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AB

q

B

C
C

D

ED

Es.N.001RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
BC y(x)EJ =
CD y(x)EJ =
ED y(x)EJ =

SPOSTAMENTI NODALI

uA =
vAAB =
ϕAAB =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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REAZIONI IPERSTATICHE
X = WBC     Y = WDE     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕBC KBC ϕCD KCD ϕED KED

Relazioni di congruenza
y’AB(b) - y’BC(0) = 0
y’BC(b) - y’CD(0) = 0
y’CD(b) - y’ED(b) = 0
y’ED(0) - δ/b = 0
yAB(0) = 0
yBC(0) - 1/2VBb3/EJ = 0
yCD(0) - yBC(b) = 0
yCD(b) = 0
yED(0) = 0
yED(b) - yAB(b) = 0

MAB = -Xx/b
EJy" = 2EJθ -Xx/b
EJy’ = 2EJθx -1/2Xx2/b +EJϕAB

EJy = EJθx2 -1/6Xx3/b +EJϕABx +EJKAB

MBC = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy" = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy’ = 1/8Fx2 +1/6qx3 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕBC

EJy = 1/24Fx3 +1/24qx4 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕBCx +EJKBC

MCD = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = 5/8Fx2 -5/4Fbx +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕCD

EJy = 5/24Fx3 -5/8Fbx2 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕCDx +EJKCD

MED = Xx/b -X +Y
EJy" = Xx/b -X +Y
EJy’ = 1/2Xx2/b -Xx +Yx +EJϕED

EJy = 1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕEDx +EJKED

Es.N.001PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕBCb KBC ϕCDb KCD ϕEDb KED Xb2/EJ Yb2/EJ Wb2/EJ

y’BA 1 0 -1 0 0 0 0 0 -1/2 0 0
y’CB 0 0 1 0 -1 0 0 0 -3/4 -1/4 -7/24
y’DC 0 0 0 0 1 0 -1 0 1/4 -7/4 5/8
y’ED 0 0 0 0 0 0 1 0 0 0 0
yAB 0 1 0 0 0 0 0 0 0 0 0
yBC 0 0 0 1 0 0 0 0 1/4 -1/4 -1/8

=

yCD 0 0 -1 -1 0 1 0 0 5/12 1/12 1/12
yDC 0 0 0 0 1 1 0 0 -1/6 -1/3 5/12
yED 0 0 0 0 0 0 0 1 0 0 0
yDE -1 -1 0 0 0 0 1 1 -1/6 1/2 0

Condizioni al contorno
αTb δ
-2 0
0 0
0 0
0 1
0 0
0 0
0 0
0 0
0 0
1 0

Soluzione
Fb3/EJ

ϕABb -19/42
ϕBCb 79/84
ϕCDb 25/56
ϕEDb 1
KAB 0
KBC -31/56

=

KCD 1/168
Xb2/EJ 17/14

KED 0
Yb2/EJ -1/2

DEFORMATA (coordinate locali)
AB y(x)EJ = -19/42xFb2 +x2Fb -17/84x3F
BA y(x)EJ = 29/84Fb3 -79/84xFb2 +11/28x2Fb +17/84x3F
BC y(x)EJ = -31/56Fb3 +79/84xFb2 -17/28x2Fb +31/168x3F +1/24x4q
CB y(x)EJ = 1/168Fb3 -25/56xFb2 +11/56x2Fb -59/168x3F +1/24x4q
CD y(x)EJ = 1/168Fb3 +25/56xFb2 -45/56x2Fb +59/168x3F
DC y(x)EJ = 3/28xFb2 +1/4x2Fb -59/168x3F
ED y(x)EJ = xFb2 -6/7x2Fb +17/84x3F
DE y(x)EJ = 29/84Fb3 +3/28xFb2 -1/4x2Fb -17/84x3F

SPOSTAMENTI NODALI

uA = 0
vAAB = -31/56(Fb3/EJ)
ϕAAB = -19/42(Fb2/EJ)

uB = -29/84(Fb3/EJ)
vB = -31/56(Fb3/EJ)
ϕB = 79/84(Fb2/EJ)

uC = -29/84(Fb3/EJ)
vC = 1/168(Fb3/EJ)
ϕC = 25/56(Fb2/EJ)

uD = -29/84(Fb3/EJ)
vD = 0
ϕD = -3/28(Fb2/EJ)
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uE = 0
vE = 0
ϕE = (Fb2/EJ)
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q
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B

C A

D E

B

E

Es.N.002RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CA y(x)EJ =
DE y(x)EJ =
BE y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vCCA =
ϕCCA =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

REAZIONI IPERSTATICHE
X = WAB     Y = WED     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCA KCA ϕDE KDE ϕBE KBE

Relazioni di congruenza
y’AB(0) - y’CA(b) = 0
y’AB(b) - y’BE(0) = 0
y’DE(0) - δ/b = 0
y’DE(b) - y’BE(b) = 0
yAB(0) - 1/2VAb3/EJ = 0
yCA(0) = 0
yDE(0) = 0
yDE(b) - yCA(b) = 0
yBE(0) - yAB(b) = 0
yBE(b) = 0

MAB = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy" = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy’ = 1/8Fx2 +1/6qx3 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕAB

EJy = 1/24Fx3 +1/24qx4 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕABx +EJKAB

MCA = -Xx/b
EJy" = 2EJθ -Xx/b
EJy’ = 2EJθx -1/2Xx2/b +EJϕCA

EJy = EJθx2 -1/6Xx3/b +EJϕCAx +EJKCA

MDE = Xx/b -X +Y
EJy" = Xx/b -X +Y
EJy’ = 1/2Xx2/b -Xx +Yx +EJϕDE

EJy = 1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕDEx +EJKDE

MBE = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = 5/8Fx2 -5/4Fbx +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕBE

EJy = 5/24Fx3 -5/8Fbx2 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕBEx +EJKBE

Es.N.002PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕCAb KCA ϕDEb KDE ϕBEb KBE Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 -1 0 0 0 0 0 1/2 0 0
y’BA 1 0 0 0 0 0 -1 0 -3/4 -1/4 -7/24
y’DE 0 0 0 0 1 0 0 0 0 0 0
y’ED 0 0 0 0 1 0 -1 0 -1/4 7/4 -5/8
yAB 0 1 0 0 0 0 0 0 1/4 -1/4 -1/8
yCA 0 0 0 1 0 0 0 0 0 0 0

=

yDE 0 0 0 0 0 1 0 0 0 0 0
yED 0 0 -1 -1 1 1 0 0 -1/6 1/2 0
yBE -1 -1 0 0 0 0 0 1 5/12 1/12 1/12
yEB 0 0 0 0 0 0 1 1 -1/6 -1/3 5/12

Condizioni al contorno
αTb δ

2 0
0 0
0 1
0 0
0 0
0 0
0 0
1 0
0 0
0 0

Soluzione
Fb3/EJ

ϕABb 79/84
ϕCAb -19/42
ϕDEb 1
ϕBEb 25/56
KAB -31/56
KCA 0

=

KDE 0
Xb2/EJ 17/14

KBE 1/168
Yb2/EJ -1/2

DEFORMATA (coordinate locali)
AB y(x)EJ = -31/56Fb3 +79/84xFb2 -17/28x2Fb +31/168x3F +1/24x4q
BA y(x)EJ = 1/168Fb3 -25/56xFb2 +11/56x2Fb -59/168x3F +1/24x4q
CA y(x)EJ = -19/42xFb2 +x2Fb -17/84x3F
AC y(x)EJ = 29/84Fb3 -79/84xFb2 +11/28x2Fb +17/84x3F
DE y(x)EJ = xFb2 -6/7x2Fb +17/84x3F
ED y(x)EJ = 29/84Fb3 +3/28xFb2 -1/4x2Fb -17/84x3F
BE y(x)EJ = 1/168Fb3 +25/56xFb2 -45/56x2Fb +59/168x3F
EB y(x)EJ = 3/28xFb2 +1/4x2Fb -59/168x3F

SPOSTAMENTI NODALI

uA = 29/84(Fb3/EJ)
vA = -31/56(Fb3/EJ)
ϕA = 79/84(Fb2/EJ)

uB = 29/84(Fb3/EJ)
vB = 1/168(Fb3/EJ)
ϕB = 25/56(Fb2/EJ)

uC = 0
vCCA = -31/56(Fb3/EJ)
ϕCCA = -19/42(Fb2/EJ)

uD = 0
vD = 0
ϕD = (Fb2/EJ)



Es.N.002PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

uE = 29/84(Fb3/EJ)
vE = 0
ϕE = -3/28(Fb2/EJ)
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AB

C

B

2q
D

C

ED

Es.N.003RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CB y(x)EJ =
DC y(x)EJ =
ED y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vD =
ϕD =

uE =
vEED =
ϕEED =
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3 Fb3/EJ
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1.2 Fb
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REAZIONI IPERSTATICHE
X = WBA     Y = WDC     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCB KCB ϕDC KDC ϕED KED

Relazioni di congruenza
y’AB(0) + δ/b = 0
y’AB(b) - y’CB(b) = 0
y’CB(0) - y’DC(b) = 0
y’DC(0) - y’ED(b) = 0
yAB(0) = 0
yCB(b) = 0
yDC(0) + 1/2VDb3/EJ = 0
yDC(b) - yCB(0) = 0
yED(0) = 0
yED(b) - yAB(b) = 0

MAB = X +Yx/b -Y
EJy" = X +Yx/b -Y
EJy’ = Xx +1/2Yx2/b -Yx +EJϕAB

EJy = 1/2Xx2 +1/6Yx3/b -1/2Yx2 +EJϕABx +EJKAB

MCB = 1/2Fx -1/2Fb -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy" = 1/2Fx -1/2Fb -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy’ = 1/4Fx2 -1/2Fbx -1/4Xx2/b -1/2Xx +1/4Yx2/b -1/2Yx +EJϕCB

EJy = 1/12Fx3 -1/4Fbx2 -1/12Xx3/b -1/4Xx2 +1/12Yx3/b -1/4Yx2 +EJϕCBx +EJKCB

MDC = 5/2Fx -qx2 -1/2Xx/b +1/2Yx/b -Y
EJy" = 5/2Fx -qx2 -1/2Xx/b +1/2Yx/b -Y
EJy’ = 5/4Fx2 -1/3qx3 -1/4Xx2/b +1/4Yx2/b -Yx +EJϕDC

EJy = 5/12Fx3 -1/12qx4 -1/12Xx3/b +1/12Yx3/b -1/2Yx2 +EJϕDCx +EJKDC

MED = -Yx/b
EJy" = 2EJθ -Yx/b
EJy’ = 2EJθx -1/2Yx2/b +EJϕED

EJy = EJθx2 -1/6Yx3/b +EJϕEDx +EJKED

Es.N.003PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕCBb KCB ϕDCb KDC ϕEDb KED Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 0 0 0 0 0 0 0 0 0
y’BA 1 0 -1 0 0 0 0 0 7/4 -1/4 -1/4
y’CB 0 0 1 0 -1 0 0 0 1/4 3/4 11/12
y’DC 0 0 0 0 1 0 -1 0 0 1/2 0
yAB 0 1 0 0 0 0 0 0 0 0 0
yBC 0 0 1 1 0 0 0 0 -1/3 -1/6 1/6

=

yDC 0 0 0 0 0 1 0 0 -1/4 1/4 -5/4
yCD 0 0 0 -1 1 1 0 0 -1/12 -5/12 -1/3
yED 0 0 0 0 0 0 0 1 0 0 0
yDE -1 -1 0 0 0 0 1 1 -1/2 1/6 0

Condizioni al contorno
αTb δ

0 -1
0 0
0 0
2 0
0 0
0 0
0 0
0 0
0 0
-1 0

Soluzione
Fb3/EJ

ϕABb -1
ϕCBb 27/28
ϕDCb 17/42
ϕEDb -32/21
KAB 0
KCB -37/84

=

KDC -29/28
Xb2/EJ 1

KED 0
Yb2/EJ 1/7

DEFORMATA (coordinate locali)
AB y(x)EJ = -xFb2 +3/7x2Fb +1/42x3F
BA y(x)EJ = -23/42Fb3 +1/14xFb2 +1/2x2Fb -1/42x3F
CB y(x)EJ = -37/84Fb3 +27/28xFb2 -15/28x2Fb +1/84x3F
BC y(x)EJ = 1/14xFb2 -1/2x2Fb -1/84x3F
DC y(x)EJ = -29/28Fb3 +17/42xFb2 -1/14x2Fb +29/84x3F -1/12x4q
CD y(x)EJ = -37/84Fb3 -27/28xFb2 +13/28x2Fb -1/84x3F -1/12x4q
ED y(x)EJ = -32/21xFb2 +x2Fb -1/42x3F
DE y(x)EJ = -23/42Fb3 -17/42xFb2 +13/14x2Fb +1/42x3F

SPOSTAMENTI NODALI

uA = 0
vA = 0
ϕA = -(Fb2/EJ)

uB = 23/42(Fb3/EJ)
vB = 0
ϕB = -1/14(Fb2/EJ)

uC = 23/42(Fb3/EJ)
vC = 37/84(Fb3/EJ)
ϕC = 27/28(Fb2/EJ)

uD = 23/42(Fb3/EJ)
vD = 29/28(Fb3/EJ)
ϕD = 17/42(Fb2/EJ)
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uE = 0
vEED = 29/28(Fb3/EJ)
ϕEED = -32/21(Fb2/EJ)
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A

BC B

D E

2q

E

A

Es.N.004RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CB y(x)EJ =
DE y(x)EJ =
EA y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vDDE =
ϕDDE =

uE =
vE =
ϕE =
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Es.N.004PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

REAZIONI IPERSTATICHE
X = WBC     Y = WEA     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCB KCB ϕDE KDE ϕEA KEA

Relazioni di congruenza
y’AB(0) - y’EA(b) = 0
y’AB(b) - y’CB(b) = 0
y’CB(0) + δ/b = 0
y’DE(b) - y’EA(0) = 0
yAB(b) = 0
yCB(0) = 0
yDE(0) = 0
yDE(b) - yCB(b) = 0
yEA(0) + 1/2VEb3/EJ = 0
yEA(b) - yAB(0) = 0

MAB = 1/2Fx -1/2Fb -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy" = 1/2Fx -1/2Fb -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy’ = 1/4Fx2 -1/2Fbx -1/4Xx2/b -1/2Xx +1/4Yx2/b -1/2Yx +EJϕAB

EJy = 1/12Fx3 -1/4Fbx2 -1/12Xx3/b -1/4Xx2 +1/12Yx3/b -1/4Yx2 +EJϕABx +EJKAB

MCB = X +Yx/b -Y
EJy" = X +Yx/b -Y
EJy’ = Xx +1/2Yx2/b -Yx +EJϕCB

EJy = 1/2Xx2 +1/6Yx3/b -1/2Yx2 +EJϕCBx +EJKCB

MDE = -Yx/b
EJy" = 2EJθ -Yx/b
EJy’ = 2EJθx -1/2Yx2/b +EJϕDE

EJy = EJθx2 -1/6Yx3/b +EJϕDEx +EJKDE

MEA = 5/2Fx -qx2 -1/2Xx/b +1/2Yx/b -Y
EJy" = 5/2Fx -qx2 -1/2Xx/b +1/2Yx/b -Y
EJy’ = 5/4Fx2 -1/3qx3 -1/4Xx2/b +1/4Yx2/b -Yx +EJϕEA

EJy = 5/12Fx3 -1/12qx4 -1/12Xx3/b +1/12Yx3/b -1/2Yx2 +EJϕEAx +EJKEA

Es.N.004PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕCBb KCB ϕDEb KDE ϕEAb KEA Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 0 0 0 0 -1 0 1/4 3/4 11/12
y’BA 1 0 -1 0 0 0 0 0 -7/4 1/4 1/4
y’CB 0 0 1 0 0 0 0 0 0 0 0
y’ED 0 0 0 0 1 0 -1 0 0 -1/2 0
yBA 1 1 0 0 0 0 0 0 -1/3 -1/6 1/6
yCB 0 0 0 1 0 0 0 0 0 0 0

=

yDE 0 0 0 0 0 1 0 0 0 0 0
yED 0 0 -1 -1 1 1 0 0 -1/2 1/6 0
yEA 0 0 0 0 0 0 0 1 -1/4 1/4 -5/4
yAE 0 -1 0 0 0 0 1 1 -1/12 -5/12 -1/3

Condizioni al contorno
αTb δ

0 0
0 0
0 -1
-2 0
0 0
0 0
0 0
-1 0
0 0
0 0

Soluzione
Fb3/EJ

ϕABb 27/28
ϕCBb -1
ϕEAb 17/42
ϕDEb -32/21
KAB -37/84
KCB 0

=

KDE 0
Xb2/EJ 1

KEA -29/28
Yb2/EJ 1/7

DEFORMATA (coordinate locali)
AB y(x)EJ = -37/84Fb3 +27/28xFb2 -15/28x2Fb +1/84x3F
BA y(x)EJ = 1/14xFb2 -1/2x2Fb -1/84x3F
CB y(x)EJ = -xFb2 +3/7x2Fb +1/42x3F
BC y(x)EJ = -23/42Fb3 +1/14xFb2 +1/2x2Fb -1/42x3F
DE y(x)EJ = -32/21xFb2 +x2Fb -1/42x3F
ED y(x)EJ = -23/42Fb3 -17/42xFb2 +13/14x2Fb +1/42x3F
EA y(x)EJ = -29/28Fb3 +17/42xFb2 -1/14x2Fb +29/84x3F -1/12x4q
AE y(x)EJ = -37/84Fb3 -27/28xFb2 +13/28x2Fb -1/84x3F -1/12x4q

SPOSTAMENTI NODALI

uA = -23/42(Fb3/EJ)
vA = 37/84(Fb3/EJ)
ϕA = 27/28(Fb2/EJ)

uB = -23/42(Fb3/EJ)
vB = 0
ϕB = -1/14(Fb2/EJ)

uC = 0
vC = 0
ϕC = -(Fb2/EJ)

uD = 0
vDDE = 29/28(Fb3/EJ)
ϕDDE = -32/21(Fb2/EJ)



Es.N.004PROCEDIMENTO E RISULTATI
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uE = -23/42(Fb3/EJ)
vE = 29/28(Fb3/EJ)
ϕE = 17/42(Fb2/EJ)
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AB
B

C

2q

C

D

ED

Es.N.005RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
BC y(x)EJ =
CD y(x)EJ =
ED y(x)EJ =

SPOSTAMENTI NODALI

uA =
vAAB =
ϕAAB =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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REAZIONI IPERSTATICHE
X = WBC     Y = WDE     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕBC KBC ϕCD KCD ϕED KED

Relazioni di congruenza
y’AB(b) - y’BC(0) = 0
y’BC(b) - y’CD(0) = 0
y’CD(b) - y’ED(b) = 0
y’ED(0) - δ/b = 0
yAB(0) = 0
yBC(0) - 1/2VBb3/EJ = 0
yCD(0) - yBC(b) = 0
yCD(b) = 0
yED(0) = 0
yED(b) - yAB(b) = 0

MAB = -Xx/b
EJy" = -Xx/b
EJy’ = -1/2Xx2/b +EJϕAB

EJy = -1/6Xx3/b +EJϕABx +EJKAB

MBC = -1/2Fx +1/2Xx/b -X -1/2Yx/b
EJy" = -1/2Fx +1/2Xx/b -X -1/2Yx/b
EJy’ = -1/4Fx2 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕBC

EJy = -1/12Fx3 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕBCx +EJKBC

MCD = -1/2Fx +3/2Fb -qx2 +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = -1/2Fx +3/2Fb -qx2 +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = -1/4Fx2 +3/2Fbx -1/3qx3 +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕCD

EJy = -1/12Fx3 +3/4Fbx2 -1/12qx4 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕCDx +EJKCD

MED = Xx/b -X +Y
EJy" = EJθ +Xx/b -X +Y
EJy’ = EJθx +1/2Xx2/b -Xx +Yx +EJϕED

EJy = 1/2EJθx2 +1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕEDx +EJKED

Es.N.005PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕBCb KBC ϕCDb KCD ϕEDb KED Xb2/EJ Yb2/EJ Wb2/EJ

y’BA 1 0 -1 0 0 0 0 0 -1/2 0 0
y’CB 0 0 1 0 -1 0 0 0 -3/4 -1/4 1/4
y’DC 0 0 0 0 1 0 -1 0 1/4 -7/4 -11/12
y’ED 0 0 0 0 0 0 1 0 0 0 0
yAB 0 1 0 0 0 0 0 0 0 0 0
yBC 0 0 0 1 0 0 0 0 1/4 -1/4 1/4

=

yCD 0 0 -1 -1 0 1 0 0 5/12 1/12 -1/12
yDC 0 0 0 0 1 1 0 0 -1/6 -1/3 -7/12
yED 0 0 0 0 0 0 0 1 0 0 0
yDE -1 -1 0 0 0 0 1 1 -1/6 1/2 0

Condizioni al contorno
αTb δ

0 0
0 0
1 0
0 1
0 0
0 0
0 0
0 0
0 0

-1/2 0

Soluzione
Fb3/EJ

ϕABb 151/156
ϕBCb 137/312
ϕCDb -133/312
ϕEDb 1
KAB 0
KBC -5/26

=

KCD -17/78
Xb2/EJ 55/52

KED 0
Yb2/EJ -37/52

DEFORMATA (coordinate locali)
AB y(x)EJ = 151/156xFb2 -55/312x3F
BA y(x)EJ = 19/24Fb3 -137/312xFb2 -55/104x2Fb +55/312x3F
BC y(x)EJ = -5/26Fb3 +137/312xFb2 -55/104x2Fb +5/78x3F
CB y(x)EJ = -17/78Fb3 +133/312xFb2 -35/104x2Fb -5/78x3F
CD y(x)EJ = -17/78Fb3 -133/312xFb2 +69/104x2Fb +5/78x3F -1/12x4q
DC y(x)EJ = -79/104xFb2 +37/104x2Fb +7/26x3F -1/12x4q
ED y(x)EJ = xFb2 -5/13x2Fb +55/312x3F
DE y(x)EJ = 19/24Fb3 -79/104xFb2 +15/104x2Fb -55/312x3F

SPOSTAMENTI NODALI

uA = 0
vAAB = -5/26(Fb3/EJ)
ϕAAB = 151/156(Fb2/EJ)

uB = -19/24(Fb3/EJ)
vB = -5/26(Fb3/EJ)
ϕB = 137/312(Fb2/EJ)

uC = -19/24(Fb3/EJ)
vC = -17/78(Fb3/EJ)
ϕC = -133/312(Fb2/EJ)

uD = -19/24(Fb3/EJ)
vD = 0
ϕD = 79/104(Fb2/EJ)
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uE = 0
vE = 0
ϕE = (Fb2/EJ)
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A

B

C A

D E

2q

B

E

Es.N.006RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CA y(x)EJ =
DE y(x)EJ =
BE y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vCCA =
ϕCCA =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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5/13F

55/52F
55/52Fb

5/13F

55/52F
35/52Fb

A

B

55/52F 55/52F
55/52Fb

C A

21/13F

55/52F
23/13Fb

21/13F

55/52F
37/52Fb

D E

2q

5/13F

55/52F
69/52Fb

21/13F

55/52F
37/52Fb

B

E
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2 Fb3/EJ

A
B

C
D

E

2 F

2 F

2 Fb
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REAZIONI IPERSTATICHE
X = WAB     Y = WED     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCA KCA ϕDE KDE ϕBE KBE

Relazioni di congruenza
y’AB(0) - y’CA(b) = 0
y’AB(b) - y’BE(0) = 0
y’DE(0) - δ/b = 0
y’DE(b) - y’BE(b) = 0
yAB(0) - 1/2VAb3/EJ = 0
yCA(0) = 0
yDE(0) = 0
yDE(b) - yCA(b) = 0
yBE(0) - yAB(b) = 0
yBE(b) = 0

MAB = -1/2Fx +1/2Xx/b -X -1/2Yx/b
EJy" = -1/2Fx +1/2Xx/b -X -1/2Yx/b
EJy’ = -1/4Fx2 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕAB

EJy = -1/12Fx3 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕABx +EJKAB

MCA = -Xx/b
EJy" = -Xx/b
EJy’ = -1/2Xx2/b +EJϕCA

EJy = -1/6Xx3/b +EJϕCAx +EJKCA

MDE = Xx/b -X +Y
EJy" = EJθ +Xx/b -X +Y
EJy’ = EJθx +1/2Xx2/b -Xx +Yx +EJϕDE

EJy = 1/2EJθx2 +1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕDEx +EJKDE

MBE = -1/2Fx +3/2Fb -qx2 +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = -1/2Fx +3/2Fb -qx2 +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = -1/4Fx2 +3/2Fbx -1/3qx3 +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕBE

EJy = -1/12Fx3 +3/4Fbx2 -1/12qx4 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕBEx +EJKBE

Es.N.006PROCEDIMENTO E RISULTATI
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Condizioni al contorno
ϕABb KAB ϕCAb KCA ϕDEb KDE ϕBEb KBE Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 -1 0 0 0 0 0 1/2 0 0
y’BA 1 0 0 0 0 0 -1 0 -3/4 -1/4 1/4
y’DE 0 0 0 0 1 0 0 0 0 0 0
y’ED 0 0 0 0 1 0 -1 0 -1/4 7/4 11/12
yAB 0 1 0 0 0 0 0 0 1/4 -1/4 1/4
yCA 0 0 0 1 0 0 0 0 0 0 0

=

yDE 0 0 0 0 0 1 0 0 0 0 0
yED 0 0 -1 -1 1 1 0 0 -1/6 1/2 0
yBE -1 -1 0 0 0 0 0 1 5/12 1/12 -1/12
yEB 0 0 0 0 0 0 1 1 -1/6 -1/3 -7/12

Condizioni al contorno
αTb δ

0 0
0 0
0 1
-1 0
0 0
0 0
0 0

-1/2 0
0 0
0 0

Soluzione
Fb3/EJ

ϕABb 137/312
ϕCAb 151/156
ϕDEb 1
ϕBEb -133/312
KAB -5/26
KCA 0

=

KDE 0
Xb2/EJ 55/52

KBE -17/78
Yb2/EJ -37/52

DEFORMATA (coordinate locali)
AB y(x)EJ = -5/26Fb3 +137/312xFb2 -55/104x2Fb +5/78x3F
BA y(x)EJ = -17/78Fb3 +133/312xFb2 -35/104x2Fb -5/78x3F
CA y(x)EJ = 151/156xFb2 -55/312x3F
AC y(x)EJ = 19/24Fb3 -137/312xFb2 -55/104x2Fb +55/312x3F
DE y(x)EJ = xFb2 -5/13x2Fb +55/312x3F
ED y(x)EJ = 19/24Fb3 -79/104xFb2 +15/104x2Fb -55/312x3F
BE y(x)EJ = -17/78Fb3 -133/312xFb2 +69/104x2Fb +5/78x3F -1/12x4q
EB y(x)EJ = -79/104xFb2 +37/104x2Fb +7/26x3F -1/12x4q

SPOSTAMENTI NODALI

uA = 19/24(Fb3/EJ)
vA = -5/26(Fb3/EJ)
ϕA = 137/312(Fb2/EJ)

uB = 19/24(Fb3/EJ)
vB = -17/78(Fb3/EJ)
ϕB = -133/312(Fb2/EJ)

uC = 0
vCCA = -5/26(Fb3/EJ)
ϕCCA = 151/156(Fb2/EJ)

uD = 0
vD = 0
ϕD = (Fb2/EJ)
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uE = 19/24(Fb3/EJ)
vE = 0
ϕE = 79/104(Fb2/EJ)

Es.N.006

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05



Es.N.006

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Es.N.006

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05



E
s.

N
.0

07
C

dS
dC

 B
G

06
 Ip

er
st

at
ic

a 
E

se
m

pi
o 

7

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
si

on
e 

12
.0

5

y,
v,

V
,q

x,
u,

H
,p

b ϕ,
W

b
b

A

B

C

D

E

3W

3q

W
C
 =

 -
3W

 =
 -

3F
b

q C
B
 =

 -
3q

 =
 -

3F
/b

θ A
B
 =

 θ
 =

 α
T

/b
 =

 b
F

/E
J

ϕ A
 =

 2
δ/

b 
=

 2
b2 F

/E
J

k D
 =

 2
E

J/
b3

E
J A

B
 =

 E
J

E
J C

B
 =

 E
J

E
J D

C
 =

 E
J

E
J E

D
 =

 E
J

S
vo

lg
er

e 
l’a

na
lis

i c
in

em
at

ic
a.

R
is

ol
ve

re
 c

on
 P

LV
 e

 L
E

.
T

ra
cc

ia
re

 la
 d

ef
or

m
at

a 
el

as
tic

a.
R

ip
or

ta
re

 la
 s

ol
uz

io
ne

 s
u 

qu
es

to
 fo

gl
io

.
C

ar
ic

hi
 e

 d
ef

or
m

az
io

ni
 d

at
e 

ha
nn

o 
ve

rs
o 

ef
fic

ac
e 

in
 d

is
eg

no
.

C
al

co
la

re
 r

ea
zi

on
i v

in
co

la
ri 

de
lla

 s
tr

ut
tu

ra
 e

 d
el

le
 a

st
e.

T
ra

cc
ia

re
 i 

di
ag

ra
m

m
i d

el
le

 a
zi

on
i i

nt
er

ne
 n

el
le

 a
st

e.
E

sp
rim

er
e 

la
 li

ne
a 

el
as

tic
a 

de
lle

 a
st

e.
C

al
co

la
re

 s
po

st
am

en
to

 e
 r

ot
az

io
ne

 d
i t

ut
ti 

i n
od

i.
J Y

Z
 -

 x
Y

Z
 -

 θ
Y

Z
  r

ife
rim

en
to

 lo
ca

le
 a

st
a 

Y
Z

 c
on

 o
rig

in
e 

in
 Y

.
C

ur
va

tu
ra

 θ
 a

st
a 

A
B

 p
os

iti
va

 s
e 

co
nv

es
sa

 a
 d

es
tr

a 
co

n 
in

iz
io

 A
.

R
ot

az
io

ne
 a

ss
ol

ut
a 

W
 im

po
st

a 
al

 n
od

o 
A

.

E
s.

N
.0

07
S

U
P

P
O

R
T

O
 D

IA
G

R
A

M
M

I

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
si

on
e 

12
.0

5



Es.N.007REAZIONI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

AB

3q

C

B

D

C

ED

Es.N.007RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CB y(x)EJ =
DC y(x)EJ =
ED y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vD =
ϕD =

uE =
vEED =
ϕEED =
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855/364F

225/182F
291/91Fb

855/364F

225/182F
51/26Fb

AB

3q

237/364F

225/182F
405/364Fb

855/364F

225/182F
51/26Fb

C

B

237/364F

225/182F
225/182Fb

237/364F

225/182F
687/364Fb

D

C

225/182F225/182F
225/182Fb

ED
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3 Fb3/EJ

A

B

C

D

E

3 F

3 F

4 Fb
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REAZIONI IPERSTATICHE
X = WBA     Y = WDC     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCB KCB ϕDC KDC ϕED KED

Relazioni di congruenza
y’AB(0) - 2δ/b = 0
y’AB(b) - y’CB(b) = 0
y’CB(0) - y’DC(b) = 0
y’DC(0) - y’ED(b) = 0
yAB(0) = 0
yCB(b) = 0
yDC(0) + 1/2VDb3/EJ = 0
yDC(b) - yCB(0) = 0
yED(0) = 0
yED(b) - yAB(b) = 0

MAB = X +Yx/b -Y
EJy" = EJθ +X +Yx/b -Y
EJy’ = EJθx +Xx +1/2Yx2/b -Yx +EJϕAB

EJy = 1/2EJθx2 +1/2Xx2 +1/6Yx3/b -1/2Yx2 +EJϕABx +EJKAB

MCB = -9/4Fx +3/4Fb +3/2qx2 -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy" = -9/4Fx +3/4Fb +3/2qx2 -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy’ = -9/8Fx2 +3/4Fbx +1/2qx3 -1/4Xx2/b -1/2Xx +1/4Yx2/b -1/2Yx +EJϕCB

EJy = -3/8Fx3 +3/8Fbx2 +1/8qx4 -1/12Xx3/b -1/4Xx2 +1/12Yx3/b -1/4Yx2 +EJϕCBx +EJKCB

MDC = -9/4Fx -1/2Xx/b +1/2Yx/b -Y
EJy" = -9/4Fx -1/2Xx/b +1/2Yx/b -Y
EJy’ = -9/8Fx2 -1/4Xx2/b +1/4Yx2/b -Yx +EJϕDC

EJy = -3/8Fx3 -1/12Xx3/b +1/12Yx3/b -1/2Yx2 +EJϕDCx +EJKDC

MED = -Yx/b
EJy" = -Yx/b
EJy’ = -1/2Yx2/b +EJϕED

EJy = -1/6Yx3/b +EJϕEDx +EJKED

Es.N.007PROCEDIMENTO E RISULTATI
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Condizioni al contorno
ϕABb KAB ϕCBb KCB ϕDCb KDC ϕEDb KED Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 0 0 0 0 0 0 0 0 0
y’BA 1 0 -1 0 0 0 0 0 7/4 -1/4 1/8
y’CB 0 0 1 0 -1 0 0 0 1/4 3/4 -9/8
y’DC 0 0 0 0 1 0 -1 0 0 1/2 0
yAB 0 1 0 0 0 0 0 0 0 0 0
yBC 0 0 1 1 0 0 0 0 -1/3 -1/6 -1/8

=

yDC 0 0 0 0 0 1 0 0 -1/4 1/4 9/8
yCD 0 0 0 -1 1 1 0 0 -1/12 -5/12 3/8
yED 0 0 0 0 0 0 0 1 0 0 0
yDE -1 -1 0 0 0 0 1 1 -1/2 1/6 0

Condizioni al contorno
αTb δ

0 2
-1 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

1/2 0

Soluzione
Fb3/EJ

ϕABb 2
ϕCBb -631/728
ϕDCb 253/364
ϕEDb 239/182
KAB 0
KCB 107/364

=

KDC 237/728
Xb2/EJ -51/26

KED 0
Yb2/EJ 225/182

DEFORMATA (coordinate locali)
AB y(x)EJ = 2xFb2 -100/91x2Fb +75/364x3F
BA y(x)EJ = 31/28Fb3 -153/364xFb2 -25/52x2Fb -75/364x3F
CB y(x)EJ = 107/364Fb3 -631/728xFb2 +405/728x2Fb -79/728x3F +1/8x4q
BC y(x)EJ = -153/364xFb2 +51/52x2Fb -285/728x3F +1/8x4q
DC y(x)EJ = 237/728Fb3 +253/364xFb2 -225/364x2Fb -79/728x3F
CD y(x)EJ = 107/364Fb3 +631/728xFb2 -687/728x2Fb +79/728x3F
ED y(x)EJ = 239/182xFb2 -75/364x3F
DE y(x)EJ = 31/28Fb3 -253/364xFb2 -225/364x2Fb +75/364x3F

SPOSTAMENTI NODALI

uA = 0
vA = 0
ϕA = 2(Fb2/EJ)

uB = -31/28(Fb3/EJ)
vB = 0
ϕB = 153/364(Fb2/EJ)

uC = -31/28(Fb3/EJ)
vC = -107/364(Fb3/EJ)
ϕC = -631/728(Fb2/EJ)
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uD = -31/28(Fb3/EJ)
vD = -237/728(Fb3/EJ)
ϕD = 253/364(Fb2/EJ)

uE = 0
vEED = -237/728(Fb3/EJ)
ϕEED = 239/182(Fb2/EJ)
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3q

A

B
C B

D E

E

A

Es.N.008RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
CB y(x)EJ =
DE y(x)EJ =
EA y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vDDE =
ϕDDE =

uE =
vE =
ϕE =
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3q

237/364F

225/182F
405/364Fb

855/364F

225/182F
51/26Fb

A

B
855/364F

225/182F
291/91Fb

855/364F

225/182F
51/26Fb

C B

225/182F 225/182F
225/182Fb

D E

237/364F

225/182F
225/182Fb

237/364F

225/182F
687/364Fb

E

A

Es.N.008DEFORMATA E AZIONI INTERNE
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3 Fb3/EJ

AB

C D

E

3 F

3 F

4 Fb
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REAZIONI IPERSTATICHE
X = WBC     Y = WEA     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCB KCB ϕDE KDE ϕEA KEA

Relazioni di congruenza
y’AB(0) - y’EA(b) = 0
y’AB(b) - y’CB(b) = 0
y’CB(0) - 2δ/b = 0
y’DE(b) - y’EA(0) = 0
yAB(b) = 0
yCB(0) = 0
yDE(0) = 0
yDE(b) - yCB(b) = 0
yEA(0) + 1/2VEb3/EJ = 0
yEA(b) - yAB(0) = 0

MAB = -9/4Fx +3/4Fb +3/2qx2 -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy" = -9/4Fx +3/4Fb +3/2qx2 -1/2Xx/b -1/2X +1/2Yx/b -1/2Y
EJy’ = -9/8Fx2 +3/4Fbx +1/2qx3 -1/4Xx2/b -1/2Xx +1/4Yx2/b -1/2Yx +EJϕAB

EJy = -3/8Fx3 +3/8Fbx2 +1/8qx4 -1/12Xx3/b -1/4Xx2 +1/12Yx3/b -1/4Yx2 +EJϕABx +EJKAB

MCB = X +Yx/b -Y
EJy" = EJθ +X +Yx/b -Y
EJy’ = EJθx +Xx +1/2Yx2/b -Yx +EJϕCB

EJy = 1/2EJθx2 +1/2Xx2 +1/6Yx3/b -1/2Yx2 +EJϕCBx +EJKCB

MDE = -Yx/b
EJy" = -Yx/b
EJy’ = -1/2Yx2/b +EJϕDE

EJy = -1/6Yx3/b +EJϕDEx +EJKDE

MEA = -9/4Fx -1/2Xx/b +1/2Yx/b -Y
EJy" = -9/4Fx -1/2Xx/b +1/2Yx/b -Y
EJy’ = -9/8Fx2 -1/4Xx2/b +1/4Yx2/b -Yx +EJϕEA

EJy = -3/8Fx3 -1/12Xx3/b +1/12Yx3/b -1/2Yx2 +EJϕEAx +EJKEA

Es.N.008PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕCBb KCB ϕDEb KDE ϕEAb KEA Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 0 0 0 0 -1 0 1/4 3/4 -9/8
y’BA 1 0 -1 0 0 0 0 0 -7/4 1/4 -1/8
y’CB 0 0 1 0 0 0 0 0 0 0 0
y’ED 0 0 0 0 1 0 -1 0 0 -1/2 0
yBA 1 1 0 0 0 0 0 0 -1/3 -1/6 -1/8
yCB 0 0 0 1 0 0 0 0 0 0 0

=

yDE 0 0 0 0 0 1 0 0 0 0 0
yED 0 0 -1 -1 1 1 0 0 -1/2 1/6 0
yEA 0 0 0 0 0 0 0 1 -1/4 1/4 9/8
yAE 0 -1 0 0 0 0 1 1 -1/12 -5/12 3/8

Condizioni al contorno
αTb δ

0 0
1 0
0 2
0 0
0 0
0 0
0 0

1/2 0
0 0
0 0

Soluzione
Fb3/EJ

ϕABb -631/728
ϕCBb 2
ϕEAb 253/364
ϕDEb 239/182
KAB 107/364
KCB 0

=

KDE 0
Xb2/EJ -51/26

KEA 237/728
Yb2/EJ 225/182

DEFORMATA (coordinate locali)
AB y(x)EJ = 107/364Fb3 -631/728xFb2 +405/728x2Fb -79/728x3F +1/8x4q
BA y(x)EJ = -153/364xFb2 +51/52x2Fb -285/728x3F +1/8x4q
CB y(x)EJ = 2xFb2 -100/91x2Fb +75/364x3F
BC y(x)EJ = 31/28Fb3 -153/364xFb2 -25/52x2Fb -75/364x3F
DE y(x)EJ = 239/182xFb2 -75/364x3F
ED y(x)EJ = 31/28Fb3 -253/364xFb2 -225/364x2Fb +75/364x3F
EA y(x)EJ = 237/728Fb3 +253/364xFb2 -225/364x2Fb -79/728x3F
AE y(x)EJ = 107/364Fb3 +631/728xFb2 -687/728x2Fb +79/728x3F

SPOSTAMENTI NODALI

uA = 31/28(Fb3/EJ)
vA = -107/364(Fb3/EJ)
ϕA = -631/728(Fb2/EJ)

uB = 31/28(Fb3/EJ)
vB = 0
ϕB = 153/364(Fb2/EJ)

uC = 0
vC = 0
ϕC = 2(Fb2/EJ)
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uD = 0
vDDE = -237/728(Fb3/EJ)
ϕDDE = 239/182(Fb2/EJ)

uE = 31/28(Fb3/EJ)
vE = -237/728(Fb3/EJ)
ϕE = 253/364(Fb2/EJ)

Es.N.008
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AB

q

B

C

C

D

ED

Es.N.009RISULTATI NUMERICI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

DEFORMATA (coordinate locali)
AB y(x)EJ =
BC y(x)EJ =
CD y(x)EJ =
ED y(x)EJ =

SPOSTAMENTI NODALI

uA =
vAAB =
ϕAAB =

uB =
vB =
ϕB =

uC =
vC =
ϕC =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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41/26F41/26F
41/26Fb

AB

q

109/52F

41/26F
41/26Fb

161/52F

41/26F
53/52Fb

B

C

161/52F

41/26F
51/52Fb

161/52F

41/26F
55/26Fb

C

D
161/52F

41/26F
48/13Fb

161/52F

41/26F
55/26Fb

ED
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4 Fb3/EJ

A

B

C

D

E
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4 F

4 Fb
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REAZIONI IPERSTATICHE
X = WBC     Y = WDE     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕBC KBC ϕCD KCD ϕED KED

Relazioni di congruenza
y’AB(b) - y’BC(0) = 0
y’BC(b) - y’CD(0) = 0
y’CD(b) - y’ED(b) = 0
y’ED(0) - 2δ/b = 0
yAB(0) = 0
yBC(0) - 1/2VBb3/EJ = 0
yCD(0) - yBC(b) = 0
yCD(b) = 0
yED(0) = 0
yED(b) - yAB(b) = 0

MAB = -Xx/b
EJy" = -Xx/b
EJy’ = -1/2Xx2/b +EJϕAB

EJy = -1/6Xx3/b +EJϕABx +EJKAB

MBC = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy" = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy’ = 1/8Fx2 +1/6qx3 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕBC

EJy = 1/24Fx3 +1/24qx4 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕBCx +EJKBC

MCD = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = 5/8Fx2 -5/4Fbx +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕCD

EJy = 5/24Fx3 -5/8Fbx2 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕCDx +EJKCD

MED = Xx/b -X +Y
EJy" = 2EJθ +Xx/b -X +Y
EJy’ = 2EJθx +1/2Xx2/b -Xx +Yx +EJϕED

EJy = EJθx2 +1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕEDx +EJKED

Es.N.009PROCEDIMENTO E RISULTATI

@ Adolfo Zavelani Rossi, Politecnico di Milano, versione 12.05

Condizioni al contorno
ϕABb KAB ϕBCb KBC ϕCDb KCD ϕEDb KED Xb2/EJ Yb2/EJ Wb2/EJ

y’BA 1 0 -1 0 0 0 0 0 -1/2 0 0
y’CB 0 0 1 0 -1 0 0 0 -3/4 -1/4 -7/24
y’DC 0 0 0 0 1 0 -1 0 1/4 -7/4 5/8
y’ED 0 0 0 0 0 0 1 0 0 0 0
yAB 0 1 0 0 0 0 0 0 0 0 0
yBC 0 0 0 1 0 0 0 0 1/4 -1/4 -1/8

=

yCD 0 0 -1 -1 0 1 0 0 5/12 1/12 1/12
yDC 0 0 0 0 1 1 0 0 -1/6 -1/3 5/12
yED 0 0 0 0 0 0 0 1 0 0 0
yDE -1 -1 0 0 0 0 1 1 -1/6 1/2 0

Condizioni al contorno
αTb δ

0 0
0 0
2 0
0 2
0 0
0 0
0 0
0 0
0 0
-1 0

Soluzione
Fb3/EJ

ϕABb 131/78
ϕBCb 139/156
ϕCDb 55/104
ϕEDb 2
KAB 0
KBC -109/104

=

KCD -173/312
Xb2/EJ 41/26

KED 0
Yb2/EJ -55/26

DEFORMATA (coordinate locali)
AB y(x)EJ = 131/78xFb2 -41/156x3F
BA y(x)EJ = 17/12Fb3 -139/156xFb2 -41/52x2Fb +41/156x3F
BC y(x)EJ = -109/104Fb3 +139/156xFb2 -41/52x2Fb +109/312x3F +1/24x4q
CB y(x)EJ = -173/312Fb3 -55/104xFb2 +53/104x2Fb -161/312x3F +1/24x4q
CD y(x)EJ = -173/312Fb3 +55/104xFb2 -51/104x2Fb +161/312x3F
DC y(x)EJ = -57/52xFb2 +55/52x2Fb -161/312x3F
ED y(x)EJ = 2xFb2 -11/13x2Fb +41/156x3F
DE y(x)EJ = 17/12Fb3 -57/52xFb2 -3/52x2Fb -41/156x3F

SPOSTAMENTI NODALI

uA = 0
vAAB = -109/104(Fb3/EJ)
ϕAAB = 131/78(Fb2/EJ)

uB = -17/12(Fb3/EJ)
vB = -109/104(Fb3/EJ)
ϕB = 139/156(Fb2/EJ)

uC = -17/12(Fb3/EJ)
vC = -173/312(Fb3/EJ)
ϕC = 55/104(Fb2/EJ)
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uD = -17/12(Fb3/EJ)
vD = 0
ϕD = 57/52(Fb2/EJ)

uE = 0
vE = 0
ϕE = 2(Fb2/EJ)

Es.N.009
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DEFORMATA (coordinate locali)
AB y(x)EJ =
CA y(x)EJ =
DE y(x)EJ =
BE y(x)EJ =

SPOSTAMENTI NODALI

uA =
vA =
ϕA =

uB =
vB =
ϕB =

uC =
vCCA =
ϕCCA =

uD =
vD =
ϕD =

uE =
vE =
ϕE =
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REAZIONI IPERSTATICHE
X = WAB     Y = WED     

DETERMINAZIONE DELLA DEFORMATA ELASTICA
Costanti di integrazione: ϕAB KAB ϕCA KCA ϕDE KDE ϕBE KBE

Relazioni di congruenza
y’AB(0) - y’CA(b) = 0
y’AB(b) - y’BE(0) = 0
y’DE(0) - 2δ/b = 0
y’DE(b) - y’BE(b) = 0
yAB(0) - 1/2VAb3/EJ = 0
yCA(0) = 0
yDE(0) = 0
yDE(b) - yCA(b) = 0
yBE(0) - yAB(b) = 0
yBE(b) = 0

MAB = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy" = 1/4Fx +1/2qx2 +1/2Xx/b -X -1/2Yx/b
EJy’ = 1/8Fx2 +1/6qx3 +1/4Xx2/b -Xx -1/4Yx2/b +EJϕAB

EJy = 1/24Fx3 +1/24qx4 +1/12Xx3/b -1/2Xx2 -1/12Yx3/b +EJϕABx +EJKAB

MCA = -Xx/b
EJy" = -Xx/b
EJy’ = -1/2Xx2/b +EJϕCA

EJy = -1/6Xx3/b +EJϕCAx +EJKCA

MDE = Xx/b -X +Y
EJy" = 2EJθ +Xx/b -X +Y
EJy’ = 2EJθx +1/2Xx2/b -Xx +Yx +EJϕDE

EJy = EJθx2 +1/6Xx3/b -1/2Xx2 +1/2Yx2 +EJϕDEx +EJKDE

MBE = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy" = 5/4Fx -5/4Fb +1/2Xx/b -1/2X -1/2Yx/b -1/2Y
EJy’ = 5/8Fx2 -5/4Fbx +1/4Xx2/b -1/2Xx -1/4Yx2/b -1/2Yx +EJϕBE

EJy = 5/24Fx3 -5/8Fbx2 +1/12Xx3/b -1/4Xx2 -1/12Yx3/b -1/4Yx2 +EJϕBEx +EJKBE
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Condizioni al contorno
ϕABb KAB ϕCAb KCA ϕDEb KDE ϕBEb KBE Xb2/EJ Yb2/EJ Wb2/EJ

y’AB 1 0 -1 0 0 0 0 0 1/2 0 0
y’BA 1 0 0 0 0 0 -1 0 -3/4 -1/4 -7/24
y’DE 0 0 0 0 1 0 0 0 0 0 0
y’ED 0 0 0 0 1 0 -1 0 -1/4 7/4 -5/8
yAB 0 1 0 0 0 0 0 0 1/4 -1/4 -1/8
yCA 0 0 0 1 0 0 0 0 0 0 0

=

yDE 0 0 0 0 0 1 0 0 0 0 0
yED 0 0 -1 -1 1 1 0 0 -1/6 1/2 0
yBE -1 -1 0 0 0 0 0 1 5/12 1/12 1/12
yEB 0 0 0 0 0 0 1 1 -1/6 -1/3 5/12

Condizioni al contorno
αTb δ

0 0
0 0
0 2
-2 0
0 0
0 0
0 0
-1 0
0 0
0 0

Soluzione
Fb3/EJ

ϕABb 139/156
ϕCAb 131/78
ϕDEb 2
ϕBEb 55/104
KAB -109/104
KCA 0

=

KDE 0
Xb2/EJ 41/26

KBE -173/312
Yb2/EJ -55/26

DEFORMATA (coordinate locali)
AB y(x)EJ = -109/104Fb3 +139/156xFb2 -41/52x2Fb +109/312x3F +1/24x4q
BA y(x)EJ = -173/312Fb3 -55/104xFb2 +53/104x2Fb -161/312x3F +1/24x4q
CA y(x)EJ = 131/78xFb2 -41/156x3F
AC y(x)EJ = 17/12Fb3 -139/156xFb2 -41/52x2Fb +41/156x3F
DE y(x)EJ = 2xFb2 -11/13x2Fb +41/156x3F
ED y(x)EJ = 17/12Fb3 -57/52xFb2 -3/52x2Fb -41/156x3F
BE y(x)EJ = -173/312Fb3 +55/104xFb2 -51/104x2Fb +161/312x3F
EB y(x)EJ = -57/52xFb2 +55/52x2Fb -161/312x3F

SPOSTAMENTI NODALI

uA = 17/12(Fb3/EJ)
vA = -109/104(Fb3/EJ)
ϕA = 139/156(Fb2/EJ)

uB = 17/12(Fb3/EJ)
vB = -173/312(Fb3/EJ)
ϕB = 55/104(Fb2/EJ)

uC = 0
vCCA = -109/104(Fb3/EJ)
ϕCCA = 131/78(Fb2/EJ)
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uD = 0
vD = 0
ϕD = 2(Fb2/EJ)

uE = 17/12(Fb3/EJ)
vE = 0
ϕE = 57/52(Fb2/EJ)
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