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Abstract

In this paper we analyze the effects of the time modulation of (zeroth-order) Bessel beams, by considering a few

different pulse shapes. Namely, three modulating functions are considered: a train of rectangular waves, a single

rectangular pulse, and a gaussian pulse. The influence of the carrier frequency, and of shape and spectral bandwidth of

the modulating function, is also discussed; while further support to our results is met by using the convolution tech-

nique in the time domain. At the beginning, a brief review of the X-shaped solutions to the wave equation, and of some

properties of theirs, is presented.
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1. Introduction

Since many years it has been known that localized solutions exist to the wave equation which, in the ideal

case, do not suffer diffractive or dispersive effects during their propagation: see, e.g., [1–9]. In practice, such

waves remain unchanged in their space-time structure, i.e., maintain their transverse intensity profile and

temporal shape for a (long) distance only: namely, along their ‘‘depth of field’’ only [2]. Localized pulses
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have been experimentally produced in acoustics [10], in optics [11] and recently in microwave physics [12]:

such pulses can be obtained by an adequate superposition of diffraction-free beams [1,2,13–16]. For cy-

lindrical symmetry, a set of basis functions for the mentioned localized waves is known to be constituted by

the Bessel beams.

There are potential applications of them in a number of fields, from wireless communications, to laser

surgery and machining, to imaging, etc. [13–16]. Since the beginning, much effort has been devoted in
attempts at constructing a laser which emits beams endowed with a Bessel pattern in the transverse di-

rection; an advantage being that Bessel beams propagate a long distance without spreading, when com-

pared to gaussian beams. Indeed, many ways are today available for producing Bessel beams. In this paper,

our main aim is a preliminary study of the effects of modulating (not ordinary waves, but) Bessel beams.

The content of this paper can be described as follows: in the next Section we develop a theoretical basis

for analyzing localized pulses (in terms of Bessel beams), presenting the X-shaped wave. In Section 3, we

analyze localized pulses generated by modulation of a zeroth-order Bessel beam; three modulating func-

tions will be considered: a train of rectangular waves, a single rectangular pulse, and a gaussian pulse. In
Section 4, the convolution theorem is applied to explain some of the properties of these localized pulses, and

finally, in Section 5, a few conclusions and remarks are added.
2. Theoretical preliminaries

Let us provide, first, a sketchy description of localized waves in the vacuum (� ¼ �0), by referring our-

selves to the homogeneous scalar wave equation (utilized, as we know, in optics, microwaves, acoustics, and
so on) [1,2,9]
r2

�
� 1

c2
o2

ot2

�
Wðq;u; z; tÞ ¼ 0; ð1Þ
where r2 � r2
? þ o2=oz2 is the laplacian operator, c the light speed in vacuum, and ðq;u; zÞ are the cy-

lindrical coordinates. QuantityW can represent, e.g., a component of the electric or magnetic field. Then, let

us perform a change of coordinates: we adopt, more precisely, the ‘‘generalized bidirectional decomposi-

tion’’ introduced in [1] in terms of the so-called V -cone variables
g ¼ zþ Vt; f ¼ z� Vt;
where V is an arbitrary propagation speed along the z-axis. In this new set of coordinates the wave equation

becomes
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it being [1]
c ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
V 2

c2 � 1
q ; V > c:
If we are interested in solutions propagating forward in the z-direction only, which means that

oW=og ¼ 0, we reduce the four-dimensional (q;u; z; t) problem to only three dimensions (q;u; f ¼ z� Vt),
while the wave equation is now given by
r2
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Wðq;u; fÞ ¼ 0: ð3Þ
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The solution to this problem can be straightforwardly obtained using Fourier transforms and following the

approach in [1]. On defining
Uðq;u;xÞ ¼ 1

2pV

Z 1

�1
dfW q;u;

f
V

� �
exp

�
� ix

f
V

�
; ð4Þ

W q;u;
f
V

� �
¼

Z 1

�1
dxUðq;u;xÞ exp ix

f
V

� �
; ð5Þ
the insertion of Eq. (5) into Eq. (3) yields the equation for Uðq;u;xÞ:
r2
?

�
þ x2

c2V 2

�
Uðq;u;xÞ ¼ 0; ð6Þ
whose solutions (required to be regular at the origin q ¼ 0) are known to be the Bessel functions of first

kind
Unðq;u;xÞ ¼ AnðxÞeinuJn
x
cV

q

� �
; n ¼ 0;�1;�2 . . .
When restricting to zeroth-order (n ¼ 0) Bessel functions only, which are radially symmetric, the solu-

tion is represented by the pulses
W q;
f
V

� �
¼

Z 1

�1
dx AðxÞJ0

x
cV

q

� �
exp ix

f
V

� �
; ð7Þ
where AðxÞ is an arbitrary spectral function; and J0ðxq=cV Þ can be understood as the (monochromatic)

response of the physical apparatus.

When all the wave-vectors lie on the cone corresponding to the angle h, it holds kz ¼ ðx=cÞ cos h ¼ x=V
and kq ¼ ðx=cÞ sin h. The velocity in this case is V ¼ c= cos h. One can write the solution of Eq. (6) into the

more general form [1]:
W q;u;
f
V

� �
¼

X1
n¼�1

Z 1

�1
dx AnðxÞeinuJn

x
cV

q

� �
exp ix

f
V

� �
: ð8Þ
But Eq. (8) is an ideal solution, obtainable with an infinite aperture and thus possessing infinite energy.

One should therefore investigate the physical solutions (produced by finite apertures) by means of the

diffraction theory [17,18]. Indeed, considering the solution for a flat circular aperture, and using the Green

propagator, one can write:
Wðq;u; z; tÞ ¼
Z
S0
dS0

W q0;u0; z0 ¼ 0; t0 ¼ t � r�r0j j
c

� �
r� r0j j ; ð9Þ
where Wðq0;u0; z0 ¼ 0; t0 ¼ t � jr� r0j=cÞ is the ideal solution given by the above Eq. (8), and vectors r, r0

refer to the observation point and the aperture, respectively. Various papers already appeared setting forth

finite-energy solutions; but in this work we shall consider only the ‘‘ideal’’ solutions, generated by means of

infinite apertures.
The so-called X-shaped solutions to the wave equation are the most studied in the current literature

[1,2,6,7,10–12,19–23], since they can be easily obtained through suitable superpositions of Bessel beams

[1,2,10]. First of all, consider the following frequency spectral function:
AnðxÞ ¼ dmnBmðxÞe�ax; xP 0; m ¼ 0; 1; 2; . . . ð10Þ



Fig. 1. The intensity distribution (in normalized units) of a classical X-wave in the plane q� f=V . a ¼ 10�9 and h ¼ 10o.
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With this spectral function, substituted into Eq. (8), one can get [1] X-shaped waves of any orders:
WXm q;u;
f
V

� �
¼ eimu

Z 1

0

dxBmðxÞJm
x
cV

q

� �
exp

�
� x a

�
� i

f
V

��
: ð11Þ
As a special case, when we consider [1] m ¼ 0 and B0ðxÞ ¼ 1, with the help of tables [24], one obtains the

ordinary X-wave [2,20] in its celebrated analytic form:
WX0
q;

f
V

� �
¼ Vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaV � ifÞ2 þ ðV 2

c2 � 1Þq2

q : ð12Þ
By Fig. 1 we recall the interesting shape of the classical solution (12). Its space-time localization appears

evident, but it is better suited to low frequencies [1]. On the other side, most of the optical systems deal with

pulses having a well defined carrier frequency x0. It is therefore difficult to generate the X-waves in optics.
3. Modulation of zero-order Bessel beams

We shall restrict our attention, in the following, to the zeroth-order Bessel beams.

As we were saying in the previous section, one can regard the X-wave as the result of a specific mod-

ulation of Bessel beams in the low frequency range, which generates a wave packet that does not suffer

diffraction. The main aim of this paper will be addressing the problem of the modulation of (zeroth-order)

Bessel beams by means of other, different spectral functions, in order to be able to define an optical carrier

frequency, if desired.

3.1. Wave train of rectangular pulses

First, let us modulate a laser, with carrier frequency x0, by a train of waves with duty cycle U ¼ s=T ,
where s is the temporal width of each pulse, and the bit rate is given by 1=T . Its representation by a Fourier

series is:
aðtÞ ¼ exp½ix0t�f g 1

(
þ 2

X1
n¼1

sinðpnUÞ
pnU

cosð2pnUtÞ
)
; ð13Þ
where the first (second) term between f:g is related to the laser (wave train).
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Using the Fourier property of the frequency shifting, the spectrum of (13) will become
Fig. 2

followi

(in nor

k0 ¼ 6

wave t
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d x
��
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�
þ d x

�
� x�
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��
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being dð:Þ the Dirac delta function and xþ
n ¼ x0 þ 2pn=T and x�

n ¼ x0 � 2pn=T . The substitution of this
spectral function into Eq. (7) yields the final solution in its closed form
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: ð15Þ
Let us analyze three cases: U ¼ 1, U ! 0 and U ¼ 0:5 by numerical simulations. We assume angle h to

be h ¼ 10o, the carrier wavelength k0 ¼ 632:8 nm, quantity 1=T ¼ 1013 Hz, and a number of terms N ¼ 100

in the series. Figs. 2(a) and (b) show results consistent with the mathematical and physical expectations: see
below.
. (a) 3D Intensity pattern (in normalized units) of a Bessel beam modulated by a wave train in the plane q� f=V using the

ng parameters: U ¼ 1, k0 ¼ 632:8 nm , h ¼ 10o, 1=T ¼ 1013 Hz and N ¼ 100. (b) View of a single pulse of the intensity pattern

malized units) of a Bessel beam modulated by a wave train in the plane q� f=V using the following parameters: U ¼ 0:05,

32:8 nm , h ¼ 10o, 1=T ¼ 1013 Hz and N ¼ 100. (c) 3D intensity pattern (in normalized units) of a Bessel beam modulated by a

rain in the plane q� f=V using the following parameters: U ¼ 0:5, k0 ¼ 632:8 nm , h ¼ 10o, 1=T ¼ 1013 Hz and N ¼ 100.
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As a matter of fact, for Fig. 2(a), when U ¼ 1, one can infer from Eq. (15) that sinðnpÞ ¼ 0, which

cancels out the summation, so much so Wðq; f=V Þ results to be just a monochromatic Bessel beam. From

the physical point of view, one already knows that, when U ¼ 1, we end up with a monochromatic laser

(AðxÞ ¼ dðx� x0Þ), which produces a Bessel beam, as seen above.

As to Fig. 2(b), when U ! 0, it is limU!0 sinðnpUÞ=ðnpUÞ ¼ 1, and Wðq; f
V Þ appears nearly as a train of

impulses, axially symmetric w.r.t. q ¼ 0. Physically speaking, the case U ! 0 represents the apparatus
response just to a train of impulses. In this figure we depict a single pulse of the wavetrain.

The last case is U ¼ 0:5: see Fig. 2(c). One can clearly see, therein, the influence of the modulation of the

Bessel beam: its temporal behavior is the same as that of the modulating function, while the X-shape is

clearly present (due to the superposition of Bessel beams). On the other side, due to the existence of a well-

defined carrier frequency, its transverse pattern does still show the same oscillations of a Bessel beam:

something that is completely absent, of course, for a classical X-wave (when it is not possible to define a

carrier frequency).

3.2. Single rectangular pulse

In order to eliminate the interference phenomena present in any pulsed system (wave train), now we go

on to the laser modulation by a single pulse.

Let us define a single rectangular pulse in the time domain, given by aðtÞ ¼ 1ð0Þ; jtj6 b (otherwise), being
2b the time width of the pulse. Apart from constants, the Fourier transform of this function, shifted by the

carrier frequency is known to be
Fig. 3

using
AðxÞ ¼ sin½b x� x0ð Þ�
x� x0ð Þ : ð16Þ
Substitution of Eq. (16) into Eq. (7) results in the new equation
W q;
f
V

� �
¼

Z 1

�1
dx

sin½b x� x0Þð �
x� x0ð Þ J0

x
cV

q

� �
exp ix

f
V

� �
: ð17Þ
In Fig. 3 the intensity profile of Eq. (17) is shown. We have adopted the following values for the pa-

rameters: k0 ¼ 632:8 nm, h ¼ 10o and 1=b ¼ 1013 Hz. In accordance with our previous results, in the top
. Top view of the intensity pattern of a Bessel beam modulated by a single rectangular modulating function in the plane q� f=V
the following parameters: k0 ¼ 632:8 nm , h ¼ 10o and 1=b ¼ 1013 Hz.



Fig. 4. 3D intensity pattern (in normalized units) of a Bessel beam modulated by a gaussian modulating function in the plane q� f=V
using the following parameters: U ¼ 1, k0 ¼ 632:8 nm , h ¼ 10o and 1=b ¼ 1013 Hz.
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view of the intensity profile (17) one can easily observe its X-shape and the oscillations in its transverse

pattern, while along the time axis it keeps the modulating function profile.

3.3. Gaussian pulse

Following the same steps of the previous case, we may analyze a gaussian pulse defined as aðtÞ ¼ e
�t2

2b2

whose Fourier transform (shifted in frequency) is:
AðxÞ ¼ e�
b2 x�x0ð Þ2

2 ; ð18Þ

and, by substituting it into Eq. (7), one gets this time
W q;
f
V

� �
¼

Z 1

�1
dx exp

"
� b2 x� x0ð Þ2

2

#
J0

x
cV

q

� �
exp ix

f
V

� �
: ð19Þ
The numerical simulation of Eq. (19) and its intensity profile are illustrated in Fig. 4. We have kept the

same parameters as in the case of a single rectangular pulse. In Fig. 4 we can see that its Bessel oscillations

are similar to those in Fig. 3. Although both spectra are well localized around a carrier frequency, the

gaussian spectrum does not imply significative values in a wide range of frequencies, when compared to the

spectrum given by (17), and consequently in Fig. 4 the X-shape is not evident (with the chosen parameters).
4. Convolution theorem and some properties of localized pulses

On using the convolution theorem of the Fourier transform [2,10],
Z 1

�1
dxF ðxÞGðxÞ exp ix

f
V

� �
¼

Z 1

�1
dsf

f
V

�
� s
V

�
g

s
V

� 	
¼ f

f
V

� �
� g f

V

� �
;

(where * denotes convolution w.r.t. f=V ), and the following definitions:
F ðxÞ ¼ AðxÞ;

Gðq;xÞ ¼ J0
x
cV

q

� �
;
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the expression (7) assumes the form
W q;
f
V

� �
¼ f

f
V

� �
� g q;

f
V

� �
: ð20Þ
The functions f and g are then easily calculated, resulting to be
f
f
V

� �
¼

Z 1

�1
dxAðxÞ exp ix

f
V

� �
ð21Þ
and
g q;
f
V

� �
¼

Z 1

�1
dxJ0

x
cV

q

� �
exp ix

f
V

� �
: ð22Þ
From Eq. (20) one can think the space-time shape of a pulse as the convolution of a modulating function
(21) with the transmittance function (22) of an experimental apparatus. The modulating function strongly

contributes to the temporal behavior of the resulting pulse, while the apparatus is the main responsible for

the transverse pattern. These observations give further support to our results in Section 3.

Notice that one is free to choose the functions f and g in any convenient ways. One could have chosen,

for e.g.,
f
f
V

� �
¼

Z 1

�1
dxAðxÞeax exp ix

f
V

� �
ð23Þ
and
g q;
f
V

� �
¼

Z 1

�1
dxe�axJ0

q
cV

x

� �
exp ix

f
V

� �
¼ Vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aV � ifð Þ2 þ V 2

c2 � 1
� �

q2

q : ð24Þ
Eq. (24) being nothing but the classical X-wave, already met in Section 2. With these definitions, one meets

another way to look at the problem: namely, one may now think of a system whose impulsive (modulating
function) response is an X-wave, which can be shifted in its spectrum towards higher frequencies, by means

of a carrier frequency x0 and of the modulating function aðtÞ:
W q;
f
V

� �
¼

Z 1

�1
ds aðsÞeix0

s
V

Vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaV � iðf� sÞÞ2 þ V 2

c2 � 1
� �

q2

q : ð25Þ
But this procedure has no practical interest, it being more realistic the modulation of a Bessel beam

generator, as attempted in this work.
5. Conclusion

In this paper, after a brief presentation of the X-shaped solutions to the wave equation, and of some
properties of theirs, we have analyzed effects of the modulation of a (zeroth-order) Bessel beam by having

recourse to some of the pulse shapes most used in communication systems. Three modulating functions

have been considered: a rectangular wavetrain, a single rectangular pulse, and a gaussian pulse. We have

seen the temporal behavior to be strongly influenced by the modulating function shape; while the presence

of a well-defined carrier frequency is responsible for oscillations in the transverse direction of the pulse

(which resembles a Bessel beam of such a frequency). Moreover, the spectral bandwidth is directly related

to the appearance of the X-shape. Finally, a brief analysis in terms of the convolution theorem has been

added, which supports the previous results.
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