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Abstract Starting from the formal expressions of the hydrodynamical (or “local”)

quantities employed in the applications of Clifford algebras to quantum mechanics,

we introduce—in terms of the ordinary tensorial language—a new definition for the

field of a generic quantity. By translating from Clifford into tensor algebra, we also

propose a new (nonrelativistic) velocity operator for a spin- 1
2

particle. This operator

appears as the sum of the ordinary part p/m describing the mean motion (the motion

of the center-of-mass), and of a second part associated with the so-called Zitterbe-

wegung, which is the spin “internal” motion observed in the center-of-mass frame

(CMF). This spin component of the velocity operator is nonzero not only in the Pauli

theoretical framework, i.e., in the presence of external electromagnetic fields with a

nonconstant spin function, but also in the Schrödinger case, when the wavefunction

is a spin eigenstate. Thus, one gets even in the latter case a decomposition of the

velocity field for the Madelung fluid into two distinct parts, which constitutes the

nonrelativistic analogue of the Gordon decomposition for the Dirac current. Explicit

calculations are presented for the velocity field in the particular cases of the hydrogen

atom, of a spherical well potential, and of an electron in a uniform magnetic field. We
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find, furthermore, that the Zitterbewegung motion involves a velocity field which is

solenoidal, and that the local angular velocity is parallel to the spin vector. In the

presence of a nonuniform spin vector (Pauli case) we have, besides the component of

the local velocity normal to the spin (present even in the Schrödinger theory), also a

component which is parallel to the curl of the spin vector.

1 Hydrodynamical Observables in Quantum Theory

The multivector or geometric algebras are essentially due to the work of great math-

ematicians of the nineteenth century as Hamilton (1805–1863), Grassmann (1809–

1877), and mainly Clifford (1845–1879). More recently, starting from the sixties,

some authors, and in particular Hestenes [1–3], did systematically study various in-

teresting physical applications of such algebras, and especially of the real Dirac al-

gebra R1,3, often renamed space-time algebra (STA) [4–6]. Rather interesting ap-

pear, in microphysics, the applications to space-time [O(3), Lorentz] transformations,

to gauge [SU(2), SU(5), strong and electroweak isospin] transformations, to chiral

[SU(2)L] transformations, to the Maxwell equations, magnetic monopoles [7], and

so on. But the richest and most rigorous application is probably the formal and con-

ceptual analysis of the geometrical, kinematical, and hydrodynamical content of the

Pauli and Dirac equations, performed by means of the Real Pauli (RPA) and Real

Dirac algebras, respectively. We shall refer ourselves to nonrelativistic physics, and

therefore adopt the real Pauli algebra, which is known to be isomorphic to the ordi-

nary tensorial algebra of the Pauli matrices [SU(2)]. In this paper, when ambiguities

arise, the operators will be distinguished by a cap.

As is well known, in the usual hydrodynamical picture of fluids, every physical

quantity depends not only on time, but also on the considered space point. In other

words, every quantity is a local or field quantity:

G≡G(x), x = (t;x). (1)

In the Pauli algebra the local value of G may be expressed as follows:

G(x)=
〈ψĜψ†〉0

ψψ†
, (2)

where 〈 〉0 indicates the scalar part of the Clifford product of the quantities appearing

within the brackets.1 Let us translate Eq. (2) into the ordinary tensorial language:

G(x)=
Re [ψ†Ĝψ]
ψ†ψ

. (3)

It is easy to see, and remarkable, that this definition for G(x) is equivalent to the real

part of the so-called dual representation for bilinear operators, sometimes utilized

1The expression ψψ† should not be confused with the similar expression met in standard tensor algebra,

since here the dagger † indicates the reversion (Clifford conjugation). In the present RPA, moreover, the

quantity ψψ† turns out to be a scalar [1].
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in the literature [8–10]. In the ordinary approaches, such operators are commonly,

even if implicitly only, employed for obtaining the probability densities of various

quantities entering the Schrödinger, Klein–Gordon, or Dirac wave equations. In this

sense, one can say that definition (3) agrees with the theoretical apparatus of ordinary

wave-mechanics. In connection with the first two mentioned wave equations (and in

the Dirac case, when confining ourselves to the translational-convective part of the

well-known Gordon decomposition of the Dirac current [11]), the energy density may

be put into the following form:

i~

2
[ψ†(∂tψ)− (∂tψ

†)ψ] ≡
1

2
ψ†i~

↔
∂t ψ, (4)

as easily obtained from Eq. (3) for the Hamiltonian Ĝ≡H ≡ i~∂t . Analogously, for

the current density one can write

−
i~

2m
[ψ†(∇ψ)− (∇ψ†)ψ] ≡

1

2m
ψ†(−i~

↔
∇)ψ, (5)

as required by Eq. (3) if G≡ p/m; Ĝ≡ −i~∇/m. Therefore, the use of the bilinear

operators
↔
∂t and

↔
∇ does allow us to write the above densities in the form expected for

quantum-mechanical densities, namely, in the form ψ†X̂ψ . Let us notice that, even

if Ĝ 6= Ĝ† [nonhermiticity], quantity G(x) computed by means of Eq. (3) will be al-

ways real. The only difference with respect to the case of hermitian operators is that

the mean value 〈G〉 and the eigenvalues Gi will not be real; but this does not neces-

sarily mean thatG is unobservable. From the very definition of eigenstate in quantum

mechanics, in fact, an eigenstate of Ĝ from a “local point of view” is characterized by

a function G(x) uniformly distributed (spatially homogeneous and constant in time):

G(x) = Gi for any x. Then, one can conclude [1] that necessary condition for the

hermiticity ofG, and the consequent existence of real eigenvaluesGi , is the possibil-

ity of creating and observing a uniform distribution for quantityG in correspondence

with the chosen eigenstates. The inverse does not hold: it is possible to have locally

uniform quantities not corresponding to hermitian operators. A noticeable example

of this occurrence is given by the nonhermitian velocity operator proposed below. In

spite of its nonhermiticity, we shall see for plane waves [p = const] that its nonher-

mitian part will give no contribution, so that the velocity field will be locally uniform

and equal to p/m.

2 A New Nonrelativistic Velocity Operator Endowed with Zitterbewegung

In the framework of the RPA, the local velocity is obtained from the usual operator

p̂/m, once it is “translated” into the new algebraic language. Thus we shall have,

following the standard rules for that translation,

i~ → i2̂s ≡ i~σ , (6a)

p̂/m ≡ −i~∇/m→ −∇i~σ/m (6b)
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where ŝ represents the spin vector operator, σ indicates the usual 2 × 2 Pauli ma-

trices, and i the Pauli algebra pseudoscalar unity (which corresponds to the matrix

σxσyσz, so that i2 = −1). Therefore, we can write for the velocity field:

v(x)= −
1

m

〈ψ∇i~σψ†〉0

ψψ†
. (7)

The “tensorial version” of this expression is the velocity operator2

v̂ = −
i~

m
σ (∇ · σ ). (8)

Due to the mathematical identity

σ (a · σ )≡ a + i a × σ , (9)

a being a generic 3-vector, we shall finally get

v̂ = −
i~

m
∇ +

~

m
(∇ × σ )≡

p̂

m
+
i

m
(p̂ × σ ). (10)

The above operator turns out to be composed of a hermitian part, p̂/m, and of a

nonhermitian part, i(p̂ × σ )/m. The hermitian part reduces to the ordinary (but “in-

complete”: see below) nonrelativistic operator for wave mechanics, usually written as

i[Ĥ , x̂]/~ ≡ i[p̂2/2m, x̂]/~. The nonhermitian part is strictly related to the so-called

Zitterbewegung (zbw) [12, 13], which is the spin motion, or “internal” motion—since

it is observed in the CMF—expected to exist for spinning particles. In Refs. [12] and

[13] it has been shown that such an internal motion can be attributed to a pointlike

“constituent” Q (carrying the electric charge), whose motion at the classical limit is

helical. It should be noted that an internal motion of the electric charge Q appears

only for particles endowed with spin [13], and in such a case is to be added to the

drift-translational, or “external”, motion of the CM, p/m (which is the only one tak-

ing place for scalar particles). Actually, in the Dirac theory v̂ and p̂ are not parallel:

v̂ 6= p̂/m. (11)

Moreover, while [p̂, Ĥ ] = 0 so that p is a conserved quantity, v is not a constant of

the motion: [̂v, Ĥ ] 6= 0 (quantity v̂ ≡ α ≡ γ 0γ being the usual vector matrix of the

Dirac theory). Let us notice that in case of zbw it is highly convenient [12, 13] to split

the motion variables as follows (the dot meaning derivation with respect to time):

x̂ ≡ ξ̂ + X̂, ̂̇x ≡ v̂ = ŵ + V̂ , (12)

where ξ̂ and ŵ ≡ ̂̇ξ describe the motion of the CM, while X̂ and V̂ ≡ ̂̇X describe

the zbw motion. From an electrodynamical point of view, the conserved electric cur-

rent is associated with the trajectories of Q (i.e., with x̂), while the center of the

2Let us recall that, with regard to the vectorial basis σ 1,σ 2,σ 3 of the Pauli multivector algebra, we have,

by definition, ∇ ≡ σ i∇i , indicating by ∇i the ith component of vector ∇.
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particle Coulomb field—obtained [14] by a time average over the field produced by

the quickly oscillating charge—coincides with the particle CM (i.e., with ŵ) and

therefore, for free particles, with the geometrical center of the helical trajectory. As

a consequence, it is Q which performs the total motion, while the CM undergoes the

mean motion only. The resulting electron can be regarded as “extended-like” [13],

because of the existence in the CMF of an internal spin motion.

As required by Eq. (11), one has to assume the existence of zbw also in the stan-

dard Dirac theory. In fact, the above decomposition for the total motion shows up in

two well-known relativistic quantum-mechanical procedures: namely, in the above-

mentioned Gordon decomposition of the Dirac current, and in the decomposition of

the Dirac velocity operator and Dirac position operator proposed by Schrödinger

in his pioneering works [15]. The Gordon decomposition of the Dirac current reads

(hereafter we shall choose units such that c= 1):

ψγ µψ =
1

2m
[ψp̂µψ − (p̂µψ )ψ] −

i

m
p̂ν(ψS

µνψ), (13)

ψ being the “adjoint” spinor of ψ , the quantity p̂µ ≡ i∂µ the 4-dimensional impulse

operator, and Sµν ≡ i
4
(γ µγ ν − γ νγ µ) the spin-tensor operator. The ordinary inter-

pretation of Eq. (13) is in total analogy with the decomposition given in Eq. (10).

The first term in the r.h.s. of Eq. (13) is associated with the translational motion of

the CM (the scalar part of the current, corresponding to the traditional Klein–Gordon

current). By contrast, the second term on the r.h.s. is related to the existence of spin,

and describes the zbw motion.

In the above quoted papers, Schrödinger started from the Heisenberg equation for

the time evolution of the acceleration operator in Dirac theory

â ≡
d̂v

dt
=
i

~
[Ĥ , v̂] =

i

~
2(Ĥ v̂ − p̂), (14)

where Ĥ is equal as usual to v̂ · p̂ + βm (where v̂ ≡ α). By integrating once this

operator equation over time, he obtained

v̂ = Ĥ−1p̂ + η̂(0) e−2iĤ t/~ (̂η≡ v̂ − Ĥ−1p̂). (15)

After a little algebra, we may get a more interesting form for the velocity decompo-

sition:

v̂ = Ĥ−1p̂ −
1

2
i~Ĥ−1â. (16)

By integrating a second time, Schrödinger ended up also with the spatial part of the

decomposition:

x̂ ≡ ξ̂ + X̂, (17)

where we have

ξ̂ = r̂ + Ĥ−1p̂t, (18)
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linked to the motion of the CM, and

X̂ =
1

2
i~ η̂Ĥ−1, (19)

linked to the zbw motion.

We can therefore consider decomposition (10) of our velocity operator as the non-

relativistic analogue of decomposition (16) of the relativistic velocity operator. It is

not at all surprising that (besides spin and the related intrinsic magnetic moment)

also another “spin effect,” zbw, does not vanish in the nonrelativistic limit, i.e., for

small velocities of the CM [p → 0]. Therefore also the Schrödinger electron, being

endowed with a zbw motion, does actually show its spinning nature, and is not a

“scalar” particle (as often assumed)! As a matter of fact, when constructing atoms,

we have necessarily to introduce “by hand” the Pauli exclusion principle; and in the

Schrödinger equation the Planck constant ~ implicitly denounces the presence of

spin. In Refs. [16] we have proved that the nonhermitian (zbw) part of our velocity

field gives origin to the quantum potential of the Madelung fluid [17], as well as to

the related zero-point energy of the Schrödinger theory.

3 The Velocity Field of the Madelung Fluid

A spinning nonrelativistic particle can be represented by means of a Pauli

2-components spinor:

ψ ≡ √
ρ8, (20)

where, if we require |ψ |2 = ρ, the quantity8 must obey the normalization constraint

8†8= 1. (21)

Inserting the factorization (20) into definition (3), we have

s ≡
Re {ψ† ~

2
σψ}

ψ†ψ
≡ ~/28†σ8, (22)

if G is the spin vector; and

p ≡
Re{ψ†(−i~∇)ψ}

ψ†ψ
=
i~

2m
[(∇8†)8−8†

∇8], (23)

if G is the impulse. By definition, quantities (22), (23) represent the local spin vector

and the local impulse, respectively. In the most general case (Pauli generalization of

Schrödinger theory), when an external potential A 6= 0 is present, we have to replace

(“minimal prescription”) in the translational term of expression (10) the canonic im-

pulse p̂ by the kinetic impulse p̂ − eA, where e is the particle electric charge. Let

us substitute in definition (3) this “generalized” velocity operator for G, and the fac-

torization (20) for ψ . We finally obtain the following decomposition for the velocity
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field of the nonrelativistic probabilistic fluid:

v =
p − eA

m
+

∇ × (ρs)

mρ
. (24)

This expression may be considered as the nonrelativistic analogue of the Gordon

decomposition (13) of the Dirac current. Even if the above operator v̂ is not hermitian,

the local velocity v(x), as expected, turns out to be always a real quantity.

We want to stress that decomposition (24), just now derived by means of defini-

tion (3), may be also obtained within standard wave mechanics: and this constitutes a

further test of the validity of our operator. It is sufficient, in fact, to take the familiar

expression of the Pauli current (i.e., the nonrelativistic limit of the Gordon decompo-

sition [18])

j ≡ ρv =
i~

2m
[(∇ψ†)ψ −ψ†

∇ψ] −
eA

m
ψ†ψ +

~

2m
∇ × (ψ†σψ), (25)

and to insert into it factorization (20) in place of ψ , for obtaining the velocity distri-

bution in Eq. (24).

Let us single out in the total velocity field the zbw component:

V ≡
∇ × (ρs)

mρ
. (26)

Further, it is decomposable into two distinct parts:

(A) V 1 ≡ (∇ρ × s)/mρ: due to the presence of the gradient of ρ, this term refers to

local motions, in which the constant density surfaces [∇ρ = 0] do rotate around

the spin axis; and it vanishes identically for the plane waves [p = const], for

which ∇ρ = 0;

(B) V 2 ≡ (rot s)/m: such a term does not depend on the density ρ and is different

from 0 only in the presence of external nonuniform magnetic fields (when the

wavefunctions are not spin eigenstates).

Let us remark that the usual requirement of continuity at every point for ψ and for its

gradient ∇ψ (in order to have conservation of the current) automatically assures the

analytic continuity of the zbw field, and the analytic regularity of the trajectories.

The Schrödinger theory is of course a particular case of the present Pauli frame-

work, corresponding to a uniform local spin vector. The wavefunction is then a spin

eigenstate and may be factorized as the product of a “scalar” part
√
ρeiϕ and of a

“spin” part χ (a 2-components spinor):

ψ ≡ √
ρ ei

ϕ
~χ, (27)

quantity χ being constant in space and time. Let us underline that, even if s =
χ† ~

2
σχ = constant, in the Schrödinger case the zbw does not vanish—except for

the unrealistic case of pure plane waves—while the velocity V reduces to

V = V 1 ≡
∇ρ × s

mρ
. (28)
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All this does actually contribute to remove some difficulties remaining in the semi-

classical representation of the particle motion, and in the interpretation of the particle

energies, for some stationary solutions of the Schrödinger equation. As is known, the

eigenfunctions corresponding to nondegenerate energy eigenvalues are always real

(ϕ is uniform and equal to a constant which for the “global gauge invariance” may

be assumed equal to zero). (Even for some systems with degenerate energy levels,

as for instance the spherical harmonic oscillator, one gets real eigenfunctions). Let

us refer to the l = 0, n ≥ 1 stationary states of a particle inside a well or a box, and

of the hydrogen atom, as well as to the m = 0, n ≥ 0 stationary states of a particle

in a uniform magnetic field. For all such systems the local velocity obtained from

standard quantum mechanics, p/m ≡ ∇ϕ/m, is zero everywhere, at any time. As

was first remarked by Einstein and Perrin and by de Broglie [19], such a result seems

to be really in contrast from a classical point of view with the nonvanishing of the

energy eigenvalue for those stationary states. But we now know, from our previous

analysis, that p/m is the mean velocity, describing only the motion of the CM, while

the zbw-component V —which depends on the ρ-gradient, and not on the phase-

gradient of ψ—does not identically vanish, thus implying an internal motion around

the spin axis. Let us make some examples of applications of Eq. (28).

For the ground state of the hydrogen atom, endowed with azimuthal quantum num-

ber l = 0, we have [20]

ρ =
1

πr3
B

e−2r/rB, (29)

where quantity rB ≡ ~
2/me2 is the Bohr radius. Therefore Eq. (28) yields

V = −
2

mrB

r

r
× s. (30)

The speed is maximum in the polar plane (θ = π/2, the z-axis being parallel to the

constant spin vector s) and vanishes along the z-axis (θ = 0,π ):

V =
~ sin θ

mrB
≡ α sin θ, (31)

where α ≡ ke2/~c is the fine-structure constant. We therefore have for the zbw speed:

V ≤ α ≃ 7 · 10−3 c. (32)

Analogously, for the hydrogen-like atoms we obtain (Z being the atomic number)

V = Zα sin θ .

Let us now consider the bound states of a (spinning) particle in a potential well

endowed with spherical symmetry:U(r)= 0 for r ≤ a; U(r)=U0 > 0 for r > a. For

every n≥ 1, l = 0 stationary state, corresponding to the energy eigenvalueEn(< U0),

we can write inside the well [21]

ρ =A2 sin2 knr

r2
for r < a, (33)
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where A is a suitable normalization factor, and kn ≡
√

2mEn/~ is implicitly de-

termined from the following constraint (which actually constitutes an eingenvalue

equation):

kn cotkna = −
1

~

√
2m(U0 −En). (34)

Inserting Eq. (33) into Eq. (28), we obtain the zbw field inside the well:

V =
(

2kn

m
cotknr −

2

mr

)
r

r
× s; (35)

and then

V =
∣∣∣∣
~kn

m
cotknr −

~

mr

∣∣∣∣ sin θ. (36)

At the center of the well, for r → 0, we have a vanishing velocity, V → 0. The

maximum speed is found on the surface of the well (r = a) where, because of the

condition (34), one has

V =
(√

2(U0 −En)

m
+

~

ma

)
sin θ. (37)

Outside the well the probability density reads

ρ = B2 e−2κn

r2
for r > a, (38)

with κn ≡
√

2m(U0 −En)/~. Thus we obtain

V = −
(

2κn

m
+

2

mr

)
r

r
× s, (39)

V =
(

~κ

m
+

~

mr

)
sin θ. (40)

Now the local velocity is composed of a constant term and of a linearly decreasing

term, which vanishes for r → ∞ (at large distances from the well).

Consider now an electron in a uniform magnetic field H = (0;0;H). In the sta-

tionary ground state ψnmpz ≡ ψ000—with the radial number n = 0, the magnetic

number m= 0 and the conserved azimuthal impulse pz = 0—the density reads [22]

ρ =
~

2πeH
e−eHd2

, (41)

where d indicates the distance from the z-axis. In the present case only the compo-

nent of the spin vector parallel to H is conserved, so that s necessarily points in the

z-direction. From Eq. (28) we see that the zbw motion is endowed with cylindrical

symmetry [d ≡ (x;y;0)]:
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V = −
2eH

m~
d × s, (42)

V =
eH

m
d. (43)

At any distance from the z-axis, the charge local flow around the magnetic field di-

rection is endowed with an angular velocity equal to the well-known “cyclotron fre-

quency” eH/m. Thus, in our (probabilistic) fluid every infinitesimal element of the

electron charge behaves as a classical macroscopic electrical charge performing a

uniform circular motion because of the Lorentz force.

Let us finally analyze the distribution for the total velocity, Eq. (24), always for

the Schrödinger case, A = 0, and stress some of its interesting properties.

Since the curl of a gradient is identically zero, we shall have rot p ≡ rot ∇ϕ = 0;

and since s is furthermore a homogeneous quantity, we shall also have ∇s = 0. As a

consequence, by employing the known property of the double vectorial product

a × (b × c)= (a · c)b − (a · b)c, (44)

we can show that the local rotational properties of the Madelung fluid are actually

given by the following expression:

rot v =
1

m

[(
∇ρ

ρ

)2

−
△ρ
ρ

]
s. (45)

Moreover, the zbw current field ρV results to be solenoidal (and this happens also in

the most general case of the Pauli fluid with a nonhomogeneous s):

div(ρV )≡ div[rot(ρs)]/m= 0. (46)

The flux streamlines will be closed lines, as it happens for the magnetic field: there-

fore, we expect the zbw motion to be limited, finite, periodical. We can see eventually

that the local angular velocity ω is parallel to the spin vector s:

ω =
1

2
rot v =

1

2m

[(
∇ρ

ρ

)2

−
△ρ
ρ

]
s. (47)
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L. C. Kretly, M. Santini, J. Vaz, and D. Wisnivieski. The kind cooperation of A. Agresti, Alzetta, G. An-

dronico, I. Aragón, M. Baldo, A. Bonasera, M. Borrometi, E. C. Bortolucci, M. Consoli, L. D’Amico,

G. Di Lorenzo, G. Dimartino, S. Dimartino, J. P. Dowling, S. Esposito, G. Lucifora, G. Marchesini, L. Lo

Monaco, R. L. Monaco, Z. Oziewicz, A. Perdichizzi, R. Petronzio, M. Pignanelli, G. M. Prosperi, R. Pucci,

M. Sambataro, S. Sambataro, E. Spedicato, I. Torres Lima, Jr., A. van der Merwe, M. T. Vasconselos, and

M. Zamboni Rached is also acknowledged. One of the authors (ER) would like to thank J. P. Dowling and

A. van der Merwe for having extended to him the invitation to contribute a paper to this memorial issue.

Finally, thanks are due to a referee for some interesting comments.



Found Phys (2010) 28: 763–773 773

References

1. D. Hestenes, Space-Time Algebra (Gordon & Breach, New York, 1966); New Foundations for Clas-

sical Mechanics (Kluwer, Dordrecht, 1986); Found. Phys. 20, 1213 (1990); 23, 365 (1993); 15, 63

(1985); 12, 153 (1981); Am. J. Phys. 47, 399 (1979); 39, 1028 (1971); 39, 1013 (1971); J. Math. Phys.

14, 893 (1973); 16, 573 (1975); 16, 556 (1975); 8, 798 (1979); 8, 809 (1967); 8, 1046 (1967).

2. D. Hestenes and G. Sobczyk, Clifford Algebra to Geometric Calculus (Reidel, Dordrecht, 1984).

3. R. Gurtler and D. Hestenes, J. Math. Phys. 16, 573 (1975).

4. Ph. Gueret, Lectures at the Bari University (Bari, 1989).

5. P. Lounesto, Clifford algebras, relativity and quantum mechanics, in Gravitation: The Spacetime

Structure (Proceedings of SILARG VIII), P. S. Letelier et al., eds. (World Scientific, Singapore, 1994).

6. I. M. Benn and R. W. Tucker, An Introduction to Spinors and Geometry with Applications in Physics

(Hilger, Bristol, 1987); A. Crumeyrolle, Orthogonal and Symplectic Clifford Algebras: Spinor Struc-

tures (Kluwer, Dordrecht, 1990).

7. M. Faria-Rosa, E. Recami, and W. A. Rodrigues, Phys. Lett. B 173, 233 (1986); A. Maia, E. Recami,

W. A. Rodrigues, and M. A. F. Rosa, J. Math. Phys. 31, 502 (1990); W. A. Rodrigues, E. Recami,

A. Maia, and M. A. F. Rosa, Phys. Lett. B 220, 195 (1989).

8. E. Recami, W. A. Rodrigues, and P. Smrz, Hadronic J. 6, 1773 (1983).

9. V. S. Olkhovsky and E. Recami, Lett. Nuovo Cimento (first series) 4, 1165, (1970); Nuovo Cimento

A 53, 610 (1968); Nuovo Cimento A 22, 263 (1974); E. Recami, in The Uncertainty Principle and

Foundations of Quantum Mechanics, W. C. Price, S. S. Chissick, eds. (Wiley, London, 1977), p. 21;

Rendic. Acc. Naz. Lincei, Cl. Sc. 49, 77 (1970); in Recent Development in Relativistic Quantum Field

Theory and its Application, W. Karwowski, ed. (WUW, Wroclaw, 1976), Vol. 2, p. 251. Cf. also

A. J. Kálnay et al., Phys. Rev. 188, 1484 (1967); Phys. Rev. D 1, 1092 (1970); Phys. Rev. D 3, 2357,

2977 (1971).

10. A. Agodi, M. Baldo, and E. Recami, Ann. Phys. 77, 157 (1973); See also A. Agodi, F. Catara, and

M. Di Toro, Ann. Phys. 49, 445 (1968); M. Baldo and E. Recami, Lett. Nuovo Cimento 2, 643 (1969).

11. J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill, New York, 1964),

p. 36.

12. A. O. Barut and N. Zanghi, Phys. Rev. Lett. 52, 2009 (1984); A. O. Barut and A. J. Bracken, Phys.

Rev. D 23, 2454 (1981); Phys. Rev. D 24, 3333 (1981); A. O. Barut and I. H. Duru, Phys. Rev. Lett. 53,

2355 (1984); A. O. Barut, Phys. Lett. B 237, 436 (1990); Phys. Lett. A 189, 277 (1994); M. Pavšič,
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