FIELD THEORY OF THE SPINNING ELECTRON:
ABOUT THE NEW NON-LINEAR FIELD EQUATIONS.(*
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Abstract — One of the most satisfactory picture of spinning particles is the Barut-
Zanghi (BZ) classical theory for the relativistic electron, that relates the electron spin to
the so-called zitterbewegung (zbw). The BZ motion equations constituted the starting
point for two recent works about spin and electron structure, co-authored by us, which
adopted the Clifford algebra language. Here, employing on the contrary the tensorial
language, more common in the (first quantization) field theories, we “quantize” the BZ
theory and derive for the electron field a non-linear Dirac equation (NDE), of which the
ordinary Dirac equation represents a particular case.

We then find out the general solution of the NDE. Our NDE does imply a new
probability current J*, that is shown to be a conserved quantity, endowed (in the center-
of-mass frame) with the zbw frequency w = 2m, where m is the electron mass. Because
of the conservation of J#, we are able to adopt the ordinary probabilistic interpretation
for the fields entering the NDE.

At last we propose a natural generalization of our approach, for the case in which an
external electromagnetic potential A* is present; it happens to be based on a new system
of five first—order differential field equations.

(*) Work partially supported by INFN, CNR, MURST, and by CNPq, FAPESP.



1. — On Barut—Zanghi’s theory for the spinning (free) electron.

(Classical models of spin and classical electron theories have been investigated for about
seventy years®). For instance, Schrodinger’s suggestion® that the electron spin was re-
lated to zitterbewegung did originate a large amount of subsequent work, including Pauli’s.
Let us quote, among the others, ref.() where one meets even the proposal of models with
clockwise and anti-clockwise “internal motions”, as classical analogues of quantum rela-
tivistic spinning particles and antiparticles, respectively. The use of Grassmann variables
in a classical lagrangian formulation for spinning particles was proposed by Berezin and

4 and by Casalbuoni®. A recent approach, based on a generalization of Dirac

Marinov!
non-linear electrodynamics, where the electron spin is identified with the momentum in
such a theory, can be found in ref.®®), In the Barut-Zanghi (BZ) theory,(® the classi-
cal electron was actually characterized, besides by the usual pair of conjugate variables
(z*,p"), by a second pair of conjugate classical spinorial variables (i,)), representing
internal degrees of freedom, which were functions of the (proper) time 7 measured in the
electron global center-of-mass (CM) system; the CM frame (CMF) being the one in which
p = 0 at any instant of time. Barut and Zanghi, then, introduced a classical lagrangian
that in the free case (i.e., when the external electromagnetic potential is A* = 0) writes

e =1]
R I
L= SiMeY — ) + pu(d” — 97"d) (1)
where X has the dimension of an action, and ¥ and v = ¥7° are ordinary €*bispinors,

the dot meaning derivation with respect to 7. The four Euler-Lagrange equations, with
—\ = h =1, yield the following motion equations:

U+ ip Y =0 (2a)
it = Pyt (2b)
=0, (2¢)

besides the hermitian adjoint of eq.(2a), holding for 1. From eq.(1) one can also see that

H = p,o* = paby™s (3)

is a constant of the motion [and precisely is the energy in the CMF].("® Since H is
the BZ hamiltonian in the CMF, we can suitably set H = m, where m is the particle
rest-mass. The general solution of the equations of motion (2) can be shown to be:

n

W(7) = [cos(mT) — z’p‘;z sin(mr)](0) (4a)




j s

(1) = ¥(0)[cos(mT) + i - sin(mT)] , (4b)

with p# = constant; p? = m?; and finally:
= v = 2 [4(0) — 2 cos(2mr) + 2 (0) sin(2me) (40)
=t = i —Jcos(2m) + 5—(0) sin(2m7) . c

This general solution exhibits the classical analogue of the phenomenon known as zitter-
bewegung (zbw): in fact, the velocity v* contains the (expected) term p#/m plus a term
describing an oscillating motion with the characteristic zbw frequency w = 2m. The
velocity of the CM will be given by p*/m. Let us explicitly observe that the general
solution (4c) represents a helical motion in the ordinary 3-space: a result that has been
met also by means of other, alternative approaches.®19 The BZ theory has been recently
studied also in the lagrangian and hamiltonian simplectic formulations, both in flat and

in curved spacetimes.©

2. — About a new non-linear Dirac-like equation (NDE) for the free electron.

At this point we want to introduce the spinorial fields 1 (z), ¢ (x) and the velocity 4-
vector field V (x), starting from the spinor variables 1 (7),1(7) and from the 4-velocity
v(7) along the helical paths. Let us indeed consider a spinorial field ¥ (x) such that its
restriction ¢ (), to the world-line o (along which the “particle” moves) coincides with
(7). Consider at the same time a velocity field V(x) together with its integral lines
(or stream-lines). Then the velocity distribution V' (z) is required to be such that its
restriction V(z),, to the world-line o coincide with the ordinary 4-velocity v(r) of the
considered “particle”. Therefore, for the tangent vector along any line o the relevant
relation holds:

d dxt 0
dr — dr daxm
Inserting eq.(5) into eq.(2a) one gets the non-linear equation:

=110, . (5)

ijfuauw = prYMw 9

and, since i* = y*) because of eq.(2b), one arrives at the following interesting

equation: (™81

ZEV’W@W =py" Y. (6)



Let us notice that, differently from egs.(1)—(2), equation (6) can be valid a priori even for
massless spin % particles, since the CMF proper time does not enter it any longer.

The non-linear equation (6) corresponds to the whole system of eqs.(2): quantizing
the BZ theory, therefore, does not lead to the Dirac equation, but rather to our non-
linear, Dirac-like equation (6), that we shall call the NDE. Let us add, furthermore,
that the analogous of eq.(3), now holding for our field ¥ (z), is the following noticeable

normalization constraint:#!
Y =m . (7)

This non-linear equation is very probably the simplest"? non-linear Dirac-like equation.
In a generic frame, the general solution of NDE can be easily shown to be the following

[]é = p/ﬂ/#]:

= ]5 ipuxh m + ¢ —ipuxh .
P(o) = (ML et 4 TEE i) () (s0)
which, in the CMF, reduces to
1—7° imT 1+ ,YO —imT
b(r) = [ @+ o e (0) (8b)

(or, in simpler form, to eq.(4a)).
Let us explicitly observe that, by inserting eq.(8a) or eq.(8b) into eq.(7), one obtains
that every solution of the NDE does correspond to the CMF field hamiltonian H = m,
which is always positive even if it appears (as expected) to be a suitable superposition of
plane waves endowed with positive and negative frequencies.(!?)
It can be also noticed that superposition (8a) is a solution of eq.(6), due to its non-
linearity, only for suitable pairs of plane waves with weights
m =+ p
om

respectively; which are nothing but the usual projectors A, (A_) onto the positive

+

(negative) energy states of the standard Dirac equation. In other words, the plane wave
solution (for a fixed value of p) of the Dirac eigenvalue equation pyp = ma is a particular
case of the general solution of eq.(6): corresponding, namely, to

either Ay ¢(0)=0 or A_¢(0)=0. (9)

_#1 In refs.) it was moreover assumed pu&* = m, which actually does imply the very general relation
ppy*p = m, but not the Dirac equation p,v*1) = mi, as claimed therein; these two equations in general
are not equivalent.



Therefore, the solutions of the Dirac eigenvalue equation are a subset of the set of solutions
of our NDE. It is worthwhile to repeat that, for each fixed p, the wave function (x)
describes both particles and antiparticles: all corresponding however to positive energies,

(13)

in agreement with the reinterpretation forwarded in refs.\™”)  as well as with the already

mentioned fact that we can always choose H =m > 0.
3. — The conserved current J* .

We want now to study the probability current J* corresponding to the wave functions
(8a,b) and (4a). Let us define it as follows:(?)

m

=2y, (10)

where the normalization factor m/E (the 3-volume V' being assumed to be equal to 1,

as usual; so that £V = &) is required to be such that the classical limit of J#, that is

(m/E)vH, equals (1;v), like for the ordinary quantum probability currents. Notice also

that JY = 1, which means that we have one particle inside the unitary 3-volume V = 1.

This normalization allows us to recover, in particular, the Dirac current Jf = p*/E

when considering the (trivial) solutions, without zbw, corresponding to relations (9).
Actually, if we insert quantity ¢ (z) given by eq.(8a) into eq.(10), we get

p* ;
JH = = + E* cos(2p,at) + H sin(2p,a") | (10)

where

Bt = JH0) - p/E;  H=J(0)/2m . (107)

If we now impose conditions (9), we have E¥ = H* = 0 and get therefore the Dirac
current J# = Jj = p"/€ = constant. Let us observe that the normalization factor W
cannot be included into the expressions of 1) and 1), as it would seem convenient, because
of the non-linearity of eq.(6) and/or of constraint (7).

From the fact that p,E* = p,J"*(0) — pp"/E = m?*/E — m?/E = 0 (where we used
eq.(7) for z = 0), that p,H* = p,J"(0)/2m = 0, obtained deriving both members of
eq.(7), and that both E* and H* are orthogonal to p#, it follows that

O, J" = 2p, H" cos(2px) — 2p, E" sin(2pz) =0 . (10™)

We may conclude, with reference to the NDE, that our current J* is conserved: we
are therefore allowed to adopt the ordinary probabilistic interpretation for the fields 1, .

5



Equation (10’) does clearly show that our conserved current J*, as well as its classical
limit mo*/E  [see eq.(4c)], are endowed with a zitterbewegung—type motion: precisely,

1

with an oscillating motion having the CMF frequency = 2m ~ 10?' s=! and period

T=mn/m=>=~10"%s (we may call Q and T the zbw frequency and period, respectively).

From eq.(10’) one can immediately verify that in general
FEEPIE TF= M)

whilst the Dirac current J§ for the free electron with fixed p, as already mentioned, is
constant:
J5 = p'/E = constant ,

which correspond to no zbw. In other words, our current behaves differently from Dirac’s,
even if both of them obey™? the constraint [cf. eq.(7)]:

pud" = pudh =m?/E .

It is noticeable, moreover, that our current J* goes into the Dirac one, not only in the

(no-zbw) case of eq.(9), but also when considering its time-average over a zbw period:

" _P
< >a= g =05 (11)

4 — Generalization of the NDE for the non-free cases.

Let us now pass to consider the presence of external electromagnetic fields: A* # 0.
For the non-free case, Barut and Zanghi(® proposed the lagrangian

1 = . o _
£ = S0 = D) + pal@” = D) + A,y (12)
which in our opinion should be better rewritten in the following form, obtained directly

from the free lagrangian via the minimal prescription procedure:

£ = i = B0) + (= eAW) @ — Tr), (13)

#2 In the Dirac case, this is obtained by getting, from the ordinary Dirac equation p,y"¢p = mip,
the non-linear constraint p,¢py*1p = mipp, and therefore replacing pyp by m/E, consistently
with the ordinary normalization p = e~ ?%u,/v2E, where u,u, = 2m.



all quantities being expressed as functions of the (CMF) proper time 7, the generalized
impulse being now p* — eA*.
Lagrangian (13) does yield, in this case, the following system of differential equations:

zﬂ + i@u —eA )" =0 (14a)
H =yt (14b)
Pt —eAr =0. (14c)

~—

As performed at the beginning of Sect.2, we can insert the identity (5) into egs.(14a),
(14b), and exploit the definition of the velocity field, eq.(14c). We easily get the following
five first—order differential equations (one scalar plus one vector equation) containing the

five (independent) unknown functions ¢ (x) and p*(z):

{ (G000 = (b, — A )7 (15a)
(D7) du(p” — eA”) =0, (15b)

which are now field equations (quantities v, 1), p and A being all functions of z*).

The solutions ¥ (x) of system (15) may be now regarded as the classical spinorial fields
for relativistic spin—% fermions, in presence of an electromagnetic potential A* # 0. We can
obtain from eqgs.(15) well-defined time evolutions, both for the velocity p*/m of the CMF
and for the “particle” velocity v#. It is rather likely that, by imposing the condition of
finite motions, i.e., that v(7) and p(7) be periodic in time (and ¢ vanish at spatial infinity),
one will be able to find a discrete spectrum, out from the continuum set of solutions of
egs.(15). Therefore, without solving any eigenvalue equations, within our field theory we
may expect to be able to single out discrete energy level spectra for the stationary states,
in analogy with what we already found™ in the free case (in which the uniform motion
condition smplied the z-componens s, of spin s to be discrete).().” We shall expand on
this point elsewhere: paying attention to applications, especially to “classical” problems
so as hydrogen atom, Zeeman effect, and tunnelling through a barrier.
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