluminal ones (SLS),
and in particular the X-shaped pulses. As a start, we shall call their geometrical in-
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terpretation within SR. Afterwards, to help resolving postble doubts, we shall seize the
opportunity, given to us by this Appendix, for presenting a lrd's-eye view of the various
experimentalsectors of physics in which Superluminal motions seem to agxo: In partic-
ular, of the experiments with evanescent waves (and/or tureling photons), and with the
SLS's we are more interested in here. In some parts of this Agpdix the propagation-line
is calledx, and no longerz, without originating, however, any interpretation problens.

3 INTRODUCTION OF THE APPENDIX

The question of Superluminal ¥? > c¢?) objects or waves has a long story. Still in pre-
relativistic times, one meets various relevant papers, fo those by J.J.Thomson to the
interesting ones by A.Sommerfeld. It is well-known, howekgethat with SR the conviction
spread out that the speect of light in vacuum was the upper limit of any possible speed.
For instance, R.C.Tolman in 1917 believed to have shown by shiparadox" that the
existence of particles endowed with speeds larger thanwould have allowed sending
information into the past. Our problem started to be tackledagain only in the fties
and sixties, in particular after the papers|89] by E.C.Gege Sudarshan et al., and, later
on[80,81], by one of the present authors with R.Mignani et alas well as |to con ne
ourselves at present to the theoretical researches| by H.(Corben and others. The rst
experimental attempts were performed by T.Alvager et al.

We wish to face the still unusual issue of the possible exist®e of Superluminal
wavelets, and objects |within standard physics and SR, as wesaid| since at least four
di erent experimental sectors of physicsseemto support such a possibility [apparently
con rming some long-standing theoretical predictions[114,[89, 81]]. The experimental
review will be necessarily short, but we shall provide the agler with further, enough
bibliographical information, limited for brevity's sake to the last century only (i.e., up-
dated till the year 2000 only).

4 APPENDIX: HISTORICAL RECOLLECTIONS -
THEORY

A simple theoretical framework was long ago proposed[89,80], merely based on the
space-time geometrical methods of SR, which appears to ingorate Superluminal waves
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and objects, and predicf[14] among the others the Superlunal X-shaped waves, without
violating the Relativity principles. A suitable choice of he Postulates of SR (equivalent of
course to the other, more common, choices) is the followinga (i) the standard Principle
of Relativity; and (ii) space-time homogeneity and space asropy. It follows that one
and only oneinvariant speed exists; and experience shows that invariant speed te the
light-speed, c, in vacuum: The essential role ot in SR being just due to its invariance,
and not to the fact that it be a maximal, or minimal, speed. No 8b- or Super-luminal
objects or pulses can be endowed with an invariant speed: $@t their speed cannot play
in SR the same essential role played the light-speedn vacuum. Indeed, the speedturns
out to be alimiting speed: but any limit possesses two sides, and can be appre@atia
priori both from below and from above: See Fig.10. As E.C.Gu8arshan put it, from the
fact that no one could climb over the Himalayas ranges, peapbf India cannot conclude
that there are no people North of the Himalayas; actually, sged€ photons exist, which
are born, live and die just \at the top of the mountain,” without any need for performing
the impossible task of accelerating from rest to the lightpeed. [Actually, the ordinary
formulation of SR is restricted too much: For instance, eveleaving Superluminal speeds
aside, it can be easily so widened as to include antimatter|&8,57]].

A |E|

m,C

Figure 10: Energy of a free object as a function of its sped@R[[80, 1]

An immediate consequence is that the quadratic fornc?dt? dx2? dx dx , called
ds?, withdx? dx?+dy?+dz?, results to be invariant, except for its sign Quantity d s?,
let us emphasize, is the four-dimensional length-elememjuzare, along the space-time path
of any object. In correspondence with the positive (nega®y sign, one gets the subluminal
(Superluminal) Lorentz \transformations" [LT]. The ordinary subluminal LTs are known
to leave, e.g., the quadratic forms xl dx , dp dp and dx dp exactly invariant, where
the p are the component of the energy-impulse four-vector; whitbe Superluminal LTs,
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by contrast, have to change (only) the sign of such quadratiorms. This is enough for
deducing some important consequences, like the one that ap@duminal charge has to
behave as a magnetic monopole, in the sense speci ed in @fdnd refs. therein.

A more important consequence, for us, is |see Fig.11| that th e simplest sublu-
minal object, a spherical particle at rest (which appears asllipsoidal, due to Lorentz
contraction, at subluminal speedw), will appear|[14,[1,20] as occupying the cylindrically
symmetrical region bounded by a two-sheeted rotation hypleoloid and an inde nite dou-
ble cone, as in Fig.11(d), for Superluminal speeds. In Fig.11 the motion is along the
x-axis. In the limiting case of a point-like particle, one ol#ins only a double cone.

Figure 11: An intrinsically spherical (or pointlike, at the limit) object appears in the
vacuum as an ellipsoid contracted along the motion directiowhen endowed with a speed
v < c. By contrast, if endowed with a speed/ > c (even if the c-speed barrier cannot
be crossed, neither from the left nor from the right), it woud appear[14/1] no longer as
a particle, but rather as an \X-shaped" wave travelling rigdly: Namely, as occupying
the region delimited by a double cone and a two-sheeted hypetoid |or as a double
cone, at the limit{, and moving without distortion in the vacuum, or in a homogeneous
medium, with Superluminal speedv [the cotangent square of the cone semi-angle being
(V=92 1]. For simplicity, a space axis is skipped. This gure is tadn from refs[[14] 1]

Such result is simply got by writing down the equation of thevorld-tube of a subluminal
particle, and transforming it by merely changing sign to theyuadratic forms entering that
equation. Thus, in 1980-1982, it was predicted[14] that theimplest Superluminal object
appears (not as a particle, but as a eld or rather) as a wave: amely, as an \X-shaped
pulse”, the cone semi-angle being given (withc = 1) by cotg = V2 1. Such
X-shaped pulses will moveigidly with speedV along their motion direction: In fact, any
\X-pulse" can be regarded at each instant of time as the (Supl@eminal) Lorentz transform

of a spherical object, which of course moves in vacuum |or in d@omogeneous medium|
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without any deformation as time elapses. The three-dimemsial picture of Fig.11(d)
appears in Fig. 12, where its annular intersections with a &nsverse plane are shown (cf.
refs.[14]). The X-shaped waves here considered are merélg simplest ones: if one starts
not from an intrinsically spherical or point-like object, ut from a non-spherically sym-
metric particle, or from a pulsating (contracting and dilaing) sphere, or from a particle
oscillating back and forth along the motion direction, thentheir Superluminal Lorentz
transforms would result to be more and more complicated. Thabove-seen \X-waves",
however, are typical for a Superluminal object, so as the sphcal or point-like shape is
typical, let us repeat, for a subluminal object.

Figure 12: Here we show théntersections of the Superluminal objectT represented in
Fig.11(d) with planes P orthogonal to its motion line (the x-axis). For simplicity, we
assumed again the object to be spherical in its rest-framené the cone vertexC to
coincide with the origin O for t = 0. Such intersections evolve in time so that the same
pattern appears on a second plane |shifted by x| after the time t= x=V. On
each plane, as time elapses, the intersection is therefonedgicted by (extended) SR to
be a circular ring which, for negative times, goes on shrimkg until it reduces to a circle
and then to a point (for t = 0); afterwards, such a point becomes again a circle and then
a circular ring that goes on broadenind], [1,[20]. This picture is taken from refs7, [1].
[Notice that, if the object is not spherical when at rest (but e.g., is ellipsoidal in its own
rest-frame), then the axis ofT will no longer coincide withx, but its direction will depend
on the speedV of the tachyon itself]. For the case in which the space exteéns of the
Superluminal objectT is nite, see refs/[14]
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Incidentally, it has been believed for a long time that Sup&sminal objects would
have allowed sending information into the past; but such ptdems with causality seem to
be solvable within SR. Once SR is generalized in order to inde Superluminal objects
or pulses, no signal traveling backwards in time is appardgtleft. For a solution of those
causal paradoxes, see refs.[58,89] and references therein.

For addressing the problem, even within this elementary ctext, of the production of
an X-shaped pulse like the one depicted in Fig.12 (maybe troated, in space and in time,
by use of a nite antenna radiating for a nite time), all the considerations expounded
under point (ii) of the subsectionThe Ordinary X-shaped Pulsebecome in order: And,
here, we simply refer to them. Those considerations, togethwith the present ones
(related, e.g., to Fig.12), suggest the simplest antenna tnsist in a series of concentric
annular slits, or transducers [like in Fig.2], which suitaly radiate following speci c time
patterns: See, e.g., refs.[102] and refs. therein. Incidalty, the above procedure can
lead to a very simple type of X-shaped wave.

From the present point of view, it is rather interesting to nde that, during the last
fteen years, X-shaped waves have beeactually found as solutions to the Maxwell and
to the wave equations [let us recall that the form of any waveqgeations is intrinsically
relativistic]. In order to see more deeply the connection existing betweematvpredicted by
SR (see, e.g., Figs.11,12and the localized X-waves mathematically, and experimeltya
constructed in recent times)et us tackle below, in detail, the problem of the (X-shaped)
eld created by a Superluminal electric charge[18], by faliving a paper recently appeared
in Physical Review E.

4.1 The particular X-shaped eld associated with a Superlum I-
nal charge

It is well-known by now that Maxwell equations admit of wavedt-type solutions endowed
with arbitrary group-velocities (O<vg4 < 1 ). We shall again con ne ourselves, as above,
to the localized solutions, rigidly moving: and, more in pdicular, to the Superluminal
ones (SLS), the most interesting of which resulted to be, asewhave seen, X-shaped.
The SLSs have been actually produced in a number of experintgnalways by suitable
interference of ordinary-speed waves. In this subsectiorevshow, by contrast, that even
a Superluminal charge creates an electromagnetic X-shapedve, in agreement with
what predicted within SR[14, 1]. Namely, on the basis of Max@ll equations, one is able
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to evaluate the eld associated with a Superluminal chargeaf least, under the rough
approximation of pointlikeness): as announced in what predes, it results to constitute
a very simple example ofrue X-wave.

Indeed, the theory of SR, when based on therdinary Postulates but not restricted
to subluminal waves and objects, i.e., in its extended vewsi, predicted the simplest
X-shaped wave to be the one corresponding to the electromagic eld created by a
Superluminal charge[79, 18]. It seems really important elmting such a eld, at least
approximately, by following ref.[18].

The toy-model of a pointlike Superluminal chargelet us start by considering, formally,

a pointlike Superluminal charge, even if the hypothesis ofgmntlikeness (already unac-
ceptable in the subluminal case) is totally inadequate in i Superluminal case[1]. Then,
let us consider the ordinary vector-potentialA and a current density| (0;0;j2;1°)
owing in the z-direction (notice that the motion line is here the axisz). On assuming
the elds to be generated by the sources only, one has that (0;0; A,; ), which,
when adopting the Lorentz gauge, obeys the equatioh = j . We can write such non-
homogeneous wave equation in the cylindrical co-ordinaté€s ;z ;t); for axial symmetry

[which requires a priori that A = A (;z;t)], when choosing the V-cone variables"
z Vt z+ Vt, with V2 >c? we arrive[18] to the equation
@ @! @ @ @ ’
1 1 .
= =+ =+ = 4— A(;: )= D I 23
@ @ ‘e’ 7e’ ‘ee U )TIGI) (Y

where assumes the two values = 3;0 only, so that A (0;0;A;; ), and 2

[V2 1] . [Notice that, whenever convenient, we set = 1]. Let us now SupposeA

to be actually independent of , namely, A = A (; ). Due to eq.(23), we shall have
i =j (; ) too; and thereforej, = Vj° (from the continuity equation), and A, = V =c
(from the Lorentz gauge). Then, by calling A,, we end in two equations[18],
which allow us to analyze the possibility and consequence$ laving a Superluminal
pointlike charge, e, traveling with constant speedV along the z-axis ( = 0) in the
positive direction, in which casg, = eV ( )= ( ). Indeed, one of those two equations
becomes the hyperbolic equation
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which can be solved[18] in few steps. First, by geplying (Witrespect to the variable )
the Fourier-Bessel (FB) transformation f (x) = f() Jo( xX)d, quantity Jo( X)
being the ordinary zero-order Bessel function. Soecond, bplying the ordinary Fourier
transformation with respect to the variable (going on, from , to the variable! ). And,
third, by nally performing the corresponding inverse Fourier and FB transformations.
Afterwards, it is enough to have recourse to formulae (3.7Z3 and (6.671.7) of ref.[82],
still with z Vt, for being able to write down the solution of eq.(24) in the fon

8
3 (; )=0 for 0< | j<
(25)
2 (5 )= eq v for 0 < j j:
2 vz 1)
In Fig.13 we show our solutiom, , as a function of and , evaluated for =1 (i.e.,

for V = ¢ 2). Of course, we skipped the points in which\, must diverge, namely the
vertex and the cone surface.
For comparison, one may recall that theclassicX-shaped solution[19] of thehomoge-
neouswave-equation |which is shown, e.g., in Figs.8,9,12| has the form (with a > 0):
Vv

X = g . (26)
(@ i)+ 2(vz 1)

The second one of eqs.(25) includes expression (26), givgnhe spectral parameter[42, 63]
a = 0, which indeed corresponds to the non-homogeneous cadee[fact that for a = 0
these equations di er for an imaginary unit will be discuss elsewhere].

It is rather important, at this point, to notice that such a solution, eq.(25), does
represent a wave existing only inside the (unlimited) doubl coneC generated by the
rotation around the z-axis of the straight lines = : This too is in full agreement
with the predictions of the extended theory of SR. For the exjeit evaluation of the
electromagnetic elds generated by the Superluminal chaegand of their boundary values
and conditions) we con ne ourselves here to merely quotingf[18]. Incidentally, the
same results found by following the above procedure can be@bed by starting from the
four-potential associated with a subluminal charge (e.gan electric charge at rest), and
then applying to it the suitable Superluminal Lorentz \transformation”. One should also
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Figure 13: Behaviour of the eld A, generated by a charge supposed to bepS_uper-
luminal, as a function of and z Vi, evaluated for =1 (i.e.,, for V = ¢ 2):
According to ref.[18] [Of course, we skipped the points in witn  must diverge: namely,
the vertex and the cone surface].

notice that this double cone does not have much to do with thel@renkov cone[1, 79]; and
a Superluminal charge traveling at constant speed, in the gaum, doesnot lose energy:
See, e.g., Fig.14 [which reproduces gure 27 at page 80 of[tH]J.

Outside the coneC, i.e.,, for 0< | j< , we get as expected no eld, so that
one meets a eld discontinuity when crossing the double-cersurface. Nevertheless, the
boundary conditions imposed by Maxwell equations are sa&sl by our solution (25), since
at each point of the cone surface the electric and the magnetield are both tangent to
the cone: also for a discussion of this point we refer to quaian[18].

Here, let us stress that, whe/ '1 ;I 0, the electric eld tends to vanish, while
the magnetic eld tends to the valueH = e= 2: This does agree once more with
what expected from extended SR, which predicts Superlumihaharges to behave (in a
sense) as magnetic monopoles. In the present contributiorewan only mention such a
circumstance, and refer to citations [80, 1, 81, 2], and pafsequoted therein.
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Figure 14: The spherical equipotential surfaces of the etexstatic eld created by a

charge at rest get transformed into two-sheeted rotationytperboloids, contained inside
an unlimited double-cone, when the charge travels at Superhinal speed (cf. refs.[18, 1]).
This gures shows, among the others, that a Superluminal chge traveling at constant

speed, in a homogeneous medium like the vacuum, daest lose energy[79]. Let us
mention, incidentally, that this double cone has nothing tado with the Cherenkov cone.
[The present picture is a reproduction of gure 27, appeareth 1986 at page 80 of ref.[1]].

5 APPENDIX: A GLANCE AT THE EXPERI-
MENTAL STATE-OF-THE-ART

Extended relativity can allow a better understanding of map aspects also obrdi-
nary physics[1], even if Superluminal objects (tachyons) did h@xist in our cosmos as
asymptotically free objects. Anyway, at least three or foudi erent experimental sectors
of physics seem to suggest the possible existence of faitan-light motions, or, at least,
of Superluminal group-velocities. We are going to put fortln the following some infor-
mation about the experimental results obtained inwo of those di erent physics sectors,
with a mere mention of the others.

Neutrinos { First: A long series of experiments, started in 1971, seents show that
the squarem,? of the massm, of muon-neutrinos, and more recently of electron-neutrirso
too, is negative; which, if con rmed, would mean that (when ging a nave language, com-
monly adopted) such neutrinos possess an \imaginary masstichare therefore tachyonic,
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or mainly tachyonic.[84, 1, 83] [In extended SR, the dispeos relation for a free Super-
luminal object becomes! 2 k*= 2, or E? p?= m2, and there isno need at
all, therefore, of imaginary masses].

Galactic Micro-quasars{ Second: As to the apparent Superluminal expansions ob-
served in the core of quasars[85] and, recently, in the sdled galactic micro-quasars[86],
we shall not really deal with that problem, too far from the oher topics of this paper;
without mentioning that for those astronomical observatias there exist orthodox inter-
pretations, based on ref.[87], that are still accepted by ehmajority of the astrophysicists.
For a theoretical discussion, see ref.[88]. Here, let us rtien only that simple geomet-
rical considerations in Minkowski space show that aingle Superluminal source of light
would appear[88, 1]: (i) initially, in the \optical boom" phase (analogous to the acoustic
\boom" produced by an airplane traveling with constant supesonic speed), as an intense
source which suddenly comes into view; and which, afterward (ii) seems to split into
TWO objects receding one from the other with speed/ > 2c [all of this being similar to
what is actually observed, according to refs.[86]].

Evanescent waves and \tunneling photong' Third: Within quantum mechanics (and
precisely in thetunneling processes), it had been shown that the tunneling time | rstly
evaluated as a simple Wigner's \phase time" and later on caltated through the anal-
ysis of the wavepacket behavior| does not depend[90] on thedsrier width in the case
of opaque barriers (\Hartman e ect”). This implies Superlumninal and arbitrarily large
group-velocitiesV inside long enough barriers: see Fig.15.

Experiments that may verify this prediction by, say, electons or neutrons are di cult
and rare[91, 65]. Luckily enough, however, the Schroedimgaguation in the presence of
a potential barrier is mathematically identical to the Helnmholtz equation for an electro-
magnetic wave propagating, for instance, down a metallic waguide (along thex-axis):
as shown, e.g., in refs.[115]; and a barrier height bigger than the electron energye
corresponds (for a given wave frequency) to a waveguide o&iisverse size lower than
a cut-o value. A segment of \undersized" guide |[to go on with our example| does
therefore behave as a barrier for the wave (photonic barrigras well as any other photonic
band-gap Iters. The wave assumes therein |like a particle nside a quantum barrier|
an imaginary momentum or wavenumber and, as a consequencesults exponentially
damped alongx [see, e.g. Fig.16]: It becomes avanescentvave (going back to normal
propagation, even if with reduced amplitude, when the narming ends and the guide
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Figure 15: Behaviour of the average \penetration time" (in sconds) spent by a tunnelling
wavepacket, as a function of the penetration depth (iranggoms) down a potential barrier

(from Olkhovsky et al., ref.[92]). According to the predidbns of quantum mechanics,
the wavepacket speed inside the barrier increases in an umlied way for opaque barriers;
and the total tunnelling time doesnot depend on the barrier width.[90, 92]

returns to its initial transverse size). Thus, a tunneling gperiment can be simulated
by having recourse to evanescent waves (for which the contep group velocity can be
properly extended: see the rst one of refs.[57]).

The fact that evanescent waves travel with Superluminal sgels (cf., e.g., Fig.17) has
been actuallyveried in a series of famous experiments. Namely, various experime
performed since 1992 onwards by G.Nimtz et al. in Cologne[9%y R.Chiao, P.G.Kwiat
and A.Steinberg at Berkeley[93], by A.Ranfagni and colleags in Florence[23], and by
others in Vienna, Orsay, Rennes, etcetera, veri ed that \tmneling photons" travel with
Superluminal group velocities [Such experiments raised aegt deal of interest[105], also
within the non-specialized press, and were reported in Seiec American, Nature, New
Scientist, etc.]. Let us add that also extended SR had predex[?] evanescent waves to be
endowed with faster-thane speeds; the whole matter appears to be therefore theoretiga
selfconsistent. The debate in the current literature doesat refer to the experimental
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Figure 16: Picture of the damping taking place inside a baer (from ref.[57]): this
damping does reduce the amplitude of the tunnelling wavepeat, imposing a practical
limit on the barrier length .

results (which can be correctly reproduced even by numericsimulations[73, 74] based
on Maxwell equations only: Cf. Figs.18,19), but rather to tb question whether they
allow, or do not allow, sending signals or information with Superluminal sged (see, e.g.,
refs.[66]).

In the above-mentioned experiments one meets a substantstenuation of the considered
pulses |cf. Fig.16| during tunneling (or during propagatio n in an absorbing medium):
However, by employing \gain doublets”, it has been recentlyeported the observation of
undistorted pulses propagating with Superluminal group-elocity with a small change in
amplitude (see, e.g., ref.[97]).

Let us emphasize that some of the most interesting experintsrof this series seem to
be the ones with TWO or more \barriers" (e.g., with two gratings in an optical ber, or
with two segments of undersized waveguide separated by aqaeof normal-sized waveg-
uide: Fig.20).

For suitable frequency bands |namely, for \tunneling” far f rom resonances|, it was
found by us that the total crossing time does not depend on thiength of the intermedi-
ate (normal) guide: that is, that the beam speed along it is imite[100, 108, 91]. This
does agree with what predicted by Quantum Mechanics for theon-resonant tunneling
through two successive opaque barriers[100]: Fig.21. Swucprediction has been veri ed
rst theoretically, by Y.Aharonov et al.[100], and then, a ®cond time, experimentally:
by taking advantage of the circumstance that evanescencegiens can consist in a va-
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Figure 17: Simulation of tunnelling by experiments with evaescentclassicalwaves (see
the text), which were predicted to be Superluminal also on #nbasis of extended SR[106].
The gure shows one of the measurement results by Nimtz et f4]; that is, the average
beam speed while crossing the evanescent region ( = segmenirdersized waveguide, or
\barrier") as a function of its length. As theoretically predicted[90, 106], such an average
speed exceeds for long enough \barriers". Further results appeared in ref99], and are
reported below: see Figs.20 and 21 in the following .

riety of photonic band-gap materials or gratings (from multayer dielectric mirrors, or
semiconductors, to photonic crystals). Indeed, the best

experimental con rmation has come by having recourse to twgratings in an optical
ber[99]: see Figs.22 and 5; in particular, the rather pecidr (and quite interesting)
results represented by the latter.

We cannot skip a further topic |which, being delicate, should not appear, probably,
in a brief overview like this| since it is presently arising more and more interest[97].
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Figure 18: The delay of a wavepacket crossing a barrier (of.g., Fig.17 is due to the initial
discontinuity. We then performed suitable numerical simwations[73] by considering an
(inde nite) undersizedwaveguide, and therefore eliminating any geometric discimuity
in its cross-section. This gure shows the envelope of theiiial signal. Inset (a) depicts
in detail the initial part of this signal as a function of time, while inset (b) depicts the
gaussian pulse peak centered at= 100 ns .

Figure 19: Envelope of the signal in the previous gure (Fid8) after having traveled a
distanceL = 32:96 mm through the mentioned undersized waveguide. Inset (ahows
in detail the initial part (in time) of such arriving signal, while inset (b) shows the peak
of the gaussian pulse that had been initially modulated by ogering it at t = 100 ns.
One can see that its propagation tookerotime, so that the signal traveled with in nite
speed. The numerical simulation has been based on Maxweluatjons only. Going on
from Fig.18 to Fig.19 one veri es that the signal strongly lavered its amplitute: However,
the width of each peak did not change (and this might have sontelevance when thinking
of a Morse alphabet \transmission": see the text) .

Even if all the ordinary causal paradoxes seem to be solvala8, 1, 57], nevertheless one
has to bear in mind that (whenever it is met an objectO, traveling with Superluminal
speed) one may have to deal with negative contributions to #tunneling timeg109, 1, 91]:
and this should not be regarded as unphysical. In fact, whever an \object" (particle,
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D e

Figure 20: Very interesting experiments have been perforehavith TWO successive barri-
ers, i.e., with two evanescence regions: For example, withd gratings in an optical ber.

This gure[57] refers to the interesting experiment[108] @rformed with microwaves trav-
eling along a metallic waveguide: the waveguide being endewvith two classical barriers
(undersized guide segments). See the text .

Figure 21: Scheme of the (non-resonant) tunnelling procestgirough two successive
(opague) quantum barriers. Far from resonances, the (totabhase timefor tunnelling
through the two potential barriers does depend neither on #hbarrier widths nor on the
distance between the barrier@generalized Hartman e ect”)[100, 91, 98]. See the text.

Figure 22: Realization of the quantum-theoretical set-upapresented in Fig.21, by using,
as classical (photonic) barriers, two gratings in an optidaber[98]. The corresponding
experiment has been performed by Longhi et al.[99]

electromagnetic pulse,,...)JO overcome$58, 1] the in nite speed with respect to a certain

observer, it will afterwards appear to the same observer ake \anti-object" O traveling
in the opposite spacedirection[89, 1, 58]. For instance, when going on from the lda
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Figure 23: O -resonance tunnelling time versus barrier sepation for the rectangular
symmetric DB FBG structure considered in ref.[99] (see Fig2). The solid line is the the-
oretical prediction based on group delay calculationshie dots are the experimental points
as obtained by time delay measurements [the dashed curve etexpected transit time
from input to output planes for a pulse tuned far away from thestopband of the FBGs].
The experimental results[99] do con rm |as well as the early ones in refs.[108]]| the
theoretical prediction of a \generalized Hartman E ect": in particular, the independence
of the total tunnelling time from the distance between the tw barriers.

to a frame F moving in the samedirection as the particles or waves entering the barrier
region, the objectO penetrating through the nal part of the barrier (with almost in nite
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speed[92, 90, 73, 91], like in Figs.15) will appear in the fre F as an anti-objectO crossing
that portion of the barrier in the opposite space-directiofp8, 1, 89]. In the new framé-,
therefore, such anti-objectO would yield a negativecontribution to the tunneling time:
which could even result, in total, to be negative. For any clacations, see the quoted
references. Let us stress, here, that even the appearanceuwth negative times has been
predicted within SR itself, on the basis of its ordinary posilates; and recently con rmed
by quantum-theoretical evaluations too[91, 3]. (In the casof a non-polarized beam,, the
wave anti-packet coincides with the initial wave packet; ik photon is however endowed
with helicity = +1, the anti-photon will bear the opposite helicity = 1). From
the theoretical point of view, besides the above-quoted peags (in particular refs.[91, 90]),
see more specically refs.[110]. On the (very interesting! experimental side, see the
intriguing papers [110].

Let us add here that, via quantum interference e ects, it is possibled obtain di-
electrics with refraction indices very rapidly varying as gunction of frequency, also in
three-level atomic systems, with almost complete absence light absorption (i.e., with
guantum induced transparency)[112]. The group velocity & light pulse propagating in
such a medium can decrease to very low values, either postior negative, withno pulse
distortion. It is known that experiments have been performe both in atomic samples
at room temperature, and in Bose-Einstein condensates, whi showed the possibility of
reducing the speed of light to a few meters per second. Simjldut negative group
velocities, implying a propagation with Superluminal spe#s thousands of time higher
than the previously mentioned ones, have been recently piettd also in the presence
of such an \electromagnetically induced transparency”, folight moving in a rubidium
condensate[113]. Finally, let us recall that faster-than-propagation of light pulses can
be (and has been, in same cases) observed also by taking athge of the anomalous dis-
persion near an absorbing line, or nonlinear and linear galimes |as already seen|, or
nondispersive dielectric media, or inverted two-level mé as well as of some parametric
processes in nonlinear optics (cf., e.g., G.Kurizki et a.works).

D) Superluminal Localized Solutions (SLS) to the wave equat ions. The \X-
shaped waves" { The fourth sector (to leave aside the others) is not less ingstant. It
came into fashion again, when it was rediscovered in a serigisremarkable works that
any wave equation |to x the ideas, let us think of the electro magnetic case| admit also
solutions as much sub-luminal as Super-luminal (besidesethuminal ones, having speed
c=n). Let us recall, indeed, that, starting from pioneering wdts as H.Bateman's, it had
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slowly become known that all wave equations admit solitorike (or rather wavelet-type)

solutions with sub-luminal group velocities. Subsequentl also Superluminal solutions
started to be written down (in one case[39] just by the mere @fication of a Superluminal

Lorentz \transformation"[1]).

As we know, a remarkable feature of some new solutions of tee@vhich attracted
much attention for their possible applications) is that the propagate as localized, non-
dispersive pulses, also because of their self-reconstioistproperty. It is easy to realize
the practical importance, for instance, of a radio transmg&on carried out by localized
beams, independently of their speed; but non-dispersive veapackets can be of use even
in theoretical physics for a reasonable representation dementary particles; and so on.
Incidentally, from the point of view of elementary particles, it can be a source of meditation
the fact that the wave equations possess pulse-type solut®that, in the subluminal case,
are ball-like (cf. Fig.24): this can have a bearing on the cpuscle/wave duality problem
met in quantum physics (besides agreeing, e.g., with FigJ11

Figure 24: The wave equations possess pulse-type solutidimat, in the subluminal case,
are ball-like, in agreement with Fig.11. For comments, sedé text.

At the cost of repeating ourselves, let us emphasize once mdhat, within extended
SR, since 1980 it had been found that |whilst the simplest sutbuminal object conceivable
is a small sphere, or a point in the limiting case| the simple$ Superluminal objects
results by contrast to be (see refs.[14], and Figs.11 and 1Ptlis paper) an \X-shaped"
wave, or a double cone as its limit, which moreover travels thiout deforming |i.e.,
rigidly| in a homogeneous medium. It is not without meaning t hat the most interesting
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localized solutions to the wave equations happened to be juke Superluminal ones,
and with a shape of that kind. Even more, since from Maxwell egtions under simple
hypotheses one goes on to the ususdalarwave equation for each electric or magnetic eld
component, one expected the same solutions to exist also et eld of acoustic waves,
of seismic waves, and of gravitational waves too: and this ialready been demonstrated
in the literature for the acoustic case. Actually, such pulss (as suitable superpositions
of Bessel beams) were mathematically constructed for thest time, by Lu et al. in
Acoustics: and were then called \X-waves" or rather X-shaped waves.

It is indeed important for us that the X-shaped waves have beeindeed produced in
experiments, both with acoustic and with electromagnetic awes; that is, X-pulses were
produced that, in their medium, travel undistorted with a speed larger than sound, in
the rst case, and than light, in the second case. In Acousts; the rst experiment was
performed by Lu et al. themselves in 1992, at the Mayo Cliniafd their papers received
the rst 1992 IEEE award). In the electromagnetic case, cedinly more intriguing,
Superluminal localized X-shaped solutions were rst mathmeatically constructed (cf., e.g.,
Fig.25) in refs.[20], and later on

Figure 25: Real part of the Hertz potential and of the eld components of the localized
electromagnetic (\classic”, axially symmetric) X-shapedvave predicted, and rst math-
ematically constructed for the electromagnetic case, in fi®[20]. For the meaning of
the various panels, see the quoted references. The dimensad each panel is 4 m (in
the radial direction) 2 mm (in the propagation direction). [The values shown on the
right-top corner of each panel represent the maxima and theimima of the images before
normalization for display (MKSA units)] .

experimentally produced by Saari et al.[22] in 1997 at Tarty visible light (Fig.26),
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and more recently by Mugnai, Ranfagni and Ruggeri at Floremcby microwaves[23]. In
the theoretical sector the activity has been not less inters in order to build up |for
example| analogous new solutions with nite total energy or more suitable for high
frequencies, on one hand, and localized solutions Superloaily propagating even along
a normal waveguide (cf. Fig.5), on another hand, and so on.

Figure 26: Scheme of the experiment by Saari et al., who anmamed (PRL of 24 Nov.1997)
the production in optics of the beams depicted in the previaiFig.25. Inthe present gure
one can see what it was shown by the experimental results: Naly that the \X-shaped"
waves are Superluminal: indeed, they, running after planeawes (the latter regularly
traveling with speedc), do catch up with the considered plane waves. An analogous
experiment has been later on performed with microwaves atdtence by Mugnai, Ranfagni
and Ruggeri (PRL of 22 May 2000).

Let us eventually recall the problem of producing an X-shapgeSuperluminal wave
like the one in Fig.12, but truncated |of course{ in space andin time (by use of a
nite antenna, radiating for a nite time): in such a situati on, the wave is known to
keep its localization and Superluminality only till a certan depth of eld [i.e., as long as
they are fed by the waves arriving (with speed) from the antenna], decaying abruptly
afterwards.[40, 42] Let us add that various authors, takingccount, e.g., of the time
needed for fostering such Superluminal waves, have con@ddhat these localized Super-
luminal pulses are unable to transmit information faster thn c. Many of these questions
have been discussed in what precedes; for further detaileesthe second of refs.[20].

Anyway, the existence of the X-shaped Superluminal (or Supsonic) pulses seem to
constitute, together, e.g., with the Superluminality of eanescent waves, a con rmation of
extended SR: a theory[1] based on the ordinary postulates 8R and that consequently
does not appear to violate any of the fundamental principlesf physics. It is curious
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Figure 27: In this gure a couple of elements are depicted ohe of the trains of X-shaped
pulses, mathematically constructed in ref.[67], which ppagate down a coaxial guide (in
the TM case): This picture is just taken from ref.[67], but aalogous X-pulses exist (with
in nite or nite total energy) for propagation along a cylin drical, normal-sized metallic
waveguidel].

moreover, that one of the rst applications of such X-wavestlat takes advantage of
their propagation without deformation) has been accompliged in the eld of medicine,
and precisely |as we know| of ultrasound scanners[24, 25]; while the most important
applications of the (subluminal!) Frozen Waves will very pobably a ect, once more,
human health problems like the cancerous ones.
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