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S u m m a r y .  - -  In this work we deal with motion and collision of rela- 
tivistic wave packets. Starting from space-time definitions of the experi- 
mental observables (cross-sections, space-time shifts, etc.), we get their 
expressions in the energy-momentum representation, by using some 
Fourier-transformation techniques, thus generalizing some previous (non- 
relativistic) results to the case of two relativistic spin-zero interacting 
particles. We notice that wave.packet spreading is often very large and 
cannot be neglected, as one usually does; but at the same time we show 
that the observable quantities do not commonly depend on spreading, 
blending or �9 smoothing ~. As an application, we calculate the time dura- 
tion of some interactions at different energies. 

1. - I n t r o d u c t i o n .  

I t  is well known tha t  the various methods,  which are commonly  used in 
the q u a n t u m  theory  of relat ivist ic collisions~ seem rather  artificial, as in general 

t hey  do no t  consider t ime development ,  and describe monochromat ic  waves, 

infinite in space and time. 
Many Authors  have therefore studied nonrelativist ic collisions introducing 

wave packets  into consideration. For  instance, in ref. (1.~) it is developed a 
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wave-packet description of nonrelativistic scattering, valid for a very narrow 
initial energy spread, and the space-time shifts of asymptotic scattered packets 
are calculated by using the stationary-phase method. Besides, in ref. (5) a 
rather general wave-packet theory of nonrelativistic scattering is presented, 
in which the expressions for averaged cross-sections and time delays (or ad- 
vances) are produced and in detail discussed, and the influence of the initial 
conditions on the observable quantities is emphasized. One of us, in previous 
letters (5), began to oonsider the phenomenon of wave-packet spreading, and 
its influence on some experimental observables. 

The aim of this work is to generalize to the relativistic case the theory of 
wave packet collisions (with the aid of some Fourier-integral techniques); we 
have carefully investigated the problem of defining and calculating cross-sections 
and space-time shifts; some values of time shifts for concrete examples have 
been calculated too. 

For simplicity, in this paper we limit ourselves to spin-zero particles, so 
that  we can use the solutions of the free Klein-Gordon (K-G) equation to de- 
scribe their asymptotical motion. 

2. - Space-time description of relativistic plane-wave packets. 

As is usual in the wave-packet relativistic treatments, let us examine the 
collision processes, introducing initial plane-wave packets, as prepared e.g. by 
sending entering particles through some collimating slit. 

We choose natural units (numerically: ?~= c---- 1), and the metric ( +  - - - - - - ) .  
By definition (owing to the hypothesis of linear superposition of the free 

K-G solutions), for the initial relativistic plane-wave packets, describing 
the bombarding (free) particles, we use the Lorentz-invariant expression 
(being x ~ (x, y, z, t)) : 

(1) y,"")(• - : / d 'pS(p  ~ -  m ~) O(po)g(p) exp [-- ip.  x] = 

+ 

exp [i(p . x -  pot)], 

where the last integration is confined--as it  is understood in the following-- 

to the positive energy range (Po ~ + v / ~ ) ,  m and p are respectively the 
incident particle rest-mass and momentum, and g(p) is the wave-packet scalar 
weight function (e.g. due to the << monochromator )) slit). Usually, for the ex- 

(5) T. OH~ZU~A: Progr. Theor. Phys., Suppl. 29, 108 (1964). 
(s) V. OL~OVSKY: -,Vuavo Cimento, 48B,  178 (1967); 50B,  392 (1967). 



6].~ V . S .  OLKHOVSKY a n d  E. REC&MI 

pe r imen ta l  wid th  of the  weight  funct ion,  one has:  [Ap] << [p]. We notice 
t h a t  we do no t  need to in t roduce  (( localized )) wave  functions,  because ( instead 
of using the  co-ord ina te -opera tor  eigenfunetions)  we are considering quadra-  
t ica l ly- in tegrable  wave packets--so t h a t  our free par t ic le  can be localized, in 
pos i t ive  energy  s tates ,  wi th  any  degree  of accuracy  (,.s). 

As in the  following, we assume the  i nva r i an t  normal iza t ion  (s) 

(2) (~v ̀'~ ~"~'), = x~v*,,(x) ~0~,,,,(x) = (2:~) Ig(P) I ~ = t .  

The  symmetrized expression for the  corresponding f lux-densi ty  of the  ini t ial  
K - G  part icles,  in the  enter ing  direct ion z (the z-axis going f rom the sl i t -center  
to the sca t te re r -cen te r ) ,  is 

(3) J(*'n)(x) = 2mi (yJ~n,0, ~p ,n , )= 

1 R e ;  d p  d p '  p , + p :  
= m J 2 p o  2p--~o g*(p) g(P') ~ exp [ i ( p -  p ' ) . x ] .  

Let  us now calcula te  the  m e a n  f iux-densi ty  of the  init ial  part icles ( through 
a de tec tor  (( window ))), ave raged  on the  work - t ime  ~ and  on the  effective work- 
a rea  S of the  (( de tec tor  ),. W e  have  (') 

(4) 5ri"'(z)) = f J P '  
dx dy dt 

�9 _ _  S v 

. . . . . .  / j ( , l~ (Ix dy dt 

where  the  second s tep is justif ied b y  the  fac t  t h a t  general ly  S and  v are much  
g rea te r  t h a n  the  w a v e - p a c k e t  cross-section and  t ime-dura t ion  respect ively.  
One can eas i ly  foresee t h a t  expression (4) does not  ac tua l l y  depend on the 
de tec to r  posi t ion,  i.e. on its  co-ordinate  z, owing to to ta l  p robab i l i t y  con- 
serva t ion .  S u b s t i t u t i n g  fo rmula  (3) into (4), we get  

(5 )  ( j (~n,}  __ , ( 2 z )  8 ( d p  1 2 - - ~  j ~-p. Ig(P)12 = 2,7s~ ' 

(7) See for instance: D. I. BLOKHINTSEV: On a fmealization o] ~elativistie Micro- 
particles in Space-Time, preprint 1)-2631, J.I.N.R., Dubna, 1966 (in Russian)(*). 

(') Note added in proo]s. - See also D. I. BLoKHn~TSEV: Macroscopic Causality, 
preprint IC/67/36, I.A.E.A. (Trieste, June 1967). 

(8) See e.g.,: S. S. SC~*WEBER: An lntroductionto RelativistieQuantum Field Theory 
(Evanston, Ill., 1961). Alternatively, for convenience, we shall write the labels (in) 
and (se) either up or down. 

(~) Analogously, one can define and calculate the other components of ( J ) ,  but 
they have here little interest. 
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where we h,~ve used the  in tegral  r epresen ta t ion  of the de l ta  (( f u n c t i o n s ,  and  
their  propert ies ,  in par t icu lar  the following re la t ion:  

(6) ~(Po-- P~) ---- ~(P~-- p ' )  + ~(p" + p~') = 6(p~--  p'.) 
rPdpol [-  pdpoJ v. 

(note t h a t  p,  and  p', are a lways  posi t ive ,  according to  our  convent ions,  for  
physical  reasons)�9 

Le t  us now follow the mot ion  of a single par t ic le ,  i.e. of a single wave  
packe t .  We  have  to consider i ts  m e a n  space co-ordinates ,  a t  fixed t ime  t, and  
its  mean  t i m e  co-ordinate,  a t  f ixed z (~o). 

Fo r  the  mean  dura t ion  of the  packe t  mot ion  f rom the  sli t  to a d is tance  z, 
we define, following OlZMVl~A, 

f :'~ 
~:~ '2mf J'yt dt (7) <t/~)>,,., = f ) ~  d/d~du- ax dy, 

where we have  averaged  on the time extension o] the whole packet in the 
z-direction (or on the  detector  work- t ime ,  if this  is less t h a n  the  previous  one) 
and  precisely on the  different t i m e  extensions of our  p a c k e t  corresponding to 
the  different points  of its cross-section (or of the  counte r  window area,  if i t  
is less t han  t h a t  (( cross-section )). Fo r  s implici ty ,  we m a y  a s sume  the  window 
to be p lane  and perpendicular  to the  z-axis). B u t  here,  as in the  following, 
we suppose t h a t  the  detec tor  work - t ime  and work -a rea  are v e r y  large in com- 
par ison with  the  packe t  dimensions,  so t h a t  we can i n t eg ra t e  over  infinite 
ranges  (and use the s implifying m a t h e m a t i c a l  tool of the  Four ie r - t ransfor -  
mat ions) .  

Thus,  observ ing  first ly t h a t  

(8) exp [ip. x] t exp [-- ip' .  x] =_ -~ exp [-- , ( p - -  p ' ) .  x]. 

�9 (exp [ipot] ~,; exp [-- ip'ot] -- exp  [-- ip'ot] 0,. exp  [ipot]), 

in tegra t ing  secondly by  par ts ,  then  der iving and  s impl i fy ing  b y  t ak ing  in to  
account  t h a t  the  weight  funct ion and its derivatives are quadra t i ca l ly  in tegrab le  
(e.g. t h e y  tend  to zero a t  the  in teg ra t ion-domain  contour) ,  and  r e m e m b e r i n g  
the  in tegra l  represen ta t ion  of the  del ta  funct ions,  the i r  p roper t i es  and  for- 
mula  (6), we get  finally 

(9) g ( p ) +  zp.} = 

(to) In this Section we choose the slit center to be situated at z--0. 
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Ev iden t ly ,  the  q u a n t i t y  <dt}~L~ ~ is the  m e a n  t ime-shi f t  caused b y  the  ini t ial  
devices�9 

L e t  uS now consider  the  w a v e - p a c k e t  m e a n  space co-ordinates,  a t  a rb i t r a ry  

t i m e  t; we h a v e  (P,/Po - -  v~) 

(lo) 
f J'."' x dx 

<x(t)>(,.,- f j i , . ,dx  -- 

= f(dp/2po) v~lg(p)l = [ v t -  ~p arg g(p)] 

f(dp/2poiv.ig(p)l ~ 
- t < v > , , . , -  <Ax>..,, 

where i t  is easy  to  see t h a t  the  q u a n t i t y  <Ax>(,., is the  space shif t  caused b y  
the  in i t ia l  e x p e r i m e n t a l  condi t ions .  

Compar ing  the  resul ts  (9) and  (10), one can easily observe the  fact  t h a t  in 
the  w a v e - p a c k e t  descr ip t ion we cannot  consider the  packe t  average pos i t ion  
and  average mot ion- t i ,ne  s imul taneous ly .  I f  we choose as a free p a r a m e t e r  the  
space co-ordinates  or the t ime  co-ordinate ,  the  remain ing  quan t i t y  is defined 
b y  the  va lue  of the  first one and  b y  the  packe t  s t ruc tu re  (and resul ts  as a 
mean  value,  wi th  a m e a n  f luctuat ion of course). 

To ge t  fo rmula  (10), we have  used the  re la t ion  

(11) 
i 

exp  [ip . x ] x  exp [-- i p ' . x ]  - -  - -  -~ exp [ i (po- -p~) t ]"  

�9 [exp [ - i p .  x] ~s' exp l ip ' .  x ] -  exp l ip' .  x] ~, e~p [ -  i p - x ]  ] 

a n d  have  t h e n  followed the  previous  procedure  (i.e. the one we used to get  (9)). 
Now we h a v e  to  ca lcu la te  the  effects of spread ing  on  the  p lane-wave  pack-  

ets,  t h a t  is to  say  the  dependence  on t i m e  of the  quan t i t y  

(12) <(Ax)'),,~, = <x2>,n,-- <x>,~,.,. 

W e  a l r eady  know <x}(ln~; to calculate  <x2}cl~,, we use the  re la t ion 

(13) 1 
exp  l i p .  x] x 2 exp  [-- i p ' .  x] ~-- - -  -~ exp [ i (pa--  p~)t] .  

�9 exp [ -  ip .  x] ~ exp l ip ' . x ]  + exp l ip-  x] ~p~ exp [ -  ~p" x] 

and  then  follow the  usual  procedure,  now however  in tegra t ing  b y  pa r t s  twice.  
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We get (v ~ p/Po) 

04) 
fS- '")x~ dx 

<x '> , , . ~  = 
f J(.'~ dx 

f (dp/2po){V.v~]g(p)]~t[t-- (v/v~) a. arg  g(p)] + p~v./ ( Op(g(p) /Po) )ZJ} 

f(dp/2po) v,]g(p) l ~ 

3. - Space-t ime description of relativistic scattered wave packets .  

Let  us now consider the  phys ica l  case of a flux of par t ic les  (with res t  mass  m) 
bombard ing  a ta rge t ,  a t  res t  (~1) in the  l abora to ry ,  and  p roduc ing  some final 
particles.  Le t  us imagine  to de tec t  only  final par t ic les  of a ce r ta in  t ype  (with 
res t  mass  ~) .  We  can l imit  ourselves to examine ,  long before  the  in terac t ion ,  
the  enter ing p lane-wave  packe ts  (1), and,  long a f t e r  the  collision (near the  
detector) ,  the  wave  packe t s :  

(~5) 
+ + 

re la t ive  to the  considered final (free) par t ic les .  I n  fo rmula  (15): q is the  final mo-  
m e n t u m ;  ](p, q) is the  t rans i t ion  a m p l i t u d e  (1~) f rom ini t ia l  plane waves with  
m o m e n t u m  p to final plane waves with  m o m e n t u m  q;  and  y(q) is the  final- 
part icle  cc detec tor  weight  ,, including angu la r  and  energet ical  de tec tor  resolu- 
t ions (13). 

We have  chosen the  c.m. f r ame  of referenee~ and the  space axes  ~, if, 5 so 
t h a t  5 goes f rom the collision center  (~ = 0) to the  de tec tor -window cente r ;  
we have  now: ~ = ($, if, 5, t). Obviously ,  us ing final p l ane -wave  packe t s  is jus-  
tified by  the  fact  t ha t  we are in te res ted  only  in the  waves  r e a c h i n g  the  de tec to r  
window (at dis tances r much  bigger  t h a n  the  in te rac t ion  radius) ;  in pa r t i cu l a r  
af ter  the  cc window ~ we would m e e t  a s i tua t ion  s imi lar  to  the  one a f t e r  t he  

monochroma to r  slit. 

(n) Were it not at rest, we ought to consider als0 the momentum distribution of 
these second particles. 

(1~) As usually, we do not consider the final-state particles with q~p .  
(xs) We can neglect the possible impulse-energy spread, due to eventual inter- 

actions between scattered particles and �9 window ~ edges. Such wave-diffraction may 
be neglected e.g. if the detector energy resolution is not better than the monoehromator 
one: in this case the weight ~ does not depend on [q[. The detector weight function 
could be normalized in analogy to formula (2). 
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We have  now to define the cross-section for unit  solid angle (mb/sr), av- 

eraged for outgoing particles inside the small solid-angle defined by  the detector  
angular  resolution (~*) : 

~JF'(~, t)d~ d~ dt 
(16) <~(P' q)> = fJ?'(o, ~) dt ' 

where ~,.lv"~/fl,~, t) is the init ial  f lux-density in the interaction-region center (*), 
and  where in the numera to r  and in the denominator  we integrate  on the space 

and  work- t ime extensions respectively of the detector  and of the (~ source ,. 
Eas i ly  (here ,2 ~ , ,  ,z P. : Po- -P~  --P~ - -  m~) 

f j ~ ~ f dpo (-~'(O, t )a t -~  -~ ~ej -~p~ dp, dp,  dp'-dp~ g*(p)g(p') . 

Again  the  integrat ions m a y  be extended from - -  oo to ~-0% as generally the 

space and t ime extensions of the wave packets  are not  larger than  the detector  
or source ones. We m a y  resort  to Four ier  t ransformat ions  and follow the 

same procedure  we used for the initial packets.  For  instance we would get 

(17) 

where 

J~,~'(~, ~, })= 

~ef dq dq' dp ~PI~*Ip, q)PIf , q') ~ ~ x p [ i I q - -  r 
~ J2qo 2q'o 2po zpo 

(18) F(p,  q ) - -  g(p) 9(q) /(p, q ) .  

Final ly  we have,  in the impulse representat ion,  

(~9) 
m (2u)'  Ref(dq/2qo)(dp/2po) (dp'/2p~)_F* (p, q)F(p ' ,  q) 

<a(p, q)> = 
m Ref(dp~/2p~)d d d ' ' ' * ' " p~ p, p~dp,((p,~-p.)/2)g (p)g(p )I~;-~. 

I n  the particular case of elastic scat ter ing with broad initial packets, when 

(20) g(p) -~ V2pog(p, ) ~(p~)5(p,) , 

(14) Without limiting the generality, we assume the space and work-time exten-  
sions of the detector and of the source to be the same. We might replace the 

(In) t denominator of formula (16) by the expression: (1/~ln~)fJ, dxdyd ,  5~(ln ~ being the 
cross-section of the initial packet near the interaction region. Analogously in formula (19). 
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and when (~s) 

(20') 

4p~176 I rg(q)l ~-~ q~-6(rpl-[ql)6(p "-p~)'l p 
, 

whe have (here)Pl  = P, and po:= qo) 

m fdp~ d.(291g(p, ) ~(~2q)/(p, q)]* 
(19') <no(p, q)> = ="  

m (2~)-,fdp~lg(p,)l 2 

where the denominator is a constant. 
At this point we have to generalize expression (7) for the mean motion 

time for the scattered packets. We get, following the usual procedure, 

f J~~ t dt d~ dTl 
(21) <t>,.,, = 

fJ 'dtd d  
~ef(dp/2po) (dp'/2p~)(dq/2qo) {F*F'(~/v.;) + (1/2i)F*~q.F'} 

Ice f ( ap/2po) (dp'/2p~)(dq/2qo).F*F' 

v =  Iql/qo being now (in this Section) the phase velocity corresponding to the 
final momentum q. Further  

(22) F ~ F(p,  q); F'  -= F(p' ,  q ) .  

Formula (21) may be rewritten more compactly as follows: 

(23) (t>,.o, = ~ (v~l> -~- <At>, 

where the term <At> has the clear physical meaning of time shi/t (delay or 
advance) produced by the collision and by  the initial and final experimental 
devices. 

In the particular case (elastic scattering) represented by  (20) and (20'), 
expression (21) transforms into 

fdp~ dQqlg(p~) ~(~q)f(p, q)l ~ {~/v 7 + ~qo[arg 9(p~) + arg ](p, q)]} 
( 2 4 )  <t>, .o)  . . . . . . . . . . . .  , 

fdp..dDq}g(p,) ~7(Dq)/(p, q)l' 

where the time shift produced only by the interaction is now 
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Then, we generalize expression (10) of the mean wave-packet spatial co- 
ordinates; again with the usual procedure we get 

(25) < x > . o )  - -  - -  
f J~~ x dx _ _  

fJ~~ 
_ Ref(dp/2po)(dp'/2p~)(dq/2qo)v; [F*F'vt - -  (1/2i)F*~qF'] 

Re  f ( dp/2po) ( dp' /2p~) ( dq/2qo)vy F* F'  

Expression (25) may be rewritten briefly as 

(26) < x } ( . o ~ =  <vt>- <vAt> § <~x>, 

where .l_ means perpendicular to the direction of v, and 

The last two quantities of formula (26) give the space shifts, produced by the 
collision with influence of the initial and final experimental devices. 

In the particular case (elastic scattering) represented by (20) and (20'), 
we have 

(27)  <x>(0c) = fdp, d~qlg(p,) ~(fJg)f(p, q)l~{vt--v.At,,o,,--~q arg g~-~-~• 
fdp. dDq[g(p,) ~(/2q) ](p, q)[, 

where the trasversal space shift produced by the interaction is now 

(2s) <~• (. ~axg/ (p ,q)> + <v-At(,~ ~q 

At this point, we calculate the effects of spreading on scattered wave packets. 
Following the same method we used in the initial case (formulas (12) and 
followings), it is easy to generalize the last results of Sect. 2. For instance 

(29) <(Ax)~>(.e) = 

Ref(dp/2po) (dp'/2p~) (dq/2qo)vy (v2[tF*-F ' + (i/2)(F:'~qF~)] + q'o ~q F:.  OuF~} 

Re f ( dp/2po) ( dp ' /2p'o) ( dq/2qo) vz F* ~" 

where 

- -  - < x > : . , ,  

(30) F* = .F* (p, q) exp [-- iqo i f ,  .F' o-~ F(p' ,  q) exp [ § iqo t] . 
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4.  - C o n c l u s i o n s  a n d  a p p l i c a t i o n s .  

Firs t ,  we can see that-~,besides the  in te rac t ion  d y n a m i c s - - a l s o  the  ini t ia l  
and  final exper imenta l  condit ions (which are defined b y  the  weight  fac tors  g 
and  ~) influence the  physica l  observables  (cross-sections, m e a n  space- t ime  
shifts, etc.). Of course, in mos t  prac t ica l  cases, the  in t e rac t ion -dynamics  role 
is ve ry  impor t an t .  B u t  i t  is possible to imagine  cases when the  energet ica l  
resolut ion is A E  >> F, where F is an energy interval corresponding to a not ice-  
able ampl i tude  var ia t ion,  or when on the  c o n t r a r y  AE<< F.  I n  these eases, 
in format ion  abou t  cross-section ene rgy  dependence  or a b o u t  collision l i fe t imes is 
insufficient, as in the first case the  expe r imen ta l  cross-sections, ave raged  on AE, 
fai l  to reveal  possible resonances of o ther  s t rong  ene rgy  dependences,  while 
in the  second case the  in format ion  abou t  t i m e  shif ts  is lost  in the  g r ea t  
packe t  t ime  extension. 

Another  i m p o r t a n t  point  we wan t  to c lar i fy is the  role of spreading in t he  
real  exper imenta l  si tuations.  Fo r  example ,  if one considers a weight  func t ion  
of Gauss ian  type ,  i t  is possible to show (3) tha t ,  if the  p a r a m e t e r  e = ht/2mw ~ >> 1 
(where w is the  ini t ial  length of the  p lane-wave  packe t ) ,  t hen  spreading  is v e r y  
large. And, examin ing  for ins tance  the  collision of two nucleons, wi th  an  
enter ing l abo ra to ry  m o m e n t u m  of 1 GeV/c, energy  resolut ion AE-~  10 -2 GeV, 
and  a l abora to ry  dis tance of 10 cm be tween  the  t a r g e t  and  the  detector ,  we 
find in the  c.m.s, the  (dimensionless) ~c spreading  p a r a m e t e r  )): 

, (V), (31) e ~ ~ 1.7Xi01~ 

v being the  packe t  e.m. group  veloci ty .  Thus ,  in con t r a s t  wi th  the  usua l  
assumpt ions ,  one can often consider spreading  practically a lmos t  infinite. But, 
in spite o] this, the  spreading in the  recent  d a y ' s  expe r imen ta l  s i tua t ions  
does not  influence the  observables ,  as can be seen f rom the i r  expressions in 
the  impulse  representa t ion .  

I n  fact ,  dur ing the  mot ion ,  a packe t  space- red i s t r ibu t ion  occurs, due to  
spreading  and  smooth ing  wi th  t i m e  (15). For example, if we have  two packe t s  
wi th  a lmos t  no space over l app ing  (~6), one c~n wr i te  in i t ia l ly  (supposing we 

(15) If  the same scattering reaction can proceed via various prompt and delayed 
processes, also the interference between them (depending on the initial superposition 
region too) will cause a new space-time redistribution of the wave packets (i.e. their 
spectral redistribution with time). 

(~e) This case in particular seems to be realistic in the field of nuclear physics, 
where sometimes after a collision one has two wave packets, corresponding to a direct 
collision process and to a compound-nucleus process respectively, 
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m a y  use formula  (19')) 

(32) <~ro> oc -~.fdp~dZ2,(Itd~ + I h l ~ ) I g ~ l  ~ , 

where  ]--~ ],-~/~, and fdp.d~2qlg~12~/2----0. Wi th  t ime,  their  spreading pro- 
duces a blending of the two packets ,  but ,  owing to to ta l  probabi l i ty  conserva- 
t ion,  fj"~ t)d~d~dt= const, the  value (a0) will remain the s~me. 

Thus,  even if the packe t  space redis t r ibut ion  with t ime corresponds ob- 
viously  to a new spectral  redis t r ibut ion of the react ion amplitudes,  the general 
values  of ( a ) - - a n d  analogously of the  o ther  observables, like (Ax) and ( A t ) -  
will no t  change. 

F r o m  the poin t  of view of the collision lifetimes, we can observe the fol- 
lowing analogy between nuclear  physics and e lementary-par t ic le  physics, neg- 
lect ing e lect romagnet ic  interact ions.  In  nuclear  physics, processes can roughly 
be divided in two classes: the p romp t  processes, corresponding to (( direct  
in te rac t ions  ~ (with lifetimes of the order  of {10-~'--10 -21) s) and the delayed 
processes,  corresponding to fo rmat ion  and subsequent  decays of a (( compound 
n u c l e u s ,  (with l ifetimes of the  order  Of (10-~~ and sometimes even 
much  more) .  The direct  processes are in t e rp re t ed  as strong nuclear interac-  
t ions,  wi th  par t ic ipa t ion  of few degrees of f reedom; while the compound-nucleus 
ones are in t e rp re t ed  as a consequence of the  par tec ipa t ion  of very  m an y  de- 
grees of f reedom. 

In  e lementary-par t ic le  physics, we have  , s trong processes ,  (with lifetimes 
(10-2 ' - -10 -22) s) and (( weak in teract ions  ~ (with lifetimes ~ 10 -~~ s, and some- 
t imes  even much more).  I f  we accept  the  e lementary-par t ic le  composite mod- 
el (~7), we are  led, by  the analogy, to suppose tha t  in s trong interact ions only  
few in te rna l  f reedom degrees are involved,  while in the weak ones a lot of 
in te rna l  degrees of f reedom par t ic ipa te  to the  reactions.  We add that ,  in the  
fields bo th  of e l emen ta ry  part icles and of nuclear  physics, the relat ive pro- 
bab i l i ty  of s trong (direct) in teract ions  with respect  to weak (compound- 
nucleus) react ions increases with energy.  

F o r  the future ,  i t  seems interes t ing to invest igate  for instance the role of 
the  relat ivist ic  wave-packet  formalism in the description of some final-state 
in te rac t ions  (such as the ones with t r iangle  graphs),  with the addit ional  aim to 
obta in  informat ion  about  the l ifetimes of in te rmedia te  unstable (, particles ~) 
or resonances.  

At  last, let  us calculate for exempl i f ica t ion- -some values of t ime shifts, 
as an  appl icat ion of what  precedes. Le t  us remember  the Loren tz - invar ian t  

0 7) For instance the Sakata model or the quark models. 
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expression of the  amp l i t ude  for  elastic scattering of s1)in-zero I)art icles:  

(33) /(0) = ~-~ ,-o (2l + 1)e 'a, sin ( t ~ ( c o s  0) ,  

where  6L is the  phase-sh i f t  for  t he  / - th  pa r t i a l  wave .  I f  o n l y  one pa r t i a l  w a v e  
con t r ibu te s  (and the  ine las t i c  channe l s  are  closed), we h a v e  (~s): 

(34) a rg  / ~ a r c t g  t g  5 - 5 ; 

a n d  if t he  p a c k e t - s p e c t r u m  is na r row,  we conc lude  t h a t  the  t i m e  shi f t  p r o d u c e d  
b y  the  in te rac t ions  is 

(35) (At)~,.~-~ e arg___/ h ~ 
c ~po  ~ ~-E ' 

where  E ~ cpo. 
To i l lus t ra te  some examples ,  as this  work  is conce rned  w i t h  sp in-zero  pa r -  

ticles, let  us refer  on ly  to  s -waves  a n d  to  the i r  part ial  t i m e  shifts.  I n  fac t ,  in  

elast ic  processes  wi th  l----0, spin p l ays  no role. I t  is e v i d e n t  t h a t  our  fol low- 
ing ca lcula t ions  h a v e  a real is t ic  i n t e r e s t  on ly  w h e n  t h e  e las t ic  pa r t i a l  s -wave  

domina t e s  all the reactions. 

TABLE I. -- Time shiJts (advances) in the c.m.s, jot the s-wave elastic K+p scattering (i~), 
at di]]erent K + laboratory momenta (~o). 

lab p~ (Meu e.m. (At)(,~t~ (10 - ~  s) 

160 
190 
215 
250 
310 
440 
580 

- -4 .7  
- -  1.9 
- -  2 . 0  

- - 0 . 9  

- - 2 . 1  

- -  1 . 5  

- - 1 . 3  

(18) If  the inelastic channels arc not closed, or the elastic scattering does not  domi- 
nate all the reactions, the phase shifts are complex (as is well known): (~ = a~ ~-ifll. 
Then formula (34) reads: a rg / t -~  arg (1 - -8l) ,  where: Sz = exp [2i5,]= exp [--2flt~- 2i~].  
Analogously in formulas (35) and (36). 

(19) S. GOLDHAB]~R, W. C'~OWSKY, G. GOLDKAB~R, W. LeE, T. O'I'IALLORAN, 
T. F. STUBBS, G. M. I)JERROU, D. H. S~oRK and H. K. TICHO: Phys.  Rev. Left., 9, 
I35 (1962). 

(20) The data on particles are taken from: A. H. ROSV.NFV.LD, A. BAR~ARo-GUAL- 
TIEXr, W. J. PODOLSKr, L. R. Pazc~, 1~. Roos,  P. SODI~O, W. J. WILLS and C. G. 
WOHL: Rev. Mod. Phys., 39, 1 (1967). 
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TABLE I I .  -- Time shifts (advances and delays) in the e.m.s. ]or the s-wave elastic r:d~? 
scattering (~1), at di]]erent laboratory kinetic energies o] the entering pions. T means the 

(total) rCY'-isospin (20). 

l a b E ~  
(MeV) 

~ 2 8  
34 
39 
51 
72 
90 

109 
135 
158 
168 
173 
188 
212 
236 
259 
290 
340 
390 
430 
470 
511 
542 
565 
590 
625 
674 
723 
771 
821 
858 
885 
925 
970 

1019 
1138 
1270 

c.m. <At>(,=t~ (10 -'ss s) 

- -  1.3 
+ 0.3 

- -  1.8 
- -  0 . 7  

- -  1.5 
+ 1.0 

0.9 
- -  0 . 5  

- -  5.1 
+ 2.8 
+ 1.3 
+ 4.0 

4.0 
- -  0 . 8  

- -  0 . 1  

- -  1 . 1  

0 . 8  

0 . 5  

0 . 6  

0 . 2  

- -  0 . 1  

1.4 
+ 0.6 
+ 0.03 
+ 0.8 
+ 0.6 

- -  3.4 
5.8 

+ 1.5 
~ 1 2 . 5  
+ 1.6 
+ 5.3 

- -  5 . 6  

- -  3.1 
+ 0.7 
+ 0.7 

lab En  
(MeV) 

36 
51 
80 

109 
135 
158 

c.m. <At>(,,~t~ (10 -28 8) 
Y = � 8 9  

+ 0.4 
- -  0.2 
+ 0.4 
- -  0.3 
-4- 0.7 

- -  0.3 
195 + 
236 + 
259 
290 
340 
39O 
430 + 
470 
512 
542 
565 
591 
625 
674 
722 (*) - -  11.1 
771 (*) + 1 2 . 9  
821 (*) - -  32.2 
858 (*) + 6.4 
885 (*) + 13.7 
925 (*) - -  1.9 
970 (*) -}- 0.2 

1069 (*) + 1.0 
1188 (*) - -  7.7 
1269 (*) - -  2.0 

0.2 
1.7 

+ 0.6 
+ 0.7 
+ 0.7 
+ 0.1 

2.5 
0.8 

+ O.7 
+ 1 1 . 5  
+ 1.4 
--I1.3 
- -  6.2 

4 . 2  

+ 7.6 
+ 6.4 
+ 22.2 

- -  5.9 
+ 7.1 
+ 2.5 
+ 0.6 
+ ] .0 

- -  7.7 
- -  2.0 

(*) The two time-shift values correspond to the solutions 1 and 2; see ref. (20. 

(2a) A DONNACHIE: Pion-~V~eleon Phase 8hi]t Analysis, in  Particles lnteraetions at 
High Energies (Scot t i sh  U n i v e r s i t i e s '  1966 S u m m e r  School),  ed i ted  by  T.  W.  PR~asr  
a n d  L .  L.  J .  VICE (Ed inburg ,  1967), p. 330. 
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First ly,  we shall con,sider the  elastic K~p  sc~ttering,  which f rom 110 to 
642 ~ e V / c  has been in te rp re ted  as an s -wave process  ('~). The c.m. t ime  shifts  
(advances),  calculated ~t different K + l abo ra to ry  m o m e n t a  by  fo rmula  (35), 
or be t t e r  f rom its a p p r o x i m a t e  vers ion 

A~ 
(36) <At>(,.,) ~ h - -  

A E  ' 

are repor ted  in Table  I .  The da t a  are t a k e n  f rom ref. (1~). 
As a second example ,  we w a n t  to consider t he  ,( classical )) elastic ~JT scat-  

tering, t ak ing  the  phase-shif t  da ta  f rom ref. (zl). The  c.m. t ime  shifts (advances  
and delays),  ca lcula ted b y  formula  (36) a t  different  l abo ra to ry  k inet ic  energies 
of the  enter ing pions, are repor ted  in Table  I I  and  refer  to pa r t i a l  s -wave  scat-  
tering.  I n  Table  I I ,  T means  the  (total) =3~-isospin. Owing to the  u n k n o w n  
approx imat ion  in t roduced b y  subs t i tu t ing  the  phase-sh i f t  de r iva t ives  wi th  
, incrementa l  ra t ios  )) ( formula  (36)), i t  is no t  possible to add  the  ma in  errors  
in Tables I and  IX. B u t  we emphas ize  t h a t  somet imes  the  phase-sh i f t  s t anda rd  
deviat ions too are enormously  large (21). In  the  (c.m.s.) energy  region of a nar- 
row Brei t -Wigner  ,~ resonance )), wi th  wid th  F, when  ]z = A I ' / 2 ( E ~ - -  E - -  iF]2) 
and 6 z = a r c t g  ( F / 2 ( E a - - E ) ) ,  we should find, in par t icular ,  the  known for- 
mulas  

~F/2 2h 
A t d E ) =  ( E - -  Ea) 2 + F2/--4 ' At~(ER) = -~ ,  

and, if the  expe r imen ta l  resolution is much  bigger  t han  F, 

<At>z = ~IF .  
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RI~kSSUNTO 

In queato lavoro si considerano moto e eollisione di laacchetti d 'onda relativistiei. 
Partendo da alcune definizioni spazio-temporali delle osservabili sperimentali (apace- 
time shifts, sezioni d'urto, ecc.), si ottengono le loro espressioni nella rappresentazione 
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degl i  impuls i ,  con l 'ausi l io di t ecn iche  delle t r a s fo rmaz i o n i  di  Four ie r .  Si genera l izzano 
eosi  a l eun i  p r e e e d e n t i  r i su l t a t i  (non re la t iv is t ic i )  al case de l l ' in (eraz ione  di  due pa r t i -  
celle r e l a t i v i s t i ehe  a sp in  zero.  Si osse rva  eho non  ~ leci to t rascuraro  - -  come di soli to 
si  i a  - -  lo spreading dei  p a e e h e t t i  d ' o n d ~  nel  lore  m o t e ,  d a t e  ehe al eon t ra r io  esso 
s o v e n t e  m o l t o  g rande .  Nel  e o n t e m p o  pe rb  si d i m o s t r a  che,  c iononos t an te ,  le q u a n t i t k  
osse rvab i l i  helle usual i  od i e rne  s i tuaz ion i  s p e r i m e n t a l i  non  d ipendono  nd dallo spread ing ,  
n6 d~i ~ b l e n d i n g  >~ e ~ s m o o t h i n g  )~ dei  pacche t t i .  Come appl ieazione,  si calcol~no le 
d u r a t e  t e m p o r a l i  di  a leuni  p rocess i  d ' i n t e r a z i o n e  a varie  energie.  

O IIpOCTIM]~CTBeHiIO-BpeMeHIlblX CMet~eHHgX 

H r ~ c ~ y q a e  CTOJES31OBeHHfi p4~I$1THBlieTeKHX BOJIIIOBI~X IIaKeTOB. 

Pe3mMe.  - -  B HaCTOKIHei~ pa6oTe HCC~0~VeTCS ~H~eHHe H CTOJIKHOBeHHH peYlgTH]3H- 
CTCKHX BOYlHOBbIX IIaKeTOB. I/Icxo~I~I H3 HpOcTpaHCTBeHHO-BpeMeHI~IX OIIpe~eYleHH~ 
Ha6~O~laOMI,IX (IIpOCTpaHcTBeHHO-BpeMeHHblX CMOmeHH~ H Ce~eHHt~), MI, I HOJ]ytlH.rlH C 
noMon!~m npocvo~  TeXmmCH ~bypbe-npeo6pa3oBam~ BbIpa~eHH~l 2~fl 3Th'X BCYIH~IHH B 
n p e ~ c r a a ~ e m ~  3HeprHH-HMHyJlbCa, o6o6I~a~, TaKHM 06pa3oM, H3BeCTHI~Ie H~peYlHTHBH- 
CTeKHe pe3y.rlbTaTbl na cayaat t  pe2IgTI.t'BHCTCKI~X ~aCTH'~ CO crmHoM O. C.rle,~o'eT OTMeTHTb, 
~TO I~peHe6pe~e~e  pac~L~bmaHHeM BOHHOBbIX nageTOn 3a npeM~ HX ~nH~eHHR Ha pac-  
CTOgHHgX HOpgKa ~a6opaTopE~blX He g~geTC~ Bo~r~a OHpaB~aHHbLM. HaHpOTHV, OHO 
~OBOYlbHO ~aCTO O~eHb Be~HKO. B TO ~ e  BI~MH noKa3aHO, ~TO ~HCHeHH~e 3Ha~eHH~ 
Ha6HIoHaeMI, IX BCYII4~HH He 3aBHCHT OT pacm~smam~s,  CMelII~BaHHg H (( craa~K~maH~s D 

IIaKeTOB. B KaqeCTBe n p ~ o m e H ~  MbI BhItIPIGYIHYIH BI~MeHHI~Ie 3 a ~ I e p m ~  ( o ~ e p e m e n ~ s )  
H ~  HeKOTOpbIX THHOB CTOTIKHOBeHI~. 


