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Summary. -- - Wi th in  a space-time description of nonrela t iv is t ic  q u a n t u m  
objects in terms of wave packets,  one m ay  s imply consider (for every 
fixed spat ia l  poin t  .~: see eq. (5)) the (~ wave-packets  ,~ F(t,  ~r = f d E J ( E ,  ~) .  
-,;xp l - - l E t ] ,  t ha t  we shall assume to h~ve as weight funct ions the vec- 

tors of the func t iona l  space ~ defined as follows. The space ~ is 
the space of cont inuous  L2-funetions i) defined over the (total) energy 
in terva l  0 j E <  ~ ,  ii) with square- integrable  first der ivat ives  and  
iii) for which a I l e rmi t ian  energy operator  exists. Such a space ~ is 
dense in the I I i lber t  space of L~-functions. I t  is then  shown tha t  a 

<, good ,~ t ime op(~rator exists, t~= (i/2)(~./~E), t ha t  acts onto Y and  
i) is ( ( symmet r i c ,  (but  not  self-adjoint) ,  ii) is canonical ly  conjugate  
to the (total) e.nergy, and iii) satisfies the  Eh, 'enfest  pr inciple  and  Galilci 
inw~rionce. The old, known object ion by  Paul i  is recognized to point  

out  mcrely tha t  our operator  ~ cannot  b(; hypermaximal ,  as was clari- 
fied by  von Neumann .  B m  ev(;n nonhypc rmax ima l  operators m ay  be 
given a physical  meaning  ainl may  rcprescnt  observables in q u a n t u m  me- 
chanics. As al ready emphasized by previous authors,  confining onc's a t ten-  
t ion only to self-adjoint  otwr,.tors in q u an tum  mechanics  is too re, s tr ict ive a 

postulate .  Notwi ths tanding  that  ~ has no truc eigcnfunctions,  ncverthcless 
we succeed in ct~lculating the average values of our t ime operator  over our 
(~ wave packets  ~) (and ever the physical  states corresponding to them).  
The case of waw~ packets  moving freely is first considered. Secondly, 
the nonfree cases of scattering by a potential arc invest igated.  

(*) Pe rmanen t  address:  Kiev State  Univers i ty ,  Kiev. 
(**) On leave from the Is t i tu to  di Fisica Teorica dell 'UniversitY, Catania,  under  an 
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1 .  - I n t r o d u c t i o n .  

Since every exper iment  is per formed in space-t ime,  all the observed quun- 

tities m u y  always be considered as functions of space (x) and of t ime (t). I n  

such ~ context ,  x and t enter us parameters .  

Bu t  every exper iment  implies ulso the determinat ion of a certain space 

region und u certuin t ime durution;  we m a y  be precisely interested in measur ing 

posit ion or time. In  such a context ,  x and t mus t  enter  as operators into the  

f ramework  of q u a n t u m  mechunies. We  shull first confine ourselves to the  

nonrelutivistic case. 

The fac t  thut  the operutor (~ t ime ~) seems to have  peculiur (even if not  ex- 
ceptional) feutures (*) led to its unjustif ied neglect. As a consequence, the 

t te isenberg uncer ta in ty  correlutions for energy and t ime got part iculur  obscuri ty  

us compared  to the other ones. Bu t  the meaning of 

h 
(1) AE.At~> 

is s tandard,  uccording to us: the  uncer ta in ty  AE tha t  we meet  when measuring 
the  energy E of u particle is linked to the t ime  durat ion At of the  measurement 

interaction itself th rough eq. (1). For  instance, to have  u very  good energy 
determinat ion it takes un exper iment  very  prolonged in time. This is ulso 
the essential meaning of the exumple forwarded in ref. (1). 

For  example,  let us suppose we ure measuring the  energy of a part icle b y  

observing its t ruck in u bubble  chamber.  I f  we exumine ( through u photograph)  
a long t r ack  segment,  we can have  good (( statistics )> in counting bubbles,  and 
therefore  a good determinut ion of the (average) energy of the  p~rtiele when 
producing tha t  t rack ;  but  the t ime ut which the particle possessed thut  energy 

will huve ~ large uncer ta inty .  On the  contrary,  if we exumine ~ short t r ack  

segment,  we shall have  u good meusure of t ime (**) but  ut the price of poor  

stutistics in bubbles.  I n  this exumple,  the (( exper iment  ~> (or be t te r  the  meas- 

urement) is the  t ruck segment examinution.  

Sometimes,  we ~re told t ha t  one is not enti t led to claim for ~ t ime opera tor  

(*) We shall see that it does not admit a spectral decomposition, in nonrelativistic 
quantum mechanics, according to ref. (s). 
(1) L.D.  LANDAU and E. M. LI~'SHITZ: Kvantovaya Mekhanika (Moscow, 1963). Since 
Heisenberg's uncertainty relations hold for one and the same experiment, the example 
worked out by these authors for eq. (1) must be understood as a unique measurement 
process. 
(**) By the way, the motion of a particle (even if not periodical) may serve as a clock 
for small time intervals. See ref. (2). 
(2) See, e.g., Y. AHARONOV and D. BoI~M: Phys. l~ev., 122, 1649 (1961). 
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as well as for the  posi t ion operator ,  since the  t ime m e a s u r e m e n t  is a <~ peculiar  ~ 

one. The  clock itself is said to be essential ly different f rom a length  rod,  since 

a clock implies m o v e m e n t :  m o v e m e n t  in  space. But t h e y  forget  t h a t  the  instru-  

m e n t  for measur ing  length  is not  the  mere  rod,  bu t  an appa ra tu s  able to super-  

pose the  rod  to  the  measurab le  length  (*); and such a superposi t ion  implies a 

m o v e m e n t  too, which happens  in  t ime.  Such concepts  are clearer in re la t iv i ty ,  

where  we can get  e.g. the  length  of a coll inearly mov ing  rod  also f rom the  t ime  

t a k e n  by  it to  pass << before  our  eyes ~), and  the  Lo ren t z - t r an s fo rmed  value 

of the  t ime uni t  also f rom the  space t ravel led (in our  f rame)  b y  a l ight ing  

<< l amp ~> which is swi tched on for a u n i t a r y  t ime (in the  comov ing  frame).  

I n  the  relat ivist ic  f r amework  we know t h a t  for a p~rticle with a cons tan t  

mass m0, mov ing  frecly, in the  t e t ra impulse  space we have  

(~) p~o- p ~ +  m=0 �9 

Such a Lo ren t z - inva r i an t  b o u n d  does no t  have  any  coun t e rpa r t  in the  con- 

f igura t ion space, since the  par t ic le  world-lines m a y  fill the  l ight-cone interior.  

But ,  wi th  re]erence to one and the  same observer, t h a t  par t ic le  moves  a long 

a s t ra igh t  line with constant  velocity,  so th:~t in par t ia l  anMogy  to  eq. (2) also t 

depends  on ]x/. I n  the  simplest  case (~) 

1 
(2 bis) t 2 = - " x ~ �9 

'l~0 2 

Therefore ,  when we pass to  operators ,  for free wave  packe ts  we have  ~" l inked 

to  ~ as well as ~ l inked to/~.  And,  as we make  use o f / ~  besides p ,  so we shall 

use also 7 besides ~. 
At  last, we w a n t  to (.all a t t en t ion  to the  fact  t h a t  a n y  p h e n o m e n o n  can be 

cons is tent ly  described b y  one (and the  same) observer  at a t ime;  whilst  mix- 

ing toge the r  var ious  descript ions b y  different observers  m a y  lead to  cont radic-  

t ions (**). A n d  every  observer  uses essential ly (( one clock ~) (or be t t e r  m a n y  syn-  

chronized clocks, i.e. one t ime)  and (( one space ~. Therefore,  when  dealing with 

m a n y  particles,  we ought  to  refer (t ime b y  time) to  one and  the  same frame. 

T h a t  is to  say, we should  disregard the  (( n inny- t imes  fo rmula t ion  ,~ as not  com- 

parable  wi th  expericnce,  as well as we would  consider unphys ica l  the  recourse 

to  a (, many-proper -pos i t ions  fo rmula t ion  ~). I n  conclusion,  using con temporary  

(e.g.) w~rious p roper  t imes seems incorrect .  

(*) Such an apparatus may well consist of ~ our arms plus the rod ~>. 
(a) For a more generM ease, see, e.g., M. RAZAVY: A m .  Journ. Phys. ,  35, 955 (1967). 
See also ref. (a). 
(4) A. J. Ks BoletiJ~ del [ . M . A . F .  (Cdrdoba), 2, 41 (1966); J. A. GALLARDO, 
A. J. K,~LNAY, B. A. S'l'l.:c and B. P. 'I'OLI~:DO: Nuovo Cimeuto, 48A,  393 (1967). 
See also ref. (~). 
(**) Note added i.n pro@% - Cf., e.g., E. RECaMI and R. MIGN~tNI: Riv. Nuovo Cimento, 
4, 259 (1974). 
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Of course, we m a y  have  different observers,  each one using only one t ime. 

(For the mome n t  we shall not  care about  Lorentz  covariance,  since in this pape r  

we are essentially involved in the nonrelat ivist ic  case.) 

2. - De f in i t i on  o f  t i m e  operator.  

In  the previous Section we have  seen t ha t  it is desirable to have  an operator  

for t ime in qua n t um  mechanics even in tile nonrelat ivist ic  case (*). I t  is possible 
to pursue such an aim (e.g., the famous objection by  PAVLI (5)willbe answered 

in the next  Section). We shall first confine ourselves to the simple case of 

wave packets (~) moving ]reely, and to s tudying their  mot ion t ime as a funct ion 

of position (see ref. (6)). 

We require for our t ime  opera tor  7 the  following necessary propert ies :  

i) to reduce to the mere mult ipl icat ion by  t in the <( space t ~, i.e. in a 

suitable space of functions of t ime (see the  following, and the Summary) ;  

ii) to be canonically conjugate  to the (total) energy;  

iii) to sat isfy the  Ehrenfes t  principle (besides being Galilei invariant) .  

I n  ref. (6.v) the quanti t ies 

(3) t~ - - i ~ ,  2 ~ E  

have  been considered, both  satisfying (7) the commuta t ion  relat ion 

(4) [~', $ ]  = - i h .  

We want  now to invest igate  if these quantit ies do indeed satisfy all the ment ioned 

necessary requirements .  
Le t  us consider, for example,  the simplest case of a free, unidimensional, 

nonrelat ivist ic wave  packet  (6): 

co 

~ ( t ,  x ) = j d p .  ~ ( E ,  p ) . exp  [ i ( p x -  Et)] 
0 

(*) In quantum mechanics, an operator must correspond to every observable. 
(5) W. ~)AULI: Handbook der Physik, edited by S. I~LUGGE, Vol. 5/1 (Berlin, 1926), p. 60. 
(e) See: V. S. 0LKHOVSKY and E. R~CAMI: Nuovo Cimento, 53A, 610 (1968); 63A, 
814 (1969), and ieferences therein. See also: V. S. OLKIIOVSKY: NUOVO Cimento, 48 B, 
170 (1967); E. RECAMI: Ace. Naz. Lincei, Rendic. Sci., 49, 77 (1970). 
(~) Soe: M. BALDO and E. RECAMI: Lett. Nuovo Cimento, 2, 643 (1969), and references 
therein; V. S. OLKnOVSKu and E. RECAMI: Lett. Nuovo Cimento, 4, 1165 (1970). See 
also E. PAPP: Nuovo Cimento, 5B,  119 (1971); 10B, 69, 471 (1972). 
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wi th  
p 2  

/ ~ - - 1 ,  E =  - -  . 
2mo 

I t  is i m p o r t a n t  t h a t ,  for  our  purposes ,  we m a y  s imp l i fy  our  p r o b l e m  b y  con- 

s i d e r i n g  a fixed (*) va lue  x = ~ a n d  the re fo re  on ly  s t u d y  (for e v e r y  f ixed  ~.) t h e  

(( p a c k e t s  ~) (**) 

(5) 

where  

co c~ 

=f dp./'(p,  ).exp [ -  lEt] = f dE. / (E ,  Y~).('xp [--  lEt], 
0 0 

(+) 

p~ d E  
E E~o, ~ E~,~ ~ 2too' / '(P' ~) = / ( E ,  ~).dlpl " 

Brief ly ,  we shal l  wr i t e  also 

F : F(t,Y.), ] ] ( E , ~ ) .  

I t  is e a sy  to  go b~ck  f rom the  func t ions  F ,  o r / ,  to  <, p h y s i c a l  ~> wave  p a c k e t s ,  

so as to  h a v e  a one - to -one  co r r e spondence  b e t w e e n  these  w a v e  p~cke t s  and  

our  func t ions .  

The  f u n c t i o n a l  space  of t he  func t ions  F(t, Y~), e n d o w e d  wi th  t he  m a t h e m a t i c a l  

cond i t ions  t h a t  we a re  going  to  specify,  wil l  be ca l led  <~ space  t ~>. A n a l o g o u s l y ,  

t he  f u n c t i o n a l  space  of t he  t r a n s f o r m e d  func t ions  ](E, ~) will  be ca l led  

<~ space  E ,>. 

I n  these  spaces  t h e  no rms  will  be r e s p e c t i v e l y  

I1 :1 flF(t, )l ,lt, I!lll~fl/(E,~)l~dE. 
D u e  to eqs. (5), however ,  space  t ~nd space  E a re  r e p r e s e n t a t i o n s  of t h e  

same  <, ~bstr ,~et space  ~> ~ .  I n  th is  sI)~ce .~ we sha l l  as usu 'f l  i n d i c a t e  

F(t,  z)  -+ I~'>, / (E,  z)  -+ [/>, 

where  of course  II+} = ]]). 

(*) In fact,  given a wave-packet ,  its mean space-co-ordinates are obviously defined 
at  fixed t, and its mean t ime-co-ordinate  is defined at  fixed x. By the way, we cannot 
consider (6) the packet  average position and average motion-t ime sinmltaneously. 
(**) The following functions F(t ,  ~) and ](E, 5), being functions only of t or of E 
respectively, are '~tot wave functions (satisfying Schr6dinger's equation), and do not 
represent states in the chronotopical or four-momentum space! They are (vectors in 
the functional space of) energy functions defined hi the following, or (of) the trans]ormed 
t ime functions, respectively. 
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As we shall  explain in the following, the weight functions entering eq. (5) 
are supposed to be continuous, differentiable, and such tha t  

oo 

~]](E, ~)12 dE < c~, (6a) 

0 

0 

co 

~I](E, .~)I~E~dE< oo.  (6c) 

0 

Therefore,  we are assuming space ~ to be the space of continuous, differen- 
t iable  L2-functions t ha t  satisfy the above conditions. Of course, our (~ physical  
space )> will be on the cont ra ry  the space of the physical  (wave packet)  s tates 

corresponding to our space ~ in the one-to-one correspondence ment ioned before. 

Our (physical) choice of considering only posit ive m o m e n t a  in eq. (5) is 
due to the  boundary conditions imposed by the initial and ]inal experimental 
devices (i.e. b y  the  ((preparation)> appara tus  and b y  the  detector).  In  so 

doing, we au tomat ica l ly  choose as re/erence ]rame the one in which source and 
detector are at rest, i.e. the l abora to ry  frame,  and all our discussions will be 
done with reference to it. I n  part icular ,  notice tha t  for simplicity we ~re ,~s- 

suming source and detector  at  rest  one with respect to the other. 
]f  we want  to pass f rom the labora tory  to another  frame, we then  ought  

not to forget  tha t  in the new f rame the detector  (and source) will no longer be 

at  rest. 
Modifying ref. (6), let us fur ther  define, in a na tura l  way, 

co 

fe~(t, ~,) t dt 
(7) ( t ( ~ ) } ~  -~- (~ - IF(t, ~)p) ,  co 

f~o~(t, ~.) (it 
--co 

where the index x reminds us tha t  in the mult idimensional  cases we should 

choose values of x only along a par t icular  r ay  (e.g. along the average  direction 

of the wave packet  motion). Thus we can write 

r co 

(7 bis) (t(~)}~ = (F(t ,  ~)]tlF(t, ~)} -~ IF(t, ~)]2tdt--~ ] ~F*tFdt. N J  
--co --co 

We have  thus proven tha t  our definition (7) is equivalent  to defining 7 (in 

a very  immediate way) as the operator  tha t ,  in the space t, is just  mul t ip l ica t ion 

b y  t. This is our starting point. 
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Afterwards,  by  direct ealcuht ions,  one finds easily 

(8) 

co 

(t(~)}~.---- dE ]*(Z,~)" - - i ~  ./(E,.~)+ []f(E,~)l~]~ . 
0 

Since we are using weight functions,  ](E, 2~), square- integrable over the  in- 

te rva l  0 <~ E ~ oo, we mus t  first have  ]- '~ 0 for E ~ oo. Secondly, i] we as- 

sume the subsidiary condition ](0, ~ ) -~  O, the second addendum in the r.h.s. 

of the last  equat ion vanishes:  

co 

0 

and we m a y  choose 

(9) ~ = - i ~ - ~  

as t ime  operator.  

B y  the  way, the continuous, differentiable functions ] (E ,~) ,  satisfying 

eqs. (6) and the subsidiary condition ](0, ~ ) ~  0, const i tute  a space dense (s) 

in the Hi lber t  space of L2-functions defined over 0 ~ E <  ~ ;  therefore ~ 

m a y  be shown to be not only Hermi t i an  (*) but  also symmetr ic  in the sense 

of ref. (9). 
Nevertheless,  we deem the subsidiary condition ](0, ~ ) ~  0 as physical ly 

distt~steful, since it does not appear  to be necessary f rom a physical  point  of 
view. Actually,  it is possible to avoid such a restriction. 

In  fact,  our calculations themselves show tha t  such a p rogram can be per- 
formed when we require subst i tut ion of the der ivat ive ~/~E with a ((radiance 
der ivat ive  )~ ~/~E.  ~ am e l y ,  by  means of our operator  (3) we m a y  write 

(8bis) ~ dE  ]* - - ~ - ~  ] = ( t ( ~ ) } ~ ;  

0 

(8) J. VON NEUMANN: Matematische Grundlagen der Quantum Mechanik (Berlin, 1932). 
(*) The definitions adopted in this paper for linear operators mapping the Hflbert 
space ~ into itself are the following: l) the operator A is Hermitian if (x]Ay)= 

= (Axly), V x, y E 2(A); ~ ( A ) C ~ ;  2) A is symmetric if (xlAy) ~ (Axly), V x, y~  ~(A); 

~(A) ~ ;  3) A is sel]-ad]oint if it is symmetric and A ~ A ~, ~ ( A ) ~  ~(Ar so that 
(~IAy) = (A~yI~). 
(9) N. I. AKHIESER and I. M. GLADSMAN: Theorie der Linearen Operatoren in Hilbert 
Raum (Berlin, 1954). 
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and this equation (8 bis) generalizes eq. (7') for all weight-functions satisfying 
conditions (6), without any supplementary condition. Of course, eq. (8 bis) 
coincides with eq. (8') on the more restr icted domain in which eq. (8') holds. 

We m a y  well choose as t ime operator  in the (( space E ,~ also the operator  

^ i ~  
; ' - t ~ = - g  ~- N , (10) 

since 

(11) 

holds, and therefore also t '~t '2 reduces just to the multiplication by t in the 
(( space t ~>. 

We prefer the operator  t'2 ra ther  than the operator  ~1 not  only for the reason 
t ha t  the domain of t'2 is larger than  the domain of t'l, bu t  also because the op- 
era tor  t'~ seems to hold even in the relativistic case (6.7). 

Later  on, we shall come back to the properties of operator  (10). For  the 

moment ,  let us only observe tha t  the weight-function derivatives mus t  be 
finite a t  E ~ ~ in order t ha t  integrals (8), (8 bis) exist. 

One could proceed analogously in the three-dimensional case (6). 
The physical meaning of relations such as (8 bis) becomes clear if we write (~) 

0 

Therefore,  from eq. (12) we have, according to the Ehrenfest  principle, 

(12 bis) <'{~ ~- to + 5<v-'> . 

Let  us repeat  that ,  when doing calculations in another  reference frame, 

source and detector  will no longer be at  rest in the new frame; it  is easy to rec- 
ognize tha t  only the packet  characteristics with re/erence to the detector (and 
source) are still essential. This is enough for the Galilei invariance of t imes 

calculated by  means of our operator,  i.e. by  eq. (12). 
Let  us explicitly repeat  also that ,  even in the relativistic case (e), we can 

find an analogous result (7) for the t ime operator,  i.e. ( c ~  1) 

(13) ~ . . . .  
2 ~P0" 

Needless to say, in the nonrelativistic limit one has po-->E+ const and 
~/~Po --~ ~/~E, the quant i t i ty  E being the kinetic energy. Therefore, the form (10) 
of the t ime operator  is a priori to be used both  in the nonrelativistic case and 
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in the relativistic one (7). Bu t  we want  to ment ion t ha t  for the relat ivist ic 

case (~ nonpunctual)> operators  (4) have  been proposed too (see e.g. ref. (7)), 

which are not  Hermit ian .  (Moreover, KALNAY and co-workers (1o) seem to 

have shown tha t  no position operator  exists t ha t  is both  Hermi t i an  and Lorentz  

covar iant ;  and the same might be valid also for t ime operator . )  

At  last, in the unidimensional  case, it is easy to ver ify (by taking into ac- 
count  the  proper  bounda ry  conditions for the weight-functions) t ha t  in the 

impulse representation we have  the interesting correspondence (5--~ 1) 

(14) ff ~ ,-if- 2.-p + p-.x + 2p'- ' 

wher~ the  last  addendum  vanishes in the  l imit  ]g-+ 0. 

3. - Properties o f  the  t ime operator. Pauli's objection. 

We have  seen t ha t  for a wave packet  moving  freely in the (~ space E ~)we 
m a y  choose as t ime operator  the  quant i ty  

(1r ~ ,  i 
2 ~E  (E --~ Etot) , 

which is canonically conjugate  to the (total) energy operator  ~7, and which 

in the (( space t )) is mult ipl icat ion by  t. We want  now to invest igate  if it is 
also Hermit ian .  

The opera tor  (10) has been defined onto the (( space E )>. And the vectors  

of this space are themselves defined over the energy range [0, co). Because 
of our choice of the form (10) instead of the form (9), the operator  t" is apriori 
allowed to act  on the Hi lber t  space of functions satisfying eq. (6a), i.e. on 
the weight-functions square-integrable over the in terval  0 ~ < E ~  co, wi thout  
fur ther  par t icular  boundary  conditions. Bu t  we mus t  besides require tha t  ~" 
t ransforms vectors of the I-Iilbert space into vectors of tim Hi lber t  space, and 

we are brought  to condition (6b). At last, in order tha t  a good energy opera tor  
too exists, we are brought  as well to condition (6e). 

Now, YON NEUMANN has shown (s) tha t  the continuous, differentiable func- 

tions satisfying conditions (6a), (6b), (6c) do const i tute  a space dense in the 

Hi lber t  space of L2-functions defined over 0 ~ E ~ co. 

Moreover, under  conditions (6) we have  tha t  

r c o  

0 0 

(,o) j .  C. GALLARDO, A. J. K~LNAu and S. It. RISEMBERG: Phys. 2gev., 158, 1484 (1967); 
A. J. Ks Phys. Rev. D, 1, 1092 (1970); 3, 2357 (1971); A. J. K.i.LI~Au and P. L. 
TORRES: Phys. Rev. D. 3, 2977 (1971). 
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In  conclusion, our operator  t ' --satisfying eq. (]5) onto a (space dense in a) 
Hi lber t  space-- is  also Hermitian, and even symmetric  (9) (but not self-adjoint). 
I t  happens, therefore, tha t  our t ime operator  i) is canonically conjugate to 
the (total) energy, if) is Hermi t ian  and symmetric  (9), iii) acts onto (a space 
dense in) th~ separable Hilber t  space L'2[0, c~). 

The occurrence of these three conditions might  seem to contradict  the famous 
Pauli 's  theorem (5), which may  be summarized (11) as follows: 

(( I f  T is a Hermit ian  operator  in Hilbert  space and ~ is a real number,  then 
exp [i~T] is a uni tary  operator  in Hilbert  space. Then, if T satisfies eq. (4) 

for some Hermit ian  operator  F~ and Y;E is an eigenfunction of E,  we shall have 

tha t  exp [i~T].F~ is an eigenfunetion of E with eigenvalue E -  ~h. Since ~ is 
an arb i t rary  number,  if T is a Yiermitian operator  in Hilbert  space and satisfies 
eq. (4), then E must  have a cont inuum of eigenvalues from -- c~ to -k c~. 
Therefore, for any  Hermit ian  operator  in Hilbert  space F~ which does not  have 
a cont inuum of eigenvalues from - - c ~  to c~ no Hermit ian  operator  T ex- 
ists in Hilber t  space which satisfies eq. (4).)) 

Pauli 's  arguments,  however, refer to (( t ime operators ~) t ha t  act on func- 
tions defined over the infinite interval  (-- c~, + ~ ) ,  and in this respect they  
are therefore partly tautological. 

On the contrary,  our operator  (10) acts onto the space of continuous func- 

tions in L2[O, cxD) tha t  satisfy eqs. (6). I t  is therefore simply maximal,  but  
not hypermaximal (s), i.e. our operator  t" does not (s) admit  spectral resolution (*). 

The indirect meaning of Pauli 's  objection is just  pointing out tha t  fact.  
But ,  notwithstanding tha t  our ? does not  have t rue eigenfunctions, never- 

theless we can calculate the average values of the operator  (10) over the vectors of 
our space ~ (and, therefore, also over the corresponding wave-packet  physical 
states), as we showed before and in ref. (6.7), and as we shall show when con- 
sidering the nonfree case (12). 

Our thesis is tha t  even nonhypermaximal  operators may  be given a phys- 
ical meaning and may  represent observables, as in the present case. Confining 
ourselves only to  hypermaximal  operators in quantum mechanics (s) seems 

to be too restrictive a postulate,  as already emphasized by  ENGELMAN and 

voN ~EUMAN:N himself clarified the question by  giving an example (s) 

t ha t  we do want  to ment ion here. Let  us consider the case of a semi-space, 

(11) D. M. ROSEZ~BAUM: Journ. Math. Phys., 10, 1127 (1969). 
(') A Hermitian operator, when also hypermaximal, has been shown in ref. (s) to 
be actually self-adjoint. Therefore, usually, sel/-adjoint operators (and not the merely 
Hermitian ones) admit an identity resolution. 
(12) V. S. OLKHOVSKY and E. RI~CAMI: IJett. ]Vuovo Cimento, 4, 1165 (1970). 
(13) F. ENG~LMA~ and E. FICK: Zeits. Phys., 175, 271 (1963); 178, 551 (1964); 
Suppl..Nuovo Cimento, 12, 63 (1959). See also M. RAZAVY: Nuovo Cimento, 63B, 
271 (1969). 
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limited by  a rigid wall. In  such a case the values of x will run only in the range 

[0, oo). No such limitation will be present for the impulse p~, but  the operator  

( 1 6 a )  /~. - -  i]~ &-~ 

will not be hypermaximal ,  even if it has a very  clear physical sense and corre- 
sponds to an observable quanti ty .  By  the wa, y, also in this case we should 
bet ter  choose the operator  l~ in the form 

C 

(16b)  ~ .  ~ - -  i ~  ~ x  

ra ther  than in form (16a). 

4 .  - T h e  n o n f r e e  c a s e .  

Let  us now consider the case of a (spinless) particle moving in a central 
potent ial  V(r). We want to show tha t  we can still choose the t ime operator  in 
the form (10) and tha t  it will still be canonically conjugate to the total  energy. 

Actually,  if V(r) -+ 0 when r -~ co, the continuous spectra of the kinetic-energy 

operator  E /~k~ /7o and of the total-energy operator  / J  will coincide. 
Therefore, for the present purpose we may  indifferently take either E E~. ,  

/ ~ = / t o  or E =  H, E / t  in cqs. (4), (10) and so on, since we are considering 
only scattering processes. 

Ins ide  the potential  region we shall have packets of partial  /-waves distorted 
by  the potential  (ti = J) 

co 

) F,(t, ~) = j d p .  ](p).kt(,+)(p, ~).exp [-- iEt] ,  (17 
o 

where--according to CALOGER0 (~4) i the  functions 

0 s )  ~i+'(~,, ~) ~ #<? ' -  ~i ~176 

are the (outgoing wave) solutions (*) of the radial Schr6dinger equation with 

potential,  the functions az(p, ~) and St(p, ~) exp [2i. Sz(p, ~)] being defined 
in ref. (1~) for a wide class of potentials. 

(,4) F. (~ALO(iERO: Variable Phase Approact~ to Pote~ttial Scatteri~Tg (New York, N. Y., 
and I,ondon, 1967). 
(*) I.e., the solutions that asymptotically are th(; sum of plane wt~ves plus outgoing 
spherical wave. See ref. (14). 

1 8  - I I  N a o v o  C i m c n l o  A .  
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Expression (17)may be obtained by  applying the t ime evolution operator  (~) 
U ~: exp [ - - i [ I t ]  to a plane-wave packet.  In  our calculations we neglect dis- 
crete spectra, since bound states (as we shall see) do not contr ibute to scattering 
durations or flight times. 

Packe t  (17) may  be represented as a sum of incoming and outgoing spherical- 
wave packets (by inserting eq. (18) into eq. (17)) as follows: 

(19) 

where 

(20) 

(2~) 

and where 

~- F ,  (t,~) _ ,  ,o,~), 

co 

F (~)(t 7) f ~)-exp [-- �9 , , ==: dp. B(~)(p, l e t  i 
0 

vo 

-~<~ ~) ~ fdp .  ~<n(out)l~p, ~). exp [ -  iEt] ,  
o 

E 

G~ 

B(l~,) 
l 

B(OUt) 

= p / 2 t o o ,  

=/(p).  ~(p, ~)" ST�89 ~), 

G~(p, ~).pr.  h<y(p~), 

Gz(p, 7) " Sz(p, 7) .p~. h~)(pT) . 

The functions h, are the H~nkel spherical functions. 
Let  us now define, according to ref. (6), the time duration of the 1-partial 

scattering process (i.e. the t ime spent by  the /-wave packet  inside a sphere with 

radius ~ < R) as 

co oo 

fd t .  t. ~,.o.<(t, ~) fd t .  t. ~,.,=(t, ~) 
- - c o  

(22) 4">,.o.<-4">,.,o ~o co 

fd t .  e,.o:~(t, 7") fdt 'e, , , .(t  , e) 

where 

L - - I  J ' ~ l , l n  ~ ' 

Through direct calculations we find the impor tan t  result 

(23) 

co 

0 0 
(+) (+) 
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with 

co co 

[B, ] , N2 dE[B'~']2 ; 
0 o 

(+)  (+) 

and therefore we verify tha t  t ime durations are still obtained by applying the time 

operator 

(10) 7 ~  2 c~E 

to the weight-junctions B(p, r) of packets (20) and (21). 
For  instance, we still have 

(24) <F[tlF>,=.o,~ = < B I -  ~-~ IB>, .... ~. 

And again we will get 

(4) [7, ~]  = -- i~.  

The physical meaning of eq. (23) may  be got by  writing it as follows (p2=2mE): 

(23 bis) 

with 

co 

o 
(+)  

c o  

2r fdE. IGdp, ~)]~'lp~'h~)l ~. 
o 

( + )  

In  the particular case of bound states, the probability densities are known 
not  to change with time. In  such a case, our time definition eq. (7) is no 
longer meaningful. We want  only to verily tha t  bound states bring no contri- 
bution to the scattering motion time (15) (which will no longer contain ~): 

co  co  

fdt.t.~(~) ftdt 
- - c o  <t> -co 

c o  co 

fdt 'o(~) fdt 
- - to  --co 

- - 0 .  

(16) Scc, e.g., E. RECAMI: Acc. Naz. Lincei, Rendic. Sci., 49, 77 (1970). 
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Let  us pass to the metastable states, und consider format ion and decays of 
a metastable  system in the hypothesis  tha t  V ( r ) ~  0 for r > R, the quant i ty  
R being the potential  radius. We choose as t = 0 the initial format ion instant  
of the unstable system (r Outside the interact ion region, the emit ted particle 
will be described by  the wave packet  (unidimensional case) 

(25) 
co 

f y �9 _ 
F(t, Y~) = dE E _ E o  + i F e x p  [*(px-- Et)], 

0 

where y and F are constants. I f  we choose ~ as real, then the point  5 = 0 
will be defined as the final (exit) point of the interact ion region. In  the 
case of a narrow resonance, the integral may  be extended from -- c~ to -}- c~. 
Direct calculations give for the motion t ime the obvious result (~) 

(26) <t(~)> ~ .~<v-~> + ~ .  

More rigorously, following the result of this Section, we m ay  s tar t  writing 
the expression of ~z, as given in eq. (23 bis), in the general case of scattering by  

finite-radius potential ,  outside the  interact ion region: 

(27) 

r 

2 1 .  ,=- fdE'IG I .{ev- IPe" 
0 

where the Calogero phase ]unction 5~(p, r) reduced to the usual scattering phase 

shift. 
How we pass to consider the whole process of i) initial free flight, ii) recta- 

stable-state formation, iii) decay with final free flight. In  the presence of 

resonant elastic scattering 

E - - B e - - i F  
S t =  Z E _  Eo + i F ,  

and therefore 

(28) ~ = ~ - -  arctg E / '  
_ _ E o  ' 

where S, ~ will be functions slowly varying in the resonance region. 

(16) V. S. 0LKHOVSKY: NUOVO Cimento, 48B, 170 (1967); Ukrainian Phys. Journ., 
13, 143 (1968). 
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I n  the  nar row-resonance  a p p r o x i m a t i o n  we still ob ta in  (16) ]or suMiciently 
large values o] ~ t h a t  

c o  

(26') r t ~ -  �9 d E .  IG~] ~" ~v - ~ +  

- r  

(E--  E0V + 1 "~ ~ 2~ (v -~) + ~ ,  

where  rz represents  now the  t ime spent  b y  the  1-wave packe t  inside the  sphere 

wi th  radius  ~ ~ R. 
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�9 R I A S S U N T O  

Nell'ambito di una descrizione spazio-temporale di oggetti quantistici non relativistici 
mediante pacchetti d'onde, ci si pub ridurre scmplicemcnte a considerare (per ogni 
punto spaziale fissato ~: vedi eq. (5)) i (<pacchetti d'onde>> F(t,~)=fdE](E,x). 
�9 cxp [--lEt], che noi assumeremo avere come funzioni-peso i vettori dello spazio fun- 
zionMe ~ dcfinito come segue. Lo spazio ~ ~ lo spazio delle funzioni L ~ continue 
i) definite sull'intervallo 0 ~ E ~  c~ dell'cnergia (totale), if) aventi derivate prime a 
quadrato sommabile, c iii) per lc quali esiste un operatorc hermitiano per l'energia. 
Tale spazio ~ ~ denso hello spazio hilbertiano dellc funzioni L% Si mostra, quindi, 
l'esistenza di un (~ buon >> operatore tempo, ~ = -  (~/2)(8/cE), che agisce su ~ e che 
i) 5 (~ simmetrico >> (ma non autoaggiunto), if) ~ canonicamente coniugato all'energia 
(totale), e iii) soddisfa al prfileipio di Ehrenfcst e aU'invarianza galileiana. Si riconosce 
come 1~ nota, vecohia obiczione di Pauli sottolfi:ei semplicemcnte che il nostro opera- 
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tore ~ non pub esserc ipermassimale ,  come ~ stato ehiar i to  da yon Neumann .  Ma anche 
gli opera to r i  non ipermass imal i  possono avere  significato fisico e rappresen ta re  osser- 
vabi l i  in meccan ica  quant is t ica .  Come gi~ rf levato da p receden t i  autor i ,  il l imi tars i  ai 
soli opera tor i  au toagginn t i  in meccanica  quant is t ica  r isul ta  t roppo  res t r i t t ivo .  Anche  se 
t non ammet t e  verc  autofunzioni ,  cib nonos tan te  r isul ta  possibfle calcolare il valore medio 
del l 'opera tore  t empo  ~ per  i nos t r i  <~ pacche t t i  d 'onde  ~> (e per  gli s ta t i  fisici ad essi eor- 
r ispondent i ) .  D a p p l i m a  si esamina  il caso di un pacehe t to  d 'onde  in moto  l ibero,  quindi  
si anal izzano i easi di scattering da un potenziale. 

Pe3roMe He rloJIyqeHo. 


